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Abstract 



A finite group G is called monomial if every irreducible character of G is induced from a linear 
character of some subgroup of G. One of the main questions regarding monomial groups is whether 
or not a normal subgroup N of a monomial group G is itself monomial. In the case that G is a 
group of even order, it has been proved (Dade, van der Waall) that N need not be monomial. Here 
we show that, if G is a monomial group of order p a q b , where p and q are distinct odd primes, then 
any normal subgroup N of G is also monomial. 
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Chapter 1 

Introduction 



1.1 The problem 

Around 1930, Taketa (see [20]) introduced the notion of a monomial finite group, i.e., a group for 
which every irreducible character is induced from a linear character of some subgroup. He also 
proved that any monomial group is solvable. As any supersolvable group is monomial, Taketa's 
theorem places the class of monomial groups between the classes of solvable and of supersolvable 
groups. 

In 1967, Dornhoff (in proved that every normal Hall subgroup of a monomial group is 
monomial. Furthermore, he asked whether or not every normal subgroup of a monomial group 
is monomial, a question that arises very naturally after his result on normal Hall subgroups. A 
negative answer to Dornhoff's question was found independently by both Dade [2] and van der 
Waall |2j in 1973. But their counterexamples have even order. Furthermore, the prime 2 plays 
an important role in their construction, so that the examples can't be modified to give an answer 
to Dornhoff's question in the case of an odd order group. Thus Dornhoff's question remains open 
in the case of odd order monomial groups. In the 1980's Dade and Isaacs, among others, tried to 
solve the remaining part of the problem. They produced many beautiful theorems suggesting that 
the following conjecture might be true: 

Conjecture 1.1. Let G be a monomial group of odd order. Assume that N is a normal subgroup 
of G. Then N is also monomial. 

Among their results of that period, the following are the most useful for this thesis. 

Theorem 1.2 (Isaacs). [Problem 6.11 in |12| ] Assume that G is a monomial group and that A 
is any normal subgroup of G. Let X be a linear character of A. We write G{X) for the stabilizer 
of X in G. Assume that x is an V irreducible character of G that lies over X. Let x\ be its Clifford 
correspondent, i.e., the unique irreducible character ofG(X) that lies above X and induces x in G. 
Then xx is monomial. 

Theorem 1.3 (Dade). [Theorem 3.2 in pQ] Let G be a p-solvable group for some odd prime p. 
Assume that U is a "L P (G) -module that affords a nondegenerate alternating G-invariant % v -bilinear 
form. Let H be a subgroup of G that has p-power index in G. Then U is 1> P (G) -hyperbolic if and 
only if U is 7* p (H) -hyperbolic. 

(For the definition of hyperbolic modules, see Section fl. 21 ) 
Based on this theorem Dade was able to prove 
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Theorem 1.4 (Dade). [Theorem (0) in 1 J Let G be a p-solvable group for some odd prime p, and 
let N be a normal subgroup of G. Assume that % £ Irr(G) is a monomial character of G that has 
p-power degree. Then every irreducible constituent of the restriction xn °f X to N is monomial. 

Dade's Theorem (Theorem II. 4|) is a very powerful result as it manages to handle monomial 
characters individually. That is, he doesn't assume that G is monomial or that there are any 
monomial characters in Irr(G) except the specific prime-power degree character that is analyzed. 
Unfortunately, if we have characters with degrees that are divisible by more than one prime, then 
we can't hope to prove something similar to Theorem 11.41 as Dade has given counterexamples (in 
PQ) where his theorem fails when two odd primes divide x(l)- 

But if we have enough monomial characters so that we have the freedom to replace, in some 
sense, the "bad" ones with "good" ones, we can do more. We can actually prove that a big enough 
section inside any normal subgroup N of a monomial p a q b -gioup G is nilpotent, provided that p 
and q are odd primes. What we show is 

Main Theorem 1. Let G be a finite p a q b -monomial group, for some odd primes p and q. Assume 
that N is a normal subgroup of G and that x is an irreducible character of N . Then there exists a 
faithful linear limit x* of x> such that the domain Dom(x*) of x* is a nilpotent group. 

(For the definition of "faithful linear limits", see Section flO.il ) 
As corollaries of the Main Theorem^ we have 

Main Theorem 2. Let G be an odd order monomial p a q b -group. If N is a normal subgroup of G, 
then N is monomial. 

and 

Main Theorem 3. Let G be an odd order monomial p a q b -group and let x £ Irr(G). Then there 
exists a faithful linear limit x* of X such that x*(l) = 1> i- e -> X* is a linear character. 

What is the desired property a "good" character has? We can control its degree. If this degree 
has the right properties then nilpotent subgroups appear, as the following result shows: 

Theorem 1.5. Assume that G is ap, q-group, where p and q are distinct odd primes, and that N, M 
are normal subgroups of G. Let M = P x S and N = P x Q , where P is a p-group, and S, Q are 
q-groups with S < Q. Assume that the center Z(P) of P is maximal among the abelian G-invariant 
subgroups of P. Let x, «> & and £ be irreducible characters of G, P, S and Z(P) respectively that 
satisfy 

X € Irr(G|a x (3) and a € Irr(P|£), 

£ is a faithful G-invariant character of Z(P), 
G{(3) = G, 

X is a monomial character of G with x(l) g = /?(1), 

where x(l)g denotes the q-part of the integer x(l)- Then Q centralizes P. 

The above theorem, that appears as Theorem II 1 . 761 in this thesis, is heavily based on Theorem 
11.31 and the work done in Dade's paper 

The way we use in this thesis to approach these "good" characters is by constructing a character 
of known degree in a subgroup of G that extends to its own stabilizer in G. So the key tool for the 
proof of Theorem ^ is the following result (that appears as Theorem 14.171 in Chapter : 
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Theorem 1.6. Let P be a p-subgroup, for some prime p, of a finite odd order group G. Let Qi, Q 
be q-subgroups of G, for some prime q ^ p, with Q\ < Q. Assume that P normalizes Q\, while 
Q normalizes the product P ■ Q\. Assume further that (3\ is an irreducible character of Q\. Then 
there exist irreducible characters fi\ of Q\ and f3 u of Q(0i) such that 

P(Jh) = P(Pi), 
Qtfil) < Q(Pi) and 

n Q , = ft- 

Therefore (3 V is an extension of fl\ to Q(Pi)- 

A possible generalization of Theorem 1 1.61 to the case where Q\ and Q are arbitrary p'-subgroups 
of G would give a generalization of the Main Theorem ^ In this way the original problem (Con- 
jecture can be transformed to the following question: 

Question 1.7. Does Theorem 11.61 hold if its second sentence is replaced by "Let Qi,Q be p'- 
subgroups of G" ? 

Note: Shortly after this thesis was submitted E. C. Dade found a counterexample to the 
above question. His example is not a counterexample for Coniecture ll.il Nevertheless, it suggests 
strongly that a generalization of Theorem 1 1 . 61 req uires some new ideas. 
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1.2 Notation 



Let G be a finite group with M, N, K, K\ , . . . ,Kt subgroups of G, for some t > 1, and g, /i elements 
of G. Assume further that M normalizes N. Let x be a (complex) irreducible character of M, (we 
assume that all the characters we use in this text are over the field C of the complex numbers) 
and X an irreducible C-representation of G that affords x- Assume further that fa, . . . ,<j) t are 
irreducible characters of if i, ... , K t , respectively. Let p be a prime number, and ir a set of primes. 

The list that follows describes the notation we will be using for the rest of this thesis. 



Z p : 
Z(G): 
Sylp(G) : 
Hal^(G) : 
O p (G) : 
3(G): 

9 h : 
K h : 
N < G : 
N<G : 

N(M in G) = N G (M) : 
N(K in M) = N M {K) 
N(K u ...,K t in M) : 



C(M in G) = C G (M) : 
C{K in M) = C M (K) 
C(K u ...,K t in M) : 



M x N 

K y\ N 

[M, N] 

Irr(G) 

Lin(G) 

Ker(x) 

X 9 : 



the field of p elements Z/pZ 
the center of G 

the set of all Sylow p-subgroups of G 

the set of all Hall 7r-subgroups of G 

the largest normal p-subgroup of G 

the Frattini subgroup of G 

the /i-conjugate hT x gh of g 

the /i-conjugate group h~ x Kh of K 

N is a subgroup of G 

N is a normal subgroup of G 

the normalizer of M in G 

the normalizer of K in M 

the normalizer of all if j, for i = 1, . . . , f in M, i.e., 

t 

the intersection |^| N(Ki in M) 



the centralizer of M in G 
the centralizer of K in M 
the centralizer of all if«, for i = ] 

t 

the intersection |^| C(ifj in M) 



, t in M, i.e., 



X 



G 



the semidirect product of M and iV when M acts on iV 
the semidirect product of K and N when iV acts on K 
the commutator subgroup of M, N 
the set of all complex irreducible characters of G 
the set of all linear complex characters of G 
the Kernel of %, i.e., Ker(x) = {m <G M|%(m) = x(l)} 
the ^-conjugate of x, i.e., x 9 is a character of M ff defined as 
X g {m 9 ) := x( m -) f° r all m G M 
the induced character on G 
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[x,ip] '■ the inner product of x> tp E Irr(M), i.e. 

lx,^] = (V\G\) y £x(gWg- 1 ) 

g&G 

\xi M (N) : the set of all M- invariant irreducible characters of N 

Irrjy (G) : the set of all % e Irr(G) such that x lies above 

at least one character 9 E Irr M (iV) 
Irr(G|x) : the set of all irreducible characters of G that lie above x 

G(x) '■ the stabilizer of x in G, i.e., the set of all elements g of G 

that satisfy X 9 = X 



G((f>i, . . . , : the stabilizer of 0$, for i = 1, . . . , t, in G, i.e., the set O G(0j) 

8=1 

i^(x) : the stabilizer of x in i^T 

K(cj)i, . . . , : the stabilizer of 4>i, for i = 1, . . . , t, in K, i.e., the set O K((pi) 

i=i 

det(X(5f)) : the determinant of the matrix 3t(g) for some g G G 

det(x) : the linear character of G defined as 

(det(x))(<?)=det(£(<7)) for all g G G 
o(x) : the determinantal order of x> i-e., the order of the linear character 

det(x) as an element of the group Lin(G) 
[r] : the integral part of a real number r, i.e., the largest integer t such that t < r. 

Assume that Go <! G\ < • • • < G n is a series of normal subgroups of G, for some integer n > 0. 
Assume further that Xi is an irreducible character of Gj, for alii = 0, 1, . . . , n, such that Xi € Irr(Gj) 
lies above Xi-i G Irr(Gj_i), whenever i = 1, . . . , n. Then we call the set {xi}f=o a character tower 
for the series {Gj}™ =0 . 

If T is a finite-dimensional Z q (G)-module that affords a G-invariant symplectic form < •, • >, 
then we will use the terminology introduced in pQ. So, if S is a Z g (G)-submodule of T, then is 
the perpendicular subspace of S, i.e., S 1 - := {i G T\ < S, t >= 0}. Furthermore, S is isotropic 
if 5 < S^. T is anisotropic if it contains no non-trivial isotropic Z g (G)-submodules, and is 
hyperbolic if it contains some self-perpendicular Z g (G)-submodule S, i.e., S is a Z g (G)-submodule 
satisfying S = S . 

If J7j, for i = 1, . . . , n, are F(G)-submodules of an F(G)-module S, where F is a field and n a 
positive integer, we write 

U1 + U2 '■ for the internal direct sum of XJ\ and U2, and 

C/j : for the internal direct sum of the for all i = 1, . . . , n. 

Ki<n 
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1.3 The general ideas in the proof 



As this thesis turned out to be much longer and complicated than expected, the author would like 
to apologize to the reader for all the mysterious groups that appear suddenly, and for no apparent 
reason, in the chapters that follow. We will attempt in this section to give the main ideas of the 
proof, trying to avoid, as much as possible, the technical parts. 

Assume that G is a finite monomial group. Assume further that G has order p a q b for some 
distinct odd primes p and q. Let N be a normal subgroup of G. Fix an irreducible character ip of 
N. If A is any normal subgroup of G contained in N, and A is a linear character of A lying under ip, 
then Isaacs observation (Theorem ll.2j) . implies that we may pass from G to the stabilizer G' = G(A) 
of A in G without losing the monomiality of those irreducible characters of G' that lie above A. This 
way we reduce the order of the group G, possibly loosing some of the monomial characters, but still 
keeping track of those that lie above ip. (This reduction procedure, that is described in Chapter 1101 
produces a "linear limit".) What we prove by induction is that, by applying this procedure many 
times, and choosing the A and A carefully, (see Section llfl.31 for an explanation of "careful"), we 
can reduce G, N and ip to G',N' and ip' , respectively that satisfy 

G' < G, and N' = N n G' < N, while ip' G Irr(iV'), 
N /Ker(ip ) is nilpotent, 

W) N = i>, (1-8) 
all x £ Irr(G \ip ) are monomial. 

This is equivalent to our Main Theorem^ It is proved using induction on the order of N. Note 
that l|1.8JI easily implies that the character ip is monomial, since ip is induced from ip' , and the 
unique character ip' /~Kex(ip') of the factor group N' / Ker(ip') that inflates to ip' is monomial as an 
irreducible character of a nilpotent group. 

First notice that if N is a nilpotent group, (jl.8|) holds trivially with N in the place of N'. (We 
don't even need to apply Clifford's theorem to any normal subgroup A and any linear character 
A G Irr(^4).) Now suppose that N is not nilpotent. Because G is solvable, there exists a normal 
subgroup L of G such that L < N, while N/L is either a p- or a g-group. We may assume that 
N/L is a g-group, and that p divides \L\. Let /i G Irr(L) be an irreducible character of L lying 
under ip G Irr(iV). We apply the reductions described above with L and \i in the place of N and 
ip, i.e., we reduce G using linear characters of normal subgroups of G that are contained inside L 
(again choosing these linear characters carefully). Every time G gets reduced iV and L are also 
reduced. Furthermore, the fixed character tp of N also gets reduced, at every step, to a Clifford 
correspondent. So does the character \x G Irr(L). According to the inductive hypothesis applied 
to L, at some point these reductions lead us to groups G" and L", and to an irreducible character 
n" G Irr(L") that induces \i while L" / Ker(^") is nilpotent. Of course if we reduce the group G" 
more, using normal subgroups A of G" contained in L" and their linear characters A G Lin(A), the 
above properties remain valid. So we continue reducing until there is no normal subgroup A < L" 
and linear character A G Irr(yl) lying under //' with G"(X) < G" . At the end of this procedure 
we reach groups V and G', and a character \J G Irr(L'), that satisfy the equivalent of (|1.8|) for L. 
In addition to those, the group N gets reduced to N' = G' n N, and its irreducible character ip is 
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reduced to ip' G Irr(iV'). Therefore we have 



G' < G, and L' = L n G' < L, while // G Irr(L'), 
AT' = N n G' < 2V and ip' G trr(JVV)» 

L'/Ker( / u / ) is nilpotent, (1.9) 

(//) L = 

all x ^ Irr(G [// ) are monomial, 
for any A < G contained in L', and any A G Lin(yl) that lies under //, we get G (A) = G . 

It is easy to see (after all, these reductions are just repeated applications of Clifford theory) that 
ip' induces ip, and lies above //. 

The fact L' = Lj Ker(//) is nilpotent implies that the factor groups L/ Ker(//) 9 are all nilpotent, 
whenever g G G' . Let K' = flgec Ker(/x') ff and L\ = L'/K'. Then L\ is also nilpotent. Therefore 
L\ splits as the direct product L\ = P\ X Q\ of its p- and g-Sylow subgroups Pi and Qi, respectively. 
If m is the unique irreducible character of the factor group L\ that inflates to // G Irr(L'), then fii 
also decomposes as fj,\ = a x (3, where a G Irr(Pi) and (3 G Irr(Qi). At this point we can say more 
for Pi and Q\. If A\ is any normal subgroup of Gi = G' /K' contained in L\, then A± = A'/K', 
where A' is a normal subgroup of G'. If, in addition, Ai G Lin(>li) lies under n\, then Ai inflates to 
a unique character A' G Lm(A') that lies under \j! . As L' was as reduced as possible, the character 
A' is G'-invariant. It also lies under //. Hence Ker(A') = Kei(fi' A ,). So 

Ker(A') = f] Ker(A') 3 < f] Ker(^) 9 = K' . 

geG> g&G' 

Therefore Ai is a faithful linear character of A%, and is Gi-invariant. Thus every characteristic 
abelian subgroup of Pi is cyclic and is contained in the center of Pi. Similarly for Q\. In particular 
the center Z{P\) of Pi is cyclic, and affords a faithful Gi-invariant linear character that lies under 
a. Similarly the center Z(Q\) is cyclic, and affords a faithful Gi-invariant linear character lying 
under (3. Furthermore, Pi (and similarly Q\) is of a very specific type. Either it is cyclic or it is the 
central product of an extra special p-group of exponent p with the cyclic p-group Z(P\). Similarly 
for the (/-group Q\. Then clearly the characters a and (3 are Gi-invariant and faithful. Hence 
Hi = a X (3 is Gi invariant. We conclude that the character \j! is G'-invariant. So Ker(//) = K' is a 
normal subgroup of G' . Thus Gi = G'/Ker(//). Furthermore, because ip' G Irr(iV') lies above fi', 
the group K' is contained in the kernel of ip 1 G Irr(A r '). Therefore there exists a unique irreducible 
character tp\ of the factor group N\ = N'/K' that inflates to ip' G Irr(JV'). Note that Z(Pi) is 
maximal among the abelian normal subgroups of Gi contained in Pi. This makes the factor group 
P\/Z{P\) naturally a symplectic space (see ()1U.20|) for the definition of the symplectic form). It is 
actually a symplectic Z p (Gi/Li)-module. A picture of the situation is 

Gi 

JVi Vi (i.io) 

L\ = Pi x Qi hi = a x (3 

Note that every character of Gi that lies above fii is still monomial. Furthermore the factor group 
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N\/L\ is a g-group. 

We could continue the reductions with normal subgroups of G' that lie inside N'. But it turns out 
that it is not needed. The group N' and the character ip' already achieved when doing the reductions 
for L, satisfy Q1.8|) . Indeed K' = Ker(^') < Ker (?//), while any character of G' lying above ip' is 
monomial, because ip' lies above //. Therefore if we could prove that iV"i = N'/K' = N' / Ker(//) is 
nilpotent, then we would have that N' / Ker(^') is also nilpotent. This would prove the inductive 
step for Q1.8JI . Actually, that is what we prove. 

Let Q be a g-Sylow subgroup of N\. Then N± is the semidirect product N\ = Pi x Q. We prove 
that Q centralizes Pi, using Theorem ED Observe that the situation for the groups G\, N\ and L\ 
looks similar to that described in Theorem 11.51 Indeed, the center Z(P\) of Pi is maximal among 
the Gi-invariant abelian subgroups of Pi, while the characters a and (3 are Gi-invariant. There is 
one ingredient missing from the hypothesis of the above theorem. That is, a monomial character 
Xi of G\ lying above fi\ and satisfying Xi(l)q = P(l)- We do know that every character of G above 
/ii is monomial, but there is no reason for one of those monomial characters to have the desired 
degree. And that is the obstacle. 

If the irreducible character (3 of Q\ extends to G\, then the product of this extended character 
with any p-special character of G\ lying above a, is an irreducible character of G\ that lies above 
fi\ and whose degree has the g-part equal to (3(1). Of course there is no reason for the character 
(3 € Irr(Qi) to extend. 

A way to resolve this problem is to replace the character (3 with a new character (3 U that extends. 
Actually Theorem 11.61 offers a way to replace characters. But now another problem appears. If 
we replace (3 in Q\ with a new character (3 V of the same group Q±, then we can get an irreducible 
character of G\ lying above a x (3 U with the correct degree, but which may not (and most probably 
is not) monomial. After all the only characters we know to be monomial in G\ are those lying 
above fi%. Since the only source of monomial characters is back in G, we must change the original 
character [i € Irr(L). 

Suppose we could find a fj, v € Irr(L) so that, when we reduce G as above, using Isaacs observation 
as much as possible for subgroups of L, we end up with a system 

G\ 

Nt (1-11) 

L\ = P{ x Q\ n\ = a\* 01 

having same properties as (jl.lOj) . plus 

• the character (3 U extends to a g-Sylow subgroup Q u of G", and thus [x\ extends to Q u ■ L\, 

• the symplectic space P\/Z(P\) is isomorphic to P[ /Z(P"), and 

• this isomorphism carries the commutator [P\/Z(P\),Q\ into [P" /Z(P"), Q u ], where Q u is a 
g-Sylow subgroup of . 

The fact that (3 V extends implies, as we saw, that the g-Sylow subgroup Q u of centralizes Pf. 
Hence [P" /Z(P"), Q v \ = 1. We conclude that the group [P\/Z(Pi),Q], which is isomorphic to a 
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subgroup of [Pi /Z(P"),Q l/ ], is also trivial. Hence Q centralizes Pi. So the inductive step would 
be complete, provided that we could find such a character fj, u . 

The "miracle" is that such a character [i v does exist. To find it, we had to introduce the notion 
of triangular sets and go through all the complicated machinery described in Chapters El El arid 
[7| The reason is that we have a replacement theorem (Theorem II. 6|) that works under special 
hypotheses. The character [i doesn't satisfy these hypotheses. The character (5 does satisfy them, 
but, for the reasons explained above, if we change (3 we don't get monomial characters. So instead 
of [i we change a character ju* corresponding to /J, in a certain subgroup L* of L. Both fi* and L* 
satisfy the hypotheses of Theorem 11.61 so that we can replace /u* with another n*' v £ Irr(L*) that 
extends to a g-Sylow subgroup of G(/j,*) ■ L* . In addition, fj,* and L* are picked in such a way that 
we can get back from the new character fj>* ,u of L* to a corresponding new character fi u of L. 

In Chapters El and we show that this new character retains its extendibility properties 
throughout our reductions. 

In Chapter we put all the pieces together to prove the Main Theorem ^ 
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Chapter 2 

Preliminaries 



2.1 Glauberman correspondence 

Let A and G be two finite groups with orders that are relatively prime. In the case that A is 
a solvable group, Glauberman jSj constructed a 'natural' bijection between the set Itt a (G) of A- 
invariant irreducible characters of G, and the set Irr(C(^4 in G)) of irreducible characters of the 
fixed points C(A in G) of A in G. Two well known facts (see Chapter 13 (page 299) in [12]) about 
the Glauberman correspondence are 

Lemma 2.1. Suppose that A, G are finite groups such that (\A\, \G\) = 1 and that A acts on G. Let 
a group S act on the semidirect product AG, leaving both A and G invariant. If x is an A-invariant 
irreducible character of G, and x* is its A-Glauberman correspondent in Itt(Cg(A)), then for any 
element s £ S, the Glauberman correspondent (x s )* of x s equals (x*) s ■ 

Lemma 12.11 obviously implies 

Corollary 2.2. In the situation of Lemma \2.1\. let T be a subgroup of S. Then x is fixed by T if 
and only if its Glauberman correspondent x* is also fixed by T. 

2.2 Groups 

Proposition 2.3. Assume Q,P are two finite groups with coprime orders, and that Q acts as 
automorphisms of P. Assume further that P is the product P = P\- P^, of its normal subgroup Pi 
and some subgroup Pi of P. If both P\ and P2 are Q-invariant, then 

N(Q in P) = C(Q in P) = C(Q in P x ) ■ C{Q in P 2 ). 

Proof. As Q and P have coprime orders, and Q acts on P, we obviously have that 

N{Q in P) = C(Q in P) > C(Q in P x ) ■ C{Q in P 2 ). 

Hence it remains to show that C(Q in P) < C(Q in Pi) • C(Q in P2). 

As Pi < P, we have C{Q in P)/C(Q in Pi) ^ C(Q in P/Pi), by Glauberman's Lemma, 13.8 
in [T2|. The natural isomorphism of P/P\ = (-P1-P2) / Pi onto P^/iPi D P2) preserves the action 
of Q. So it sends C(Q in P/P x ) = C(Q in P) ■ P 1 /P 1 onto C(Q in P 2 /(Pi n P 2 )) = C(Q in P 2 ) ■ 
{Pi n P 2 )/{Pi n P 2 ). So C(Q in P 2 ) covers C(Q in P) modulo C(Q in P) n Pi = C(Q in P a ). We 
conclude that C(Q in P) = C(Q in P2) • C(Q in Pi). Hence the proposition holds. □ 



10 



As an easy consequence of Proposition 12.31 we have 

Corollary 2.4. Assume Q,P are two finite groups with coprime orders, and that Q acts as auto- 
morphisms of P. For every i = 1, ... ,n, let Pi be a Q-invariant sugroup of P. Assume further that 
Pj normalizes Pi, whenever 1 < i < j < n, while P is the product P = P\ ■ Pi . . , P n . Then 

N(Q in P) = C(Q in P) = C(Q in P x ) ■ C(Q in P 2 ) C(Q in P Tl ). 

The following theorem is a multiple application of Clifford's Theorem: 

Theorem 2.5. Let G be a finite group. Assume that 1 < G\ < • • ■ < G m <G is a series of normal 
subgroups of G. Assume further that we have fixed a character tower {xi}il=i f or the above series, 
i.e., Xi G Irr(Gj) for i = 1, . . . ,m, such that Xi H es above Xi-l> whenever i = 2, . . . ,m. For any 
i = 1, . . . , m we write Gf 1 = Gj(xi, X2, ■ • • , Xm) for the stabilizer of XI1X2, ■ ■ ■ , Xm in Gi, and 
Qm _ . . . ; ^ m ) f or th e corresponding stabilizer in G. Then G™ = G\ and G™ = G™ n Gk = 

G m n Gk < G™, whenever 1 < k < i < m. Furthermore, there exist unique characters xT' f or 
i = 1, . . . , m, such that 

XT = XI, while xT G Irr(GD lies over X ?, • • • , xT-i 

and induces Xi G ^(Gi), for all i = 1, . . . , m. (2.6) 

Furthermore, these characters satisfy 

(1) G m = G{x?,X?T--,x2), and 

(2) IfG m <H <G andH m = G m PiH, then for any <j) E Irr(H\ Xm ) and x G l^(G\4>), there exist 
unique characters (j) 171 G Irr(// m |x™) andx m G Irr(G m |^ m ) that induce 4> m andx, respectively. 
Conversely, if 4> m £ Irv(H m \xZ) and x m G Irr(G m |0 m ), then {<p m ) H G Jxx(H\ Xm ) while 
{ X m ) G G Irr(G|(0 m ) H ). 

Proof. Since Gi < Grj and Xj G Irr(G,-|xj), whenever 1 < i < j < m, we obviously have 

GT = Gj(xi,X2, • • -,Xm) = Gi(xi,X2, ■ ■ -,Xi-i) = Gi(xi,-- -,Xi), (2-7) 

for any i = 1, 2, . . . , m. Thus G™ = Gf 1 (~)G k = G m n G fc , for all fc with 1 < k < i. It is also clear 
that Gf 1 = G\. 

To prove the rest of the theorem we will use induction on m. First assume that m = 1. Because 
G\ = G\(x\) = Gi, the only possible choice of x\ satisfying ()2.6|) for m = i = 1 is 

X \ = Xi G Irr(Gi). (2.8) 

Observe that, in this case, G(x\) = G(xi) = G 1 . Furthermore, if G\ < H < G, then Clifford's 
Theorem provides a bijection between the irreducible characters <p of H lying above xi) anci the 
irreducible characters (ft 1 of = H(xi) that lie above X l- Any two such characters (j) anci 
correspond if and only if 4> l induces (ft. Note also that, since Clifford's theory respects multiplicities, 
any character X G Irr(G) that lies above (j) corresponds to some x 1 G Irr(G x ) that lies above 
(j) 1 G Irr(// 1 ), and vice versa. So (1) and (2) hold for m = 1. 

Now assume that the theorem holds for all m with m < n, and some integer n > 2. We will 
prove it is also true when m = n. So assume that 1 < Gri < • • • < G n -i <! G n < G is a normal series 
of G, while {x«}?=i is a character tower for that series. The inductive hypothesis, applied to the 
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normal series 1 < G\ < • • • < G n _i < G of G and its character tower {Xi}£=i i implies the existence 
of unique irreducible characters x^ -1 °f G?" 1 = ^(Xl> ■ ■ ■ > Xn-i) that satisfy the conclusions of the 
theorem, for m = n — 1. Let G™ _1 = G n (xi, • • • > Xn-l) = G n_1 n G n . Then we clearly have 

G? = Gttxi, ...,Xn) = Giixi,- ■ ■ , Xn-i) = G?" 1 , (2.9) 

for all i = 1, . . . , n. 

The character Xn € Irr(G„) lies above Xn-l) while the series 1 < G\ < • • • < G n _i < G n is a 
normal series of G n . Hence (2) of the theorem for m = n — 1 implies that there exists a unique 
irreducible character Xn _1 G I rr (Gn -1 )> that lies above Xn-i and induces Xn E Irr(G n ). We set 

X? := xr 1 G MGr 1 ) = (2-10) 

for all i = l,...,n. Clearly the characters xf satisfy 1)2. 6|) . for m = n and all i = 1,2, ... ,n. 
(Note that X\ = Xi-) Furthermore, these characters are unique among those that satisfy 1)2.6)) for 
m = n. Indeed, assume that {V'™}™ =1 is a character tower for {G™}™ =1 , so that ipf E Irr(Gf ) induces 
Xi E Irr(Gj), for all i = 1, . . . , n. As G™ = G™" 1 for all such i, the uniqueness of the characters 
{x™ -1 }™^ 1 achieved from the inductive argument, implies that = X™" 1 = X?> whenever i = 
1, . . . , n — 1. In addition, the character Xn was picked as the unique character of G™ that induces 
Xn and lies above X™-1- Thus Xn = V'™- This proves that there exist unique characters {xf}?=i 
that satisfy <|2.6|) . for m = n. 

To prove that (1) also holds for the characters {x^KLd first observe that G(xi, • • • , Xn-i) = 
G n - 1 = G(xr 1 , • • -,Xn-l), by (1) for m = n- 1. Hence 

G" = G(xi, • • • , xn-i, Xn) = G{xT\ X n n Z\,Xn). (2.11) 

Furthermore, G(xi _1 , • • • , Xn-i) normalizes both G™z\ and G™ _1 , and fixes the character Xn-i- 
As x™" 1 i s the unique character of G™ _1 that lies above Xn-i and induces Xn, we conclude that 
G(xr\ • • • , Xn=i)(Xn) = G[xT\ • • • , X^I 1 )(xr 1 )- This, along with C3B and implies 

G" = G( X r 1 ; ■ ■ ■ , X^x)(xr l ) = G(x?, ■ ■ ■ , X"_i, XnO = G^Otf)- (2-12) 

So (1) holds for the inductive step. 

Assume now that H is any subgroup of G with G n < H < G, while eft, x are irreducible 
characters of H and G, respectively, so that x lies above <j> and above Xn- Then they both 
lie above Xn-i as well. Hence the inductive hypothesis implies that there exist unique characters 
G irr(fp-i I^JJ-i) and x™" 1 E Irr(G™- 1 l^"" 1 ) that induce <p E Irr(#) and x G Irr(G), 
respectively. Observe also that the inductive hypothesis for (2) guarantees that the characters 
X n ~ l and n_1 lie above Xn _1 £ I rr (Gn _1 )) since both x and lie above Xn, and Xn _1 i s the unique 
character of G™ _1 that induces Xn and lies above Xn-i- Because G™ -1 is a normal subgroup of 
both H™^ 1 and G ra_1 , Clifford's Theorem implies the existence of unique irreducible characters 
X™ E Irr(G n_1 (x™~ 1 )) and (j) n E Irr(ff n_1 (x^~ 1 ) that that lie above Xn -1 and induce x™ -1 and 
n_1 , respectively. Hence x™ induces x> and 0™ induces <fi. Furthermore, Clifford's Theorem implies 
that x n lies above 4> n , because x™ _1 lies above n_1 . In addition, G n_1 (x^ _1 ) = G n ~ 1 (Xn) = G™, 
by (I^T2l and the fact that Xn ■= Xn" 1 - So # n = B^CxJT 1 )- We conclude that x" and n satisfy 
(2) for the inductive step. Furthermore, they are unique with that property. Indeed, assume that 
7] E lrr(H n \Xn) and ip E Irr(G n |r/) induce 4> G Irr(iJ) and x E Irr(G), respectively. Then r/^™ and 
V' 6 '"" 1 are irreducible characters of H n ~ l and G n_1 , (since H" < H 71 ' 1 < H and G n < G n ~ x < G), 
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that induce <p> and x> repsectively. Also tp G " 1 lies above i] Hn \ and n 11 " 1 above Xn-i> because 
Xn = X™ -1 H es above this last character, and r\ lies above Xn- Hence the inductive hypothesis forces 
r/ Hn = n_1 and if) " = x™ _1 - Therefore, tp G Irr(G n ) = Irr(G n_1 (x^)) induces x n_1 and H es 
above Xn = Xn -1 ; w hile r/ G Irr(i/ n ) induces n_1 and lies above Xn _1 - I n conclusion, r),tp are the 
Xn Clifford correspondents of (p n ~ l and x™ -1 ] respectively. So rj = <p n and ^ = X n - Thus <p n and 
?/; n are unique. 

Conversely, if 4> n G lvr(H n \Xn) then Clifford's Theorem implies that (<p n ) H ™ is an irreduible 
character of H n ~ l . since = H n ~ 1 (Xn)- Furthermore, ((f) n ) Hn lies above Xn— 1> as Xn = 
lies above Xn-i- This, along with the inductive argument, implies that 0™ induces an irreducible 
character of H lying above Xn- Similarly we can work with any character x n & lTi(G n \(j) n ) to show 
that it induces irreducibly to a character of G lying above {<p n ) H . Hence (2) for the inductive step 
is proved. Therefore Theorem 12.51 holds. □ 



2.3 Character extensions 

The following is a well known and useful result: 

Theorem 2.13. Assume that N is a normal subgroup of G such that (\N\, \G/N\) = 1. Let x be 
a G-invariant irreducible character of N . Then there exists a unique extension x e of x to G such 
that (o(x e ), \G/N\) = 1. This is called the canonical extension of x, and has the additional property 
that it is the unique extension of x to G such that o(x) = o(x e )- 

Proof. The proof follows easily from Lemma 6.24 and Theorem 11.32 of ^2], as both o(x) and x(l) 
divide \N\, and thus are coprime to \G : N\. □ 

In the situation of the preceding theorem we can describe all the irreducible constituents of x , 
as the next result shows. 

Theorem 2.14 (Gallagher). Assume that N is a normal subgroup of G. Let x G Irr(iV) be a 
G-invariant character of N that extends to an irreducible character ip of G. Then there is a one- 
to-one correspondence between the irreducible characters 7 of G lying above x an d the irreducible 
characters A of G/N. Two such 7 and A correspond if and only ifj = A • t/j. The latter product is 
defined as 

(X-^)(g) = X(gN)-i;(g), 

for any j£G. 

Proof. The proof follows immediately from Theorem 12. 131 and Corollary 6.17 in D 

Note that, under the addition hypothesis (\N\, \G/N\) = 1, we could have used the unique 
canonical extension x 6 in the place of tp in Theorem 12.141 

Lemma 2.15. Assume that G is a finite group, H is a normal subgroup of G, and N is a normal 
subgroup of H . Assume further that 8 is an irreducible character of N, and that its stabilizer H \6) 
in H is the product H{6) = N ■ A of N with a subgroup A of H , such that (\A\, \N\) = 1. 
Then has a canonical extension 9 e to H{6). Furthermore, any irreducible character ^ of H{6) 
lying above 9 is of the form ^ 7 = ^ -9 e where 7 G Irr(^4) and the product is defined as (7-# e )(s-t) = 
"f(t) ■ 9 e (st) for any s G N and any t G A. As for the stabilizer G(7, 6) 0/7 and 9 in G, we have: 

G( 7 , 9) = N(A in G(9, %)) = N(A in G(9, 
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where is the irreducible character of H induced by 

Proof. Theorem 12. 131 above implies that 8 has a unique canonical extension to H{6). This, along 
with Gallagher's Theorem 12.141 implies all but the last statement of the lemma. 

As Cr(7, 8) fixes 7 and 8, it normalizes A and N respectively. Hence it normalizes the product 
H(9) = NA. The canonical extension, 9 e , of 9 to H(9) is fixed by G(j,8), as the latter fixes 8 
and normalizes H(9). Therefore G(7, 8) fixes the product 7 • 9 e = So G{~f,8) is a subgroup of 
N(A in G(0, ^ 7 )). Because H is a normal subgroup of G, any subgroup of G that fixes ^ 7 also fixes 
the induced character vt^. Hence N(A in G(8, ^ 7 )) is a subgroup of N(A in G(0, x I / 7 ^))- Therefore 

G( 7 , 0) < JV(i4 in G(8, %)) < N(A in G(9, V* )). 

For the other inclusions we note that any element g G N(A in G(9, ^j)) fixes 8 and normalizes 
H(8), and fixes the unique Clifford correspondent ^ 7 E lrr(.ff(0)|0) of "I^. Furthermore, 5 fixes 
e G Irr(i/(0)), because it fixes 8 and normalizes H{8). As <? normalizes A, and fixes the product 
character # 7 = 7 • 8 e , it also fixes 7. Hence g G G(-y,8). So iV(A in G(0, *^)) < G(-y,0), and the 
proof of the lemma is complete. □ 

Proposition 2.16. Let G be finite group of odd order such that G = N ■ K , where N is a normal 
subgroup of G and (\G/N\, \N\) = 1. Let H = N n K and let 8 be any irreducible K-invariant 
character of H that induces a G-invariant irreducible character 8 N of N. Then 8 N has a unique 
canonical extension, (8 N ) e , to G such that (\G/N\, o((8 N ) e )) = 1, while 8 has a unique canonical 
extension, 8 e , to K such that (\K/H\, o{8 e )) = 1. Furthermore, 8 e induces 

(8 e f = (8 N ) e . 

Proof. Let tt be the set of primes that divide \N\. Then \K/H\ = \G/N\ is a 7r'-number, and thus is 
coprime to \H\. As 8 G Itt(H) is /f-invariant, Theorem 12. 131 implies that 8 has a unique extension 
8 e to K, with 

0(8) = o(8 e ). (2.17) 

According to Corollary 4.3 in ^5], induction defines a bijection Itt(K\9) — > In(G\9 N ). There- 
fore, 

x ■= (9 e f G lrr{G\9 N ). (2.18) 

But 9 N extends to G, as it is G-invariant and (\N\, \G/N\) = 1. Let * = (9 N ) e G Irr(G) be the 
unique extension of 9 N such that o(^) = o(9 N ) is a 7r-number (see Theorem I2.13|) . Since x nes 
above 8 , Theorem 12. 141 implies that 

for some \x G ln(G/N). We compute the degree deg(x) in two ways. First 

deg(x) = deg(/z) • deg(tf) = degfrO • deg(8 N ) = deg(/z) • \N : H\ ■ deg(0). 
As x = {8 e ) G we also have that 

deg(x) = \G:K\- deg(0 e ) = \G : K \ • deg(0) = \N : H\ ■ deg(8). 
We conclude that deg(/i) = 1. Thus fx G Lm(G/N). Therefore 

det(x) =^ (1) det(^). (2.19) 
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We can now compute o(x) in two ways. First, o(^) = o(9 N ) and ^(1) = (1) are -/r-numbers. 
Since fx G Iti(G/N), we get that o(/x) is a 7r'-number. Therefore, (|2,19|) implies that the 7r'-number 
o(n) divides o(x)- 



On the other hand, 1)2. 18j) and Lemma 2.2 in [12] imply that 

o( x ) = o((8 e ) G ) divides 2 • o(9 e ). 

As G has odd order, we get that o(x) divides o(6 e ). In view of (|2.17|) . we have o(9 e ) = o(9), while 
o(9) | \H\. We conclude that o(x) is a 7r-number. 

Hence the only way the 7r'-number o(/j,) can divide o(x), is if o(//) = 1. So /x = 1, and 

(r) G = x = * = (O e , 

as desired. □ 

Lemma 2.20. Lei G 5e any finite group, and H be any subgroup of G. IJ '9 € Irr(G) and ^ G Irr(ff) 
then: 

(9 H -y) G = 9- (* G ). 



Proof. See Exercise 5.3 in |12j . □ 

As a corollary of Lemma 12.201 we can prove 

Corollary 2.21. Let G = H x M be a finite group, and S be an H -invariant subgroup of M. Let 
a, 9 be irreducible characters of H and H k S respectively. Then a ■ 9 is a character of HS defined 
as (a ■ 9)(x ■ y) = a(x) ■ 9(x ■ y), whenever x G H and y G S. Furthermore, 

(a-9) G = a • 9 G , 

where (a ■ 9 G )(x ■ y) = a(x) ■ 9 G (x ■ y), whenever x G H and y G M. 

Proof. Using the isomorphism H = HS/S, we regard a as a character of HS, defined as a(x ■ y) = 
a(x), for all x G H and y G S. It is obvious that the product a ■ 9 is a character of HS. 

Furthermore, as H = HM/M = G/M, we can define an irreducible character a' G Irr(G) as 

a'(x ■ m) = a(x), (2.22) 

for all x G H and m G M. Thus the restriction a'\ns of a' to HS is a G Irr(ifS'), i.e., 

oi\hs = ol. 

Therefore 

(a -Of = (a'\ HS ■ 9) G 

= ct -9 G by Lemma ESDI 

= a-9 G by (l2~22|l . 

This completes the proof of the corollary. □ 
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Chapter 3 

A Key Theorem 



One of the main ideas of this thesis is the way an irreducible character of a finite group G may 
correspond to an irreducible character of a subgroup of G. The most common such example is the 
Clifford correspondence. Other interesting and fruitful examples are the Glauberman correspon- 
dence and the Isaacs correspondence, that coincide when applied to groups we are dealing with in 
this thesis, groups of odd order. According to these correspondences, whenever an odd group A 
acts on an odd group G, with (\A\, \G\) = 1, there is 'natural' bijection between the set Irr^(G) of 
^4-invariant irreducible characters of G, and the set In{C{A in G)) of irreducible characters of the 
fixed points C(A in G) of A in G. 

The Glauberman-Isaacs correspondence can be easily generalized to involve a normal series of 
subgroups of G and not only G. That is, if G\ < G2 <! • ■ ■ <! G n = G is a normal series of G, and A acts 
coprimely on d, for alH = 1, . . . , n, (both A and G are assumed of odd order), then we still have a 
bijection between the set of towers {xiliLi °f ^4-invariant characters for the series of G{, and the set 
of towers of irreducible characters of the normal series C(A in Gi) < C(A in G2) <! ■ • • 53 C(A in G n ) 
of C{A in G). 

However, whether we use the Glauberman-Isaacs correspondence on a single group G or on 
a normal series of G, the condition that wants the acting group A to normalize every group Gi 
involved in the series can't be avoided. The solution to this problem is given by E.C.Dade in 0- 
Here we only state the results needed from that paper. The easy case, where the series is replaced 
by a single group, is done in Theorem 13.11 while the general case is described in Theorem 13.131 

Using the notation introduced in Section ll.21 we write Irr^(G) for the A- invariant characters 
of G, whenever A acts on G. In addition, if A acts on a subgroup B of G, we write Irr^(G) for the 
irreducible characters of G that lie above at least one ^-invariant character of B. Furthermore, if 
M is a subgroup of G and \x G Irr(M) we denote by Irr(G|^) the set of irreducible characters of G 
that lie above fi, and by Irr^(G|/i) the intersection 

lni(G\fi) := Irr£(G) nlrr(G|/i). 

If x ^ Irr(C|/Li) , we write m(fi in x) for the multiplicity that /i appears as a constituent of the 
restriction x\m of x m m i i- e -> 111 x) = [xImjA 4 ]- 

Theorem 3.1. Assume that G is a finite group of odd order, and that B is a normal subgroup of 
G. Let A,H be subgroups of G such that (\A\, \B\) = 1, while B is contained in H . Assume further 
that the subgroup AB = Ak B is normal in G. Then there is a one to one correspondence 

ip G Irr^(iT) «-> ifj (A) G lrv(N(A in H)), 
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between the setIvv B {H) of all characters tp G Irr(H) such thatip lies above at least one irreducible A- 
invariant character of B, and the setliv(N(A in H)) of all irreducible characters of the normalizer 
N{A in H) of A in H . We call the correspondence <-> ip(A) an A- correspondence, and say that 
the characters tp and ip(A) are A- correspondents of each other. 

If H = B, then the above A- correspondence coincides with the Glauberman-Isaacs correspon- 
dence between Irr (B) and Ixi(C{A in B)). 

Furthermore, for any subgroup K of G that normalizes both A and H, the stabilizer, K(xp), of 
any tp G Ittq^H) in K equals the corresponding stabilizer, K(ip(j^\), o/i/'m) * n K. 

Proof. The ^4-correspondence is done in Theorem 17.4 in pj, with A,B,H here in the place of 
K, L, H there. (Observe that, in that theorem, the A-correspondence is described in a more general 
setting.) 

Theorem 17.29 in 5 implies that ^-correspondence and Glauberman correspondence coincide 
when H = B. 

The last part of the theorem follows easily from Proposition 17.10 in pj. □ 

Before we continue to the general case, we note that the group H in Theorem 111 II doesn't need 
to be normal subgroup of G. Furthermore, the ^-correspondence described in the above theorem 
depends only on A and H and not on the choice of B (see Proposition 17.13 in pj). 

Theorem 17.4 in [5] not only provides the character correspondence we describe in Theorem 
IH.1[ but also gives a specific algorithm we can use to obtain this correspondence. It tells us that 

Theorem 3.2. Assume that A, B, H and G satisfy the hypotheses of Theorem \H.l\ Assume further 
that ip is an irreducible character of H that lies above at least one irreducible A-invariant character 
of B, i.e., tp G Irr^(H). Then there exists some sequence Mq, M\, . . . , M n of subgroups of G 
satisfying 

n > 1, M = B > M x > ■ ■ ■ > M n = 1, (3.3a) 
Mi < H, [Mi, A] < M u and (3.3b) 
Mi— i /Mi is abelian, (3.3c) 

for all i = 1,2, ... ,n. Any such sequence of subgroups determines a unique sequence of characters 
8o, 0i,... ,0 n such that 

6 = G hvi(H) = Ir4 () (N(AM in H)) (3.4a) 

and 

If i = 1,2, ... ,n, then 6i is the unique character in Irr M .(iV(AMj in H)) 

such that m{6i in 0i-\) is odd. (3.4b) 

The character 9 n G Irr^(iV(^4 in H)) = Irr(iV(^4 in H)) is independent of the choice of the sequence 
Mq, Mi, . . . , M n satisfying (|3.3|) . Furthermore, n is the A- correspondent ifrtA) € Irr(iV(^4 in H)) 
ofip, as used in Theorem \S.l\ 

It is clear from the above construction that the ^4-correspondence is preserved under epimorphic 
images. So we have 

Proposition 3.5. Assume that A,B,H and G satisfy the hypotheses of Theorem \S.l\ Let p be an 

epimorphism of G onto some group G' . If A',B' and H' are the images under p of A,B and H, 
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respectively, then A',B',H' and G' satisfy the hypotheses of Theorem VJ.1\ Furthermore, p maps 
N(A in H) onto N{A' in H'). Assume further that tp' G Iir{H' ) and tp = tp' o pn G Irr(ii). Then 
tp' G Irr^,(i7') z/ and on/y if tp £ Irr^(ff). /n £/iai case ^(A) = ^'(A 1 ) Pn(A in ff) 6 Irr(iV(A in -ff)). 

Proof. Clearly the groups G", A', B' and If' satisfy the hypotheses in Theorem 13. II 

Let X be any subgroup of G and X' = p(X) be its image under p in G' . Then p restricts to 
an epimorphism px of X onto X '. This induces an injection tp' — > 0' o of Irr(X') into Irr(A). 
For any ■0' G Irr(^T') the above injection determines the irreducible character tp G Irr{H) satisfying 
tp = tp' o ph. We remark here that any ip G In(H) with Ker(p//) < Ker(^) corresponds, under the 
above injection, to a character ip' G Irr(iJ'), satisfying tp = tp' o p H . 

Evidently if tp' lies over a character ^' G Irr(-B') then tp lies over the corresponding character 
(p = <p' o p B g Irr(.B). In addition, if A' = p(A) fixes <p' , then ^4 fixes Hence if tp' G Irr^, 
then tp G Irr^(//). Conversely assume that tp G Irr^(ff) satisfies Ker (ph) < Ker(^). Then tp 
has a corresponding character tp' G Irr(H') satisfying tp = tp 1 o pu. Because tp G Irr^(i7), there 
exists an irreducible Ainvariant character <p G Iit a (B) of B that lies under 0. Then Ker(^) > 
Ker('0)ri-B > KerpPl-B.. Hence (p has a corresponding character (p' G Irr(i?') satisfying (p = <p' ops- 
Furthermore, tp' lies above <p' , because ^ lies above (/>. In addition, A' fixes 0' because A fixes 0. 
Hence tp' G Irr^/(ff ). In conclusion, tp' G Irr^, (if) if and only if tp G Irr^(ii). 

If tp' G Irr^/ (-ff')> then Theorem 13.11 applies. So tp' has an A-correspondent irreducible char- 
acter tp'fA') m N(A' in f/ 7 ). To complete the proof of the proposition it suffices to show that 
p(N(A in H)) = N(A' in H') while tP {A) = tP' (AI) o in H) . 

Let M be any subgroup of B such that M<H and [M, A] < M. Then M' = p(M) is a subgroup 
of 5' such that M' < and [M', A'] < M'. We claim that 

p(N(AM m H)) = N(A'M' m H'). (3.6) 

Clearly p(N(AM in H)) < N(A'M' in H'). Thus to prove (j3~5)) it is enough to show that any 
t' G N(A'M' in H') is in the image of N(AM in #). Since t' £ H' = p(H) there exists at £ H with 
= i'. If K = Ker(/9), then t normalizes AMK, since i' normalizes A'M' = p{AM). In addition, 
t normalizes AB<G. Hence t normalizes the intersection ABnAMK = A(Bf)AMK). The group 
A normalizes B n AMK, since it normalizes B,M and In addition, (\A\, \B n AM.K"|) = 1, 
because (|A|, \B\) = 1. Hence ABnAMK = A(BPiAMK) = Ak(BDAMK), and the BnAMK- 
conjugates of A are the only subgroups of order \A\ in A{B n AMK). It follows that there is some 
element s £ B D AMK such that A ts = A. But ts £ H normalizes M <H. Thus (AM) ts = AM. 
So is G N(AM in il) has image p(ts) = t'p(s) G N(A'M' in iT')- In addition, the image p(s) of 
s G AMK is an element of p(AMK) = A'M' = p(AM) and thus lies in p(N(AM in H)). We 
conclude that t' = / o(ts)p(s)" 1 lies in p(N(AM in F)). Therefore (jHHJ) holds. 

Observe that ()3.6j) for M = 1, implies that /9(iV(A in if)) = N(A' in i?'). Furthermore, 
if Mo, Mi, . . . , M n are any subgroups of G satisfying (|3.3j) . their images M/ = p(Mi), for i = 
0,1,..., n, satisfy the equivalent of (|3.3|) for G',H',B' and A'. According to Theorem 13.21 the 
character tp' G 1tt^,{H') determines characters 0' ,...,6' n such that 0' = tp' and 6[ , for any 
z = l,...,n, is the unique character in Irr^/(J\f(i'M- in #')) such that m{6' i in is odd. 

Since p sends N(AMi in iJ) onto N(A'M- in if')> by (|3~H|) . it follows that Q { = Q\o p N{AMi in H) 
lies in Irr M .(A''(ylMj in H)), for each i = 0,1,..., n. Furthermore, 6q = tp' o p H = tp and 
m{6i in 6i-i) = m{9[ in O'^i) is odd, for each % = 1, ... ,n. Theorem 13. 21 then implies 

i>(A) =6n = 0'n° PN(AM n in H) = V'(A') ° PN(A in H)- 
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Hence Proposition 13.51 holds. 



□ 



Proposition (|3.5j) easily implies 

Corollary 3.7. Assume that A,B,H and G satisfy the hypotheses of Theorem 1.9. 1\ Let p be an 

isomorphism of G onto some group G' . If A',B' and H' are the isomorphic images, under p, of 
A, B and H respectively, then A', B' , H' and G' satisfy the hypotheses of Theorem XS. li Furthermore, 
N(A' in H') is the isomorphic image under p of N(A in H). In addition, for any ip € Irr(H) there 
exists a ij)' £ Itt(H') such that = ip' o p^. Then -i// £ Iti^i^H') if and only if ' ip € Irr^(if). In 
that case ip {A ) = ip' {Af) o p N ( A in H y 

Proposition 17.12 in [3] implies 

Proposition 3.8. If the group A in Theorem centralizes B, then lrr^(H) = Irr(H) 
= Irr(N(A in H)) and the A- correspondence is the identity map of these equal sets onto them- 
selves. 

From Proposition 17.14 in we obtain 

Proposition 3.9. Let A,B,H,G be as in Theorem \3.1\ Let A 1 be a subgroup of A such that 
N(A in H) = N{A' in H), and thus N{A in B) = N(A' in B). Then Irr^(iT) = Irrf (H) and 

4>(A) = ip(A>), 

for any tp € Iti^(H) = Irr^ (H). 

In the special case where the ^4-correspondence is the Glauberman correspondence (that is the 
case H = B), Proposition 13.91 translates to 

Corollary 3.10. Assume that A acts coprimely on B, where A and B are both finite groups of odd 
order. If A' is a subgroup of A satisfying C{A in B) = C(A' in B) then the A-Glauberman and the 
A' -Glauberman correspondences coincide. 

In the special case that H = AB, Theorem 17.36 in jS] describes clearly the ^-correspondence 
of Theorem 13.11 So we get 

Theorem 3.11. Assume that A,B,G satisfy the hypotheses of Theorem V3. 11 with the additional 
condition that H = AB. Assume further that x £ Irr(iJ) is of the form x = oc ■ (3 e , where a € Irr(A) 
and P e is the canonical extension to H of an irreducible A-invariant character f3 € Irr (B). Then 
X 6 lrr^(H). Furthermore, N(A in H) = A x C{A in B), where C(A in B) is the centralizer of A 
in B. In addition, the A- correspondent X(A) £ Irr(iV(.A in H)) of x> is of the form 

X(A) = ol x 7, 

where 7 6 Itt(C{A in B)) is the A-Glauberman correspondent of (3 € Irr (B). 

Proof. See Theorem 17.36 in 0. □ 

The next proposition shows that the ^-correspondence is compatible with Clifford correspon- 
dence. 
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Proposition 3.12. Let A,B,H and G be as in Theorem VJ. 1\ and let M be an A-invariant normal 
subgroup of G contained in B. Assume further that \x is an A-invariant irreducible character of 
M, and let G(/j,), H(fj,) and B{fj) be the stabilizers of \i in G,H and B respectively. Let fj,^ G 
Irr(iV(^4 in M)) be the A- correspondent of n, (note this is the A-Glauberman correspondent of fi). If 
ip G Irrg(il) lies above fx, that is, ip £ Irr^ (i^ then the fi- Clifford correspondent ip^ G Irr(i/(/x)) 
of ' ip lies in ln^^(H(p,)\n). Furthermore, the A- correspondent £ Irr(iV(^4 in H(^))) of ip^ 

is the fJ'fA)' Clifford correspondent of the A- correspondent iptA) £ Irr(iV(^4 in H)) of ip. 

Proof. See Propositions 17.19 17.20, 17.22, 17.23 and Theorem 17.24 in [3]. □ 

We conclude with a generalization of Theorem 13.11 

Theorem 3.13. Let A,B,G be as in Theorem\3H\ Assume further that G = B < G\ < • • • < 

G n -\ < G n <G is a series of normal subgroups of G. Then the groups N(A in Go) = N(A in B) < 
N(A in G\) < ■ • • < N(A in G n ) < N(A in G), /orm a series of normal subgroups of N(A in G). 
Lei ipQ,tpi, . . . ,tp n be a tower of irreducible characters for the chain Go < G\ < • ■ ■ < G n _i < G n , 
w/ii/e 0o £ Irr A (£?). T/ien ipi G Irr^(Gj), /or all i = 1,2, ... ,n. Let ipiJA) e Irr(iV(j4 in Gj)) 6e i/ie 
A- correspondent of ipi G Irrg(Gj), /or aZH = 0, 1, . . . T/ien i/ie ipiJA) f orm a character tower for 
the chain N(A in G ) = iV(^4 in S) < N(A in Gi) < • • • < N (A in G n ). This way we get a bijection 
between character towers {ipi}f =0 for the series {Gj}" =0 with ipo £ Irr^i?), and character towers 
{^iJA)}^^ f or the series {N(A in Gj)}™ =0 . In addition, this correspondence respects restrictions 
and inductions, i.e., 

(a) ipf 1+1 = if and only if ip^ m G,+l) = ip i+ i,(A), while 

(b) ipi+x\ G . = ipi if and only if ip i+ i,(A)\ N{A in Gi) = A,(A), 

for any % = 1, . . . , n — 1. 

Furthermore, for any subgroup K of G that normalizes A, the stabilizer, K(ipi), of ipi in K 
equals the corresponding stabilizer, K(ipi(A)), °f ipUA) * n K, for all i = 0, 1, . . . , n. 

Proof. See Theorem 17.15 and Propositions 17.16 and 17.17 in □ 
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Chapter 4 

Changing Characters 



4.1 A "petite" change 

Assume that G,Q\,Q2 and P are finite groups that satisfy 

Hypothesis 4.1. Qi, Q2 are q-subgroups of G, for some odd prime q, with Qi^Q2- Furthermore, 
P is a p-group, for some prime p with 2 ^p/g, that normalizes Qi, while P ■ Qi is normalized 
by Q2- 

Let Pi be an irreducible character of Q\. Our main goal in this section is to show how we can 
change the character, f}\ € Irr(Qi), to a new one, f3" € Irr(Qi), so that 

(1) P(/3x) = P(J%) and Q 2 ((3 1 ) < Q 2 (ft), while 

(2) 01 can be extended to Qi{Pl)- 

The following diagram describes that situation: 

Q 2 



P 



Qi A h 

Most of the work towards that direction is done in 



(ft. 



ft 



(4.2) 



Lemma 4.3. Let Q be a q-group acting on a p-group P, with p / q odd primes. Let T be a 
finite- dimensional right Z q (Q X P)-module such that the action of P on T is faithful. Then there 
exists an element r € T such that its stabilizer (QP)(t) in Q k P equals Q. 

Proof. We will prove a series of claims under the 

Inductive Assumption 4.4. Q, P, T are chosen among all the triplets satisfying the hypothesis, 
but not the conclusion, of Lemma \4-5\ so as to minimize first the order \QP\ of the semidirect 
product Q x P, and then the 7L q -dimension dimg g T ofT. 

These claims will lead to a contradiction, thus proving the lemma. 
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Claim 4.5. T is an indecomposable 'L q (QP)-module. 

Proof. Suppose not. Let T = T% + T 2 be a direct decomposition of T, where T\,T^ are nontrivial 
Zg(QP)-submodules of T. For i = 1,2 let ifj be the kernel of the action of P on Tj. Hence Tj 
is a Z g (Q x P/Ki )-module such that P/Ki acts faithfully on it. As dimz 9 (Tj) is strictly smaller 
than dimz q T, the minimality in Inductive Assumption 14.41 provides an element n € Tj such that 
(Q ix P/Ki)(ri) = Q. If we take as r the sum, r = t% + T2, then r is an element of T fixed by Q, as 
Q fixes each one of the Tj for i = 1,2. Furthermore for the stabilizer of t in P we have 

p(r) = n? =1 P(r,) = nf =1 ^. 

Since P acts faithfully on T the last intersection is trivial. Therefore (QP)(r) = Q, which contra- 
dicts Inductive Assumption 14.41 Hence T is an indecomposable Z g (QP)-module. □ 

Claim 4.6. The restriction Tp of T to P is a multiple of an irreducible Q-invariant r L q {P) -module. 

Proof. Claim H31 and Clifford's Theorem imply that T p can be written as a direct sum of its Z g (P)- 
homogeneous components, i.e., 

T P = C/i + U 2 + ■ ■ ■ + U r , 

where U = U\ = mV = mV CT1 ,U 2 = mV a2 ,...,U r = mV ar . Here V = V ai , . . . , V a \ are the 
distinct conjugates of a simple Z g (P)-submodule, V, of T p , and 1 = a\, ... ,cr r are representatives 
for the cosets in Q ■ P of the stabilizer, (QP)y, of the isomorphism class of V in QP. We may pick 
o~i,...,o~ r to be representatives of the cosets in Q of the stabilizer, Qv, of that isomorphism class 
in Q. Note that Qv = Qu as U — mV, where Qu is the stabilizer in Q of U under multiplication 
in T. If Tp is not homogeneous, then r > 1 and Qjj = Qv < Q- For i = 1, . . . , r let Ki be the 
kernel of the action of P on C/j. Then for every i = 1, . . . ,r the stabilizer Qu i of C/j in Q equals the 
<Tj-conjugate, Q^j , of Qu = Qv- For the corresponding kernels we similarly have Ki = K\ \ 

As U is a faithful Z^P/if^-module and Qu < Q, the minimality in Inductive Assumption 14.41 
implies that there exists an element \x € U such that 

(Qu x (P/F 1 ))( A t) = Qu. 

For every i = 1, . . . , r we can define an element /Xj = \10~i of C/j. Then Qy. fixes /Xj as Qu fixes /x. 
Furthermore if x is any element of P fixing /Xj then is an element of P fixing /x. Therefore 
2;°^ € ifi, which implies that x G K{. Thus 

(Qc/i X {P/'Ki)){Hi) = QUi 

for every z = 1, . . . , r. 

Let r be the sum of the /ij for i = 1, . . . ,r. Then r is an element of T fixed by Q, since 
multiplication by any element in Q permutes the Ui and the m among themselves. The stabilizer 
P(t) of t in P equals the intersection of the stabilizers of /ij in P for i = 1, . . . ,r. Since (Q^ K 
(P/Ki))(fj,i) = Qu i for every such i, the latter equals the intersection of ifj for % = 1, . . . , r. The 
faithful action of P on T implies that 

P(r) = nUKt = 1. 

Hence T has an element r with (QP)(r) = Q, contradicting Inductive Assumption 14.41 This 
contradiction proves Claim [Ql □ 
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Claim 4.7. There are no Q-invariant subgroup, H < P, and Z q (QH)-submodule, S, o/Tqh such 
that T is the r L q {QP) -module S® p induced from S, i.e., 

\<i<n 

where the o~i are representatives for the cosets Ho~i of H in P. 

Proof. Suppose Claim |4~T1 is false. We choose H to have maximal order among all those Q-invariant 
subgroups of P that contradict Claim 14*771 Hence Tqh has a Z q (QH)-sub module, S, such that 
gQP _ j> jf n j s no t normal in P then its normalizer, Np(H), in P satisfies H < Np(H) < P. 
Since H is Q-invariant, Np(H) is also Q-invariant. Hence S® Np ( H ^ is a Z q (QNp(H))-submodu\e 
of Tqjv p (^). Furthermore S® Np ( H ^ induces T. Thus Np(H) is among the Q-invariant subgroups 
of P that contradict Claim l4~71 with |A r p(i7)| > \H\. So the maximality of \H\ implies that H is 
normal in P. 

Let 1 = n, . . . , rfc be coset representatives of .ff in P, and let f m denote the image of r m in P/H 
for m = l,...,k. Then 1 = fx, fi, . . . , f% are the distinct elements of P/H. As Q acts on P/H, it 
has to divide the r m , for m = 1, . . . , k, into orbits, Rx, R2, ■ ■ ■ , Ri, for some I G {1, . . . , fc}. We may 
choose Ri to be equal to {rx} = {1}- For every i = 2, ... ,1, we pick some element f$ ( i € -Rj. Then 
i?i = {f^j-jZ^ where fcj = |JSj| and runs over a set Qy of coset representatives of the stabilizer, 
Cq(^i,i)> in Q. For every i = 2, . . . , I the stabilizer Cq{fi t x) acts by conjugation on P and on r^H, 
where rix G -P has image fji G P/H. Furthermore, H acts transitively by right multiplication 
on rixH and (x/i) c = x c h c for all x £ ri t xH,h £ H,c & Cqifix). Hence Glauberman's Lemma 
(13.8 in [T"""|) provides an element to G r^xH that is fixed by Cq(fi t x)- So Cqifix) > Cq(^,i)- 
Furthermore, the opposite inclusion, Cq[ti t x) < Cq[fi t x), also holds as f^i = ti,xH. Hence, 

Cg(ti,i) = Cgfai). 

In this way we can pick a t^i 6 r^iH, for every i = 1, . . . , Z, such that Cq^i) = CQfr^i). We can 
even assume that tx,x = 1- Let ijj denote the ^-conjugate, t^\, of t^x for every j = 1, . . . , fcj. Hence 
the set of all tjj, for i = 1, . . . I and for j = 1, . . . , hi, is a complete set of coset representatives 
of H in P. Furthermore the Q-orbit Ri corresponds to a Q-orbit Ri = {ii i, ■ ■ ■ ,i« fei } ; for every 
i = 1, . . . ,1. 

Let Ks be the kernel of the action of H on S. As |JT/ifs| < \P\, the minimality in Inductive 
Assumption l4.4l implies that there exists fi £ S such that its stabilizer, (QkH / 'Ks)(fJ>), in QkH/Ks 
equals Q, or equivalently (QH)(/j,) = QKs- We note here that Ks < H. Indeed, if H acts 
trivially on S, then T is induced from a trivial module and thus contains both trivial and non- 
trivial irreducible P-sub modules, contradicting Claim 14.51 We also have that [i 7^ since Q = 
(Q x H/Ks)(jj) < QH/Ks- We denote by fitij the ijj-translation of [a, for every i = 1, . . . , I and 
for every j = 1, . . . , fcj. Then fitij is an element of Stij such that 

((/-• //)(///;.,•; (/ ■ A's ' 

Since S<? p = T we get that 

T = S QP = ^ 2 St id = S+J2 E ( 4 - 8a ) 

!<«</ \<j<ki 2<i<l l<j<ki 
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Let r be the element of T defined by 

r = -M + J^J^A**<J = + ( 4 - 8b ) 

i=2 j=l i=2 UjeRi 

We claim that r satisfies the condition in Lemma 14.31 i.e., that (QP)(t) = Q. This will contradict 
Inductive Assumption 14.41 and thus prove Claim |4~7I Indeed, Ri = {i^i, • • • , U^} is a Q-orbit 
for every i = 2, ... ,1. Also /i and — fi are Q-invariant as (QH)(—fi) = {QH)(p,) = QK$- Hence 
Y2ti eRi fttij is Q-invariant. Thus r is a Q-invariant element of T. 

If x € H(t) then, since H < P, we get that (fiti^x = [ix^ 1 -^ tij is an element of S'tjj, for all 
i = 2, . . . , I and j = 1, . . . , fef, while (— /j)x is an element of S. Since tx = r, it follows from Q4.8|) 
that (— /i)x = — /i and (fitij)x = fitij for every i = 2, . . . , I and for every j = 1, . . . , hi- Hence x is 
an element of: 

KM n n n(p(^) hh) = n n ^c^o = n n 4^- 

i=2 j=l i=lj=l i=l j=l 

As if acts faithfully on T, we get that f|Li ffjU K s' J = L Hence H ( T ) = L 

Now let x € P\H. We claim that tx 7^ r. Indeed any x £ P permutes the Stij among 
themselves. If x fixes r, then it also permutes among themselves the summands —fi and [lUj, for 
i 7^ 1, of r. Since £x 7^ S* we have (—fj)x = /J,tij for some i = 2, . . . , I and some j = 1, . . . , k{. But 
as x E P\H we have that x = ht for some coset representative t = ij j of H in P with «o = 2, . . . , I 
and some element h € P. Hence /iij j = (~n)x = (—fi)ht E St, which implies that tij = t and 
(— fx)h = fi. This last equation leads to a contradiction as h has odd order (|P| is odd) and /j 7^ — /x 
( as S < T has odd order). Therefore t x 7^ r whenever x 6 P\H. Hence P(r) = P(t) = 1 and 
(QP)(r) = Q, contradicting Inductive Assumption 14.41 This contradiction proves Claim |4~7I □ 

Claim 4.9. Every normal abelian subgroup A of QP contained in P is cyclic. 

Proof. Let A be a normal subgroup of QP contained in P, and let Ta be the restriction of Tp to 
A. According to Claim EOl and Clifford's Theorem (11.1 in CR), we have that Ta can be written 
as a direct sum of its ^(^-homogeneous components, i.e., 

T A = Wi + W 2 + • • • + W s . 

Furthermore, P acts transitively on the W{ for all i = 1, . . . , s, while Q permute the W% among 
themselves (as T is a Z g (QP)-module). Hence Glauberman's lemma implies that Q fixes some 
Z g (vl)-homogeneous component, W, of Ta- Thus W is a Z g (QA)-submodule of Tqa- Even more, 
Clifford's Theorem implies that W® p = T. This, along with Claim 14.71 implies that W = T. 
Hence Ta — eV where V is an irreducible P-invariant Z g (^4)-submodule of T. As P acts faithfully 
on T, the Z g (^4)-module V is also faithful. If A is abelian, the existence of a faithful irreducible 
Z g (yl)-module implies that A is cyclic. Therefore, the claim is proved. □ 

The g-group Q acts on the g-group T, fixing the trivial element of T. Hence the group Q fixes 
at least q elements of T. So Q fixes some r with 

r G T and r 7^ 0. (4.10) 
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Hence, to complete the proof of Lemma 14.31 by contradicting the Inductive Assumption 14.41 is 
enough to show that P(t) = 1 

By Claim 14.91 every characteristic abelian subgroup of P is cyclic. Since p is odd, Theorem 
4.9 in section 5.4 of |5] implies that either P is cyclic or P is the central product E C, of an 
extra-special p-group E of exponent p and a cyclic group C. 

If P is cyclic then Z(P) = P. According to Claim FPU the Z g (P)-module Tp is a multiple of 
an irreducible Q-invariant Z g (P)-module V, i.e., Tp = mV. Hence Z{P) acts fix point free on 
T as it acts fix point free on V (or else V wouldn't be simple). This implies that no element of 
P = Z{P) — {1} could fix r. Hence P(t) = 1. So (QP)(t) = Q, contradicting Inductive Assumption 
14.41 Therefore, P can't be cyclic. 

Hence, P = E C , where E = £l\(P) is an extra special of exponent p and C = Z(P) is cyclic. 

So, 

P = EQC = Q 1 {P)QZ(P). (4.11) 

Therefore the factor group P = P/Z{P) is an elementary abelian p-group. Furthermore it affords 
a bilinear form c : P x P — > Z{E) defined, for every x,y € P, as c(x, y) = [x, y], where x, y are any 
elements of P having images x, y respectively, in P. With respect to that form P is a symplectic 
Z p (<5)-module. 

Claim 4.12. The symplectic "L p {Q) -module P is anisotropic. 

Proof. Assume not. Then there is an isotropic non-zero Z p (Q)-submodule A of P. Hence c(a, b) = 
for every a, b € A, as A C A . Therefore, by the definition of the symplectic form c, we get that 
the inverse image A of A in P is an abelian subgroup of P containing Z(P). Since A is a Z P (Q)- 
submodule of P, the abelian group A is a normal subgroup of QP contained in P. Hence by Claim 
14.91 , A is cyclic and properly contains the Z(P). Therefore there exists an element a£i \ Z(P) 
such that a p is a generator of Z(P). On the other hand according to ([4.111) a = uj ■ c where 
uj € Sl\{P) and c G C = Z{P). Hence a p = u> p ■ c p = c p . Since a p is a generator of the cyclic p-group 
Z{P) and c S Z(P), this last equation leads to a contradiction. This proves the claim. □ 

Now we can complete the proof of Lemma 14.31 If (QP)(t) ^ Q then there exists a Q-invariant 
subgroup D = P(t) ^ 1 of P such that (QP)(t) = QD. Hence the center Z{D) of D is a non- 
trivial Q-invariant abelian subgroup of P. Therefore its image Z(D) = Z{D)Z{P) / Z{P) in P is 
an isotropic Z p (Q)-submodule of P. Since P is anisotropic, Z(D) = 1, i.e., Z(D) is contained in 
Z(P). 

As we saw in the first case, Z{P) acts fix point free on T. This implies that no element of 
Z(P) - {1} could fix t. Hence Z(D) = 1, contradicting the fact that Z(P) ^ 1. So (QP)(t) = Q, 
contradicting Inductive Assumption 14.41 This final contradiction completes the proof of Lemma 
PI □ 

In terms of characters, Lemma 14.31 implies 

Corollary 4.13. Let Q be a q-group acting on a p-group P with p ^ q odd primes. Suppose that 
the semi-direct product Q x P acts on a q-group Q\ such that the action of P on Q\ is faithful. 
Then there exists a linear character A of Qi whose kernel Ker(A) contains the Frattini subgroup 
&(Qi) and whose stabilizer (QP)(X) in Q x P is Q. 

Proof. Let T be the factor group T := Qi/<&(Qi). Then T is a Z 9 (QP)-module. We write T* 
for its dual Z 9 (QP)-module, i.e., T* = Rom Zq (T,Z q ). Then P acts faithfully on both, T and T*. 
Furthermore, according to Lemma 14.31 there is an element r £ T* whose stabilizer in QP equals Q. 
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Since the linear characters of T can be considered as the elements of T* composed with some faithful 
linear character of Z g , we conclude that there is a linear character A* G Lin(T) whose stabilizer 
in QP is Q. Let A be the linear character of Qi to which A* inflates. Then <&(Qi) < Ker(A). 
Furthermore, (QP)(A) = (QP)(A*) = Q, and the corollary follows. □ 

The following straightforward lemma is necessary for the rest of the chapter, and gives a stronger 
result than Corollary 14.131 

Lemma 4.14. Let P be a p-subgroup of a finite group G and let Q\ < Q2 be q-subgroups of G, for 
some distinct odd primes p and q. If P normalizes Q\, and Q2 normalizes their product Q\P, then 
Q2P is also a subgroup of G with Q2 £ Sy\ q (Q2P), P £ Syl p ((32-P) an d Q\P <! Q2P ■ Furthermore, 
Q 2 is the product Q 2 = [Qi,P]N(P in Q 2 ), where [Qi,P] < Q 2 P and [Qi,P] n N(P in Q 2 ) = 
C{P in [Qi,P]) < *([Qi,P]). 

Proof. That the product, Q2P = QziQlP), is a subgroup of G is clear as Q2 normalizes the 
semidirect product Q\ x P. That same product Q\P is a normal subgroup of Q2P = Qi{Q\P)- 
We obviously have that Q 2 G Syl q (Q 2 P) and P G Syl p (Q 2 P)- 

By Frattini's argument for the Sylow p-subgroup P of Q\P <! Q2P we get 

Q2P = QiPN(P in Q 2 P). (4.15a) 

The normalizer, N(P in Q2P), of P in Q2P contains P. So it is equal to PN(P in Q2)- Hence 
(|4.15a|) can be written as Q 2 P = QiN(P in Q 2 )P. Since Q\N(P in Q 2 ) < Q2 and Q 2 D P = 1, we 
conclude that 

Q2 = QiiV(P in Q a ). (4.15b) 

Because (|Qi|, \P\) = 1, and P acts on Qi, we can write Q\ as the product Q\ = [Q±, P]N(P in Q\). 
The commutator subgroup [Qi,P] is a characteristic subgroup of Q\P and thus is also a normal 
subgroup of Q2, as Q2 normalizes QiP. Therefore, (|4.15b|) implies 

Q 2 = [Qi,P]N(P in Q 2 ). 

That [Qi,P] n JV(P in Q 2 ) = C(P in [Qi,P]) is obvious as (|Qi|, |P|) = 1. Also the factor group 
K := [Qi,P]/$([Qi,P]) is abelian and thus if = [K,P] x C(P in K). As [Qi,P,P] = [Qi,P] (by 
Theorem 3.6 in section 3.5 in [Hj), we get that K = \K,P\ and C(P in K) = 1. This implies that 
C(P in [Q!,P]) < *([Qi,P]). □ 

As an easy consequence of Corollary 14. 131 and Lemma 14.141 we have: 

Proposition 4.16. Let Q be a q-group acting on ap-group P with p ^ q odd primes. Suppose that 
the semi-direct product Q k P acts on a q-group Q\ such that the action of P on Q\ is faithful. 
Then there exists a linear character X of Q\ such that C(P in Q\) < Ker(A) and (QP)(X) = Q. 

Proof. As P acts on Q\ we can write Q\ as the product Q\ = [Qi,P] • C(P in Q{). It is clear 
that the product QC(P in Q\) forms a group. Furthermore, QC(P in Qi) normalizes P and 
the semidirect product (QC(P in Q%)) x P acts on [Qi,P], while the action of P on [Qi,P] is 
faithful. Then according to Corollary 14.131 there exists a linear character Ai of [Qi,P] such that 
(QC(P in Qi)P)(Ai) = QC{P in QO, while *([Qi, P]) < Ker(Ai). 
As we have seen in Lemma 14.141 

[Qi,P] nC(P in Q x ) = C(P in [Q^P]) < $([Qi,P]). 
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Since Ai is a linear character of [Qi,P] that is trivial on <&([Qi, P]) and C(P in Qi)-invariant, the 
above inclusion implies that Ai has a unique extension to a linear character A of Q\ trivial on 
C(P in Qi). Furthermore, (QP)(X) = (QP)(X\) = Q, and the proposition follows. □ 

We are now ready to show how our first change works: 

Theorem 4.17. Let Q\ < Q 2 = Q < G and P satisfy Hypothesis \4-l\ Assume further that (3\ is 
an irreducible character of Q\. Then there exist irreducible characters (3\ of Qi and (3 V of 
such that 

p(Px) = 

Q(Pl) < Q(Pi) and 
Therefore fi v is an extension of fj\ to Q(f5\). 

Proof. Let P(/3\) be the stabilizer of f3\ in P and Pi be the normalizer of P(Pi) in P. Let Pi denote 
the factor group P\/P(f3\). We write C\ for the centralizer, C\ = C(P((3\) in Qi), of P(/?i) in Q\. 
Then it is clear that Pi acts on Cj. 

The Glauber man-Isaacs correspondence (Theorem 13.1 in |12]). applied to the groups P(fti) and 
Qi, provides an irreducible character 8 of C\ corresponding to the irreducible character (3\ of Q\. 
As Pi normalizes both P(f3 x ) and Q x we get that (Pi) {6) = (Pi) (ft) = P(0i). If (Pi)(0) < P(B) 
then N(P((3i) in P{6)) = {P x ){9) > (Pi)(0) = P(^i). Therefore 

P(e) = (P 1 )(e)=P((3 1 ). 

Since P(p\) centralizes d = C(P(/?i) in Q a ), we have P(p\) < C(d in Pi) < (Pi) (9) = P(p\). 
Hence C(C\ in Pi) = P(fli) and Pi acts faithfully on C\. 

Let C2 '■= N(P(fii) in Q) be the normalizer of P(/3i) in Q. Then C\ is a normal subgroup of 
C2 as Qi < Qi- Furthermore, C2 normalizes N(P(f3\) in PQ\) as Q2 normalizes the product PQi. 
As P1C1 = N(P(fli) in PQi) we conclude that C2 normalizes the product P1C1. Hence Frattini's 
argument implies that C2 = N(P X in C%)C\. Let C' 2 '■= N(P X in C2). Then C2 normalizes Pi and 
the semidirect product C 2 x Pi acts on C\. Furthermore, the action of Pi on C\ is faithful. By 
Proposition 14.161 there exists a linear character A G Lin(Ci) such that C(P\ in C\) < Ker(A) and 
(C' 2 T\)(\) = C' 2 . 

The last equation implies that P X (X) = P(Pi). Thus P((3i) = Pi (A) < P(A). We actually have 
that 

P(A) = P(jh). 

Indeed, if P(/?i) < P(A), then P(f3 x ) would be a proper subgroup of N(P((3 X ) in P(A)). Thus 
P(P\) < N(P(p\) in P(A)) = N(P(Pi) in P)(A) = Pi (A) = P(/3 X ). 

Since C 2 = C' 2 C\ and C' 2 fixes Ai, we conclude that C 2 also fixes Ai- Furthermore, for the 
intersection C\ n C 2 we get 

d n C 2 = Ci n iV(Pi in C 2 ) = C(Pi in C x ) < C(P in Ci) < Ker(A). 

Therefore A can be extended to C%. Furthermore, according to Theorem 6.26 in 12 and the fact 
that C2P(I3\) fixes A, we get that A can be extended to C2P(/?i). 
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Let Pi G Irr(Qi) be the Glauber man-Issacs P (/^-correspondent to A. Then as C 2 Pi normalizes 
both P{(3\) and Qi, Corollary 12.21 implies that 

(C 2 Pi)(^) = (C 2 Pi)(A) = C 2 P(Pi). 

Hence P(J%) > Pi(ffi) = P(A) = P(J3{). If P(ffi) > P(/?i) then 

P(/3x) < N(P(Px) in Pffi)) = = P{p\). 

Thus P(^) = P{\) = P{p\) and 

(C 2 (PQl))(A") = c 2 p(p 1 )Q 1 . 

Since C 2 fixes ^ and normalizes P(fr) we have C 2 < N(P(fa) in Q(/?i)) < N(P(p\) in Q) = C 2 . 
Hence C 2 = N(P(p\) in Q(/^)). Furthermore, P(/?i)Qi = (PiQiX/^) as P{f3\) = P{p\). Hence 
the group P((3\)Qi = (PQi)(/3j) is a normal subgroup of P(/?i)Q(/?j / ) as Q normalizes the product 
P1Q1. So we can apply the Main Theorem in \IZ to the groups P(/?i)Q(/3f), P(/?i)Qi and Qi. We 
conclude that extends to P(/3i)Q(f3") as its P(/3i)-Glauberman correspondent A can be extended 
to P(/3i)C 2 = P{p\)N{P(p\) in Q(/^)). We write V for the extension of ft to Q(/^)- 

To complete the proof of the theorem it remains to show that Q((3i) < Q(/3i). The group 
(PQi)((3\) = P(f3i)Qi is a normal subgroup of P(f3i)Q((3i), as Q normalizes P\Q\. Hence Frattini's 
argument implies that 

Q(Pi) = QiNiPifix) in g(/3i)). 

Therefore Q(f3\) < Q\N{P{(3i) in Q) = Q\C 2 - But we have already seen that P(f3\)Q\ is a normal 
subgroup of P(f3i)Q(Pi). Hence the Frattini argument implies that 

Q(/?H = QiN{P{p\) in Q(/3H) = QiC 2 . 
Thus Q(/3i) < Q{ffi) and the theorem follows. □ 

4.2 A "multiple" change 

In the previous section we saw how we can make a change of a character whenever we have only 
two g-groups, Q\ and Q 2 involved. The natural question that follows from that restricted case is 
whether or not we can prove a similar theorem when a chain of g-groups, Q\ < Q2 <! • • • <! Q n <! Qn+i, 
is involved. What we will show is that, eventhought we can not do a character replacement as in 
the two group case, we can still find new linear characters having enough of the desired properties. 

So assume that, along with the series Q\ < Q2 <! • • • <! Qn <! Qn+l = Q of normal sub- 
groups of Qn+i = Q, where Q n +i is a (/-subgroup of a finite group G, we also have p-subgroups 
Pi, P 2 , . . . , P n _i, P n of G, such that Pj normalizes the groups Pj and Qj whenever 1 < j < i < n, 
while Qi normalizes the semidirect product Pj k Qj whenever l<j<i<n + l. Assume further 
that Ki = C{Qi in Pj) for all i = 1, . . . , n. Then, as we will see by the end of the section, we can 
find a chain of linear characters, (3%, (3%, ■ ■ ■ , (3%, of Qi, Q 2 , . . . , Q n respectively, such that 

(1) Pi(ff) = Ki and Qn+iO^) = Q„+i while 

(2) can be extended to Q n+ i(f3^) = Q. 
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The equivalent of the diagram 14.21 in this case is: 

Q = Qn+i = Q((3 u n ) (X) 



Pn 




Qn A 




Pn-1 

0n-l (4-18) 



I 

P2 



Pi 




Qi 0i 

We will prove in this section that such a generalization is possible when the primes p, q are odd. 
We first need some lemmas: 

Lemma 4.19. Assume Qi,Q2 are two q-subgroups of a finite group G, for some odd prime q. 
Assume further that Q\ < Q2 and that A is a normal subgroup of Q\ normalized by Q2 as well. Let 
P be a p-subgroup of G, where 2 ^ p ^ q, such that 

(a) P normalizes A and Q\, and 

(b) Q2 normalizes Q\P 

If P denotes the centralizer, C{Q\/A in P), of Qi/A in P, then Q2 normalizes the semidirect 
product P ix A. Thus Q2P is a group with Q\P and A as normal subgroups. The factor group 
Q2P/A = Q2(P x A)/A equals the semidirect product (Q2/A) X ((PA)/ A), of its q-subgroup Q2/A 
and its normal p-subgroup (PA) /A = P. 

Proof. Since Q2 normalizes Q\P, the product Q2P = Q2 ■ (Q\P) is a group. Note that A < Q2P ■ 
We will use bars to denote the image in PQ 2 = (PQ2)/A of any subgroup of PQ2 containing 
A. Then P = C(Q 1 in P), is a normal subgroup of P, as the latter normalizes both A and Q\. 

Furthermore, PQi = P x Q\ and P is the centralizer in P of Qi- It follows that P = (PA)/ A is the 
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maximal normal p-subgroup of PQi- Therefore, Q 2 normalizes P as it normalizes PQ\. Hence Q2 

normalizes the inverse image PA of P in PQi- So PQ2 = (PA)Q2 is a group and thus a subgroup 
of PQ2- Furthermore, as Qi < Q2 and Q2 normalizes PA we get that Q2 normalizes their product 
Qx(PA) = QxP. Therefore Q X P < Q 2 P. 

As Q2 normalizes PA we get that Q2/A normalizes PA/ A. Therefore (Q2/A) ix {PA/ A) is a 
group. Clearly Q 2 (PA)/A = (Q2/A) x (PA/ A), and the lemma follows. □ 

Lemma 4.20. Assume that Qi,Q2,G and P satisfy Hypothesis \4-l\ Let K := C(Q\ in P) be the 
kernel of the P-action on Q\. Then Q2 = [Qi,P] ■ N(P in Q2) and Q\ = [Qi,P] ■ C(P in Q\). 
Furthermore, there exist linear characters X\ G Lin(Qi) and A 2 G Lin(Q 2 ) that satisfy the following 
three conditions: 

(1) A 2 | Ql = A 1 . 

(2) {Q 2 -P){\i) = Qz-K. 

(3) C{P in Qi) < Ker(Ai) and N{P in Q 2 ) < Ker(A 2 ). 

Therefore, X\(s ■ u) = Ai(s) = Ai|[q 1j p](s) and A 2 (s • t) = Ai(s), for all s G [Qi,P],u G C(P in Qi) 
and t € N(P in Q 2 ). 

Proof. Since Q2 normalizes the semidirect product Q\ xi P and Q\ ^ Q 2; Lemma 14. 141 implies 

Q 2 = Q^iP in Q 2 ) = P] • AT(P in Q 2 ), (4.21) 

where [Qi, P] < Q 2 P,(and thus [Qi, P] < Q 2 ). Also N(P in Q 2 ) n Q\ = C{P in Qi). Furthermore, 
as the p-group P normalizes the g-group Q\, we have 

Q 1 = [Q 1 ,P]-C(PmQ 1 ). (4.22) 

Let C 2 = A^(P in Q 2 ). Then C 2 normalizes P, while their semidirect product C 2 x P normalizes 

Qi. 

Case 1: Assume that K = 1. 

Since = 1, the p-group P acts faithfully on Q\. Therefore, in view of Proposition 14. 161 there 
exist a linear character Ai G Lin(Qi) suet that (C 2 P)(Ai) = C 2 , and C(P in Qi) < Ker(Ai). 

Since Q2 = QiC 2 (according to (14.211) ) and C 2 fixes Ai, we conclude that Ai is Q2 invariant. 
Furthermore, the fact that Q\ fl C 2 = C(P in Qi) < Ker(Ai), implies that Ai extends canonicaly 
to a linear character A 2 of Q2 such that A^(P in Q2) < Ker(A 2 ). This along with ()4.2H) and (|4.22|) 
imply that 

Ai(s • u) = Ai(s) = Xi\[q u p}(s), 

while 

A 2 (s-i) =A 2 (s) = Ai(s), 

for all s G [Qi, P],u G C(P in Qi) and t G A^(P in Q 2 ). 

This completes the proof of Lemma 14.201 when K = C(Qi in P) = 1. 

Case 2: Assume that 1 < K < P. 
In this case we work with the group P' = P/K in the place of P. Note that in view of (|4.22|) . we 
have 

K = C{Q l in P) = C([Qx,P] in P). 



30 



As K = Op(PQi) and PQ\ < PQi we have that K is a normal subgroup of PQi- Hence K is a 
(^-invariant subgroup of P. Therefore the hypothesis of Lemma 14.201 are satisfied for P' in the 
place of P, as P' normalizes Q\ while Q 2 normalizes their product Q\ x P' . 

Hence the previous case provides linear characters Ai E Lin(Qi) and A2 £ Lin(Q 2 ) such that A2 is 
an extension of Ai to Q 2 . Furthermore, 

(Q 2 ■ P')(Xi) = Q2 (4.23a) 

while 

C(P' in Qi) < Ker(Ai) and N(P' in Q 2 ) < Ker(A 2 ). (4.23b) 

Even more, Ai(s • u) = Ai(s) and A 2 (s • t) = Ai(s), for all s € [Q\,P],u G C(P' in Qi) and 

t G iV(P' in Q 2 ). 

We observe that (j4.23aj) implies 

(Q 2 -P)(Ai) = Q 2 -K, 

as K centralizes Q\. Furthermore, we note that [Qi, P'\ = [Qi, P] while N(P in Q 2 ) < JV(P' in Q 2 ) 
and C(P in Qi) < C(P' in Qi). Hence in view of (I4.23bj) we have N(P in Q 2 ) < Ker(A 2 ) and 
C(P in Qi) < Ker(Ai). Therefore the lemma follows. □ 

Theorem 4.24. Assume G is a finite group of order p a q b for distinct odd primes p and q, and 
non-negative integers a and b. Let Q\ < Q 2 < • • • < Q n < Q n +i = Q be a series of normal subgroups 
of a q-subgroup Q < G, and let P\, P 2 , . . . , P n -i, P n be p-subgroups of G such that the following 
hold: 

(1) Pi normalizes the groups Pj and Qj whenever 1 < j < i < n, while 

(2) Qi normalizes the semidirect product Pj x Qj whenever l<j<i<n + l. 

Let Ki denote the kernel of the Pi-action on Qi, i.e., Ki = C(Qi in Pj) for every i = 1, . . . n. Then 
there exist linear characters of Qi, for all % = 1, . . . , n + 1, such that: 

(a) the restriction AIq - of Pi to Qj equals Pj if 1 < j < i < n + 1, and 

(b) the stabilizer (QPi)(Pi) of Pi in QPi equals QKi if 1 < i < n. 
Thus Pn+i is an extension to Q = Q n +\ of Pi, /3 2 , • • • , Pn- 

Proof. For the proof we will use induction on n. The case n = 1 is done in Lemma 14.201 

We assume that the proposition holds for all n with 1 < n < k and some k > 2. We will prove 
it also holds for n = k. Since Qi normalizes Pi x Q\, for all % = 1, . . . , k + 1, while Q\ < Qi, Lemma 
14.141 implies that Qi is the product 

Qi = Q! ■ N (Pi in Qi), (4.25a) 

of its normal subgroup Q\ with N{P\ in Qi), where 

Q x n N(P X in Qi) < C(Pi in Qi). (4.25b) 

As Pi normalizes the groups Qi, Q\, it also normalizes the factor group Q i 1 := Qi/Qi, whenever 
1 < i < k. 
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We define: 

Pi,i = C(Qi,i m Pi). (4.26) 
Note that P x>1 = C(Q 1 /Q 1 in Pi) = Pi. 

If we apply Lemma l4.19l to the groups Qj = Q\-N(Pi in Qj), Qi, Q and Pj, for some i = 1, . . . , k, 
in the place of Qi, A, Q2 and P respectively, we conclude that 

Q normalizes the semidirect product P^i x Q\. (4.27) 



Furthermore, the group Pj.i normalizes Qi, as Pj does. Since Pj normalizes both Pj and Qj for all 
j = 1, . . . , i we have that Pj t i normalizes both Pj and as well. Therefore P^i normalizes both 
the factor group Qj x and the centralizer C(Qj i in Pj) = Pj.i, for all such j. Hence the product 

Pi = Pl,l • P 2 ,l • • • Pn,l = Pi • P 2 ,l • • • Pn,l (4.28) 

is a p-subgroup of G that normalizes Q\. Thus Pi x Qi is a group. In view of (|4.27j) . the group 
Pi ix Q\ is normalized by Q = Qk+i- Let C\ := C(Q± in Pi) be the centralizer of Q\ in Pi. Then 
Lemma 14.201 implies that there exists a linear character \i\ G Lin(<5i) that can be extended to a 
linear character [i\ € Lin(Q), with the following properties: 

QOui) = Q, (4.29a) 



Pi (Ail) = Ci = C(Qi in Pi) (4.29b) 

and 

C(Pi in Qx) < Ker(/ii). (4.29c) 
Furthermore, for the extension character /uf, we have: 

MilQi = Ml) (4.30a) 

while 

L4(s-t)=m(s) (4.30b) 

for all s G Qi and t E N(P\ in Qk+x)- Clearly for all i = 1, . . . , k we have that /if |q 4 G Lin(Qj). 
Furthermore ()4.30b|) . along with (|4.25a|) . implies 

»t\ Qi (s-t i )= f i 1 (s), (4.30c) 

for all sGQi and ij G iV(Pi in Qj). 

We will use our inductive argument on the groups 

Q2/Q1 < Q3/Q1 < • • • < Qfe+i/Qi = Q/Qi- 

Note that the above groups form a series of normal subgroups of the g-group Q/Qi, as Q2 ^ 
Q 3 < . . . < Q = Q k+1 is a normal series of Q. Furthermore the group Pj normalizes Qj/Qi, 
whenever 1 < j < % < k, as Pj normalizes both Pi and Qj. Thus Pj ix Qi/Qi is a group. Also 
Qi/Qi normalizes the semidirect product Pj x (Qj/Qi), whenever 1 < j < i < k + 1, as Qi 
normalizes the semidirect product Pj >< Qj. Hence by induction, there exist linear characters 
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A| G Irr(Q 2 /Qi), ■ ■ ■ , A£ G Irr(Q fc /Qi), and X* k+1 in Irr(Q/Qi) such that 

K+Aqjqi = K ( 4 - 31 ) 

and 

(Q/Qi ■ P)(A*) = Q/Qi ■ C{Q l /Q l in Pi) = Q/Q, ■ P iA , (4.32) 

for all i = 2, . . . , k. 

Let Aj G Lin(Qj) be the linear character of Qi inflated from A* G Lin(Qj/(5i). Then (|4,31|) and 
(IQ2l imply: 

Afc+ibi = Aj, (4.33a) 

Qi < Ker(Ai), (4.33b) 

Q{\i) = Q, (4.33c) 

Pi(Xi) = P,i (4.33d) 



and 

for all i = 2, . . . , k + 1. Furthermore, 



for all i = 2, . . . , k. 

As Afc + i is a linear character of Qk+i and Qi < Qk+ii the restriction Ai := ^k+i\Q-n is a linear 
character of Q\. Furthermore, (|4.33b|) implies 

Ai = l Ql and thus Q(Ai) = Q. (4.34) 
Since Qi = Qi • N{P\ in Qj) for every i = 1, . . . , k + 1, (see (|4,25aj0 . equations (|4.33a|) and 



(|4.34|) imply 

Ai(s-ti) = Ai(ti) = \ k +i(ti), (4.35) 

for all s eQi and ij G iV(Pi in Qi). 

Using the equation ()4.25a|) . we define for all i = 1, . . . , k + 1, 

A(a-ti) -//lOO-Mii), (4.36) 

whenever s G Qi and ij G iV(pL in Qj) < A^Pi in Qfc+i). According to (|4.3Ucj) and ()4.35|) . we can 
rewrite the characters (3i as 

Pi = MllQi • = f4.\Qi • ^fc+llQi = (/^l - Afe+l)bi- 

Hence 

A|Q 3 -=/%, (4-37) 

whenever l<j<£<fc + l. Therefore, is an extension of (3\ to Q. 

As Q fixes fi± by (j4.29aj) . and fixes Aj by (|4.33c|) . it also fixes Pi, in view of (j4.3(i|) . Furthermore, 
(|Q6l implies that Pi{f3i) = Pi{m) D P;(Aj) for all i = 1, . . . , k. In view of (I4.29bl) and (I4.33dl) we 
conclude that 

P(A) =c(Qi inp)np,i. 

But P itl = C(Qi/Qx in P) by g^EJ). Hence 

P(A) = C(Qi in P) n C(Qi/Q! in P) = C(Q t in P) = K % . 



33 



This completes the proof of the inductive step for n = k. Thus Proposition 14.241 follows. □ 
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Chapter 5 

Triangular Sets 



5.1 The correspondence 

Assume we have the following situation: 

Hypothesis 5.1. Let G be an odd order group and tt any set of primes. Let 

1 = Gq<Gi<"'< G m < G (5.2) 

be a series of normal subgroups of G, for some arbitrary integer m > 0, such that Gi/Gi-i, for 
i = 1, 2, . . . , m, is a ir' -group when i is odd and a ir-group when i is even. 

Recall the definition given in Chapter^ 

Definition 5.3. Let Xi be an irreducible character of Gi, for all i = 0, 1, . . . ,m, such that Xi nes 
over Xk f° r all k = 0, 1, . . . , i. Any such collection of irreducible characters {xij^Lo * s sa ^ to be a 
character tower for the series {Gj}^ . 

Suppose further that there exist tt- and 7r'-groups P 2r and Qn-\ respectively, along with irre- 
ducible characters a 2r and fin-x-, such that 

Pq = 1 and «o = lj 
Qi = Gi and (3\ = xi, 

P 2r G HalU (G 2 r(a 2 , . . . ,a 2 r-2,/?i, • • • ,f3 2r -i)), ,„ 

(5.4) 

a 2r €E Irr(i-2r) lies above the Q2r-i-Glauberman correspondent of a 2r -2i 
Qli-\ G Hall 7r /(G 2 i-i(a2, • • • ,"21-2, Pi, ■ ■ ■ ,{hi-3)), 
02i~i € Irr(Q2i-i) lies above the P2«-2-Glauberman correspondent of /?2i-3 

for all odd 2i — 1 and even 2r with 1 < 2i — 1 < m and 1 < 2r < m. 

Depending on the parity of m the collection of groups and characters appearing in Q5.4JI consists 

of 

{P ,P 2 , ■ ■ ■ ,P m -i,Qi,Q3, ■ ■ ■ ,Qm\oio, ■ ■ • • • , An} if rn is odd, and 

{Pq,P 2 , ■ ■ ■ , P m ,Qi,Q3, ■ ■ .,Q m -i\a , ■ ■ .,a m ,Pi, ■ ■ • , An-i} if m is even. 
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By convention we will write, for both cases, the collection of groups and characters as 
{P2r, Qn-i \ot2r-, /?2i— i } where 1 < 2i — 1 < m and < 2r < m. We also write {Q 2 i-x\p2i-i} 
for the 7r'-subset of the above collection and similarly, {-P2r|«2r} for the 7r-subset. 

Definition 5.5. Any set of groups and characters that satisfies (j5.4|) will be called a triangular 
set for the normal series (|5.2|) . 

At this point it is not clear at all that such a collection of groups and characters exists. Even 
worse, it is not at all obvious that (|5.4j) is well defined. For all we know, the group C{Pn in Q 2 i-i), 
which is the support of the P 2 \- Glauber man correspondent of need not be a subgroup of 

Q2i+i- Thus, to ask for the character foi+i G Irr(Q2«+i) to lie above a character of C{P2i in Q21-1) 
seems out of place. (Of course the same problem appears for the 7r-groups C(Q2 r -i in P2r-2) and 
the character a2r)- But in fact these collections of groups and characters do exist, as we will see 
in Section [5.21 Furthermore, we will prove in the rest of this chapter not only that triangular sets 
exist but also that they correspond uniquely, up to conjugation, to character towers. In particular 
we will prove 

Theorem 5.6. Assume that Hypothesis I5.il holds. Then there is a one-to-one correspondence 
between G-conjugacy classes of character towers of (|5.2[) and G-conjugacy classes of triangular 
sets for <|5~2*|l . 



5.2 Triangular-sets: existence and properties 

Assume that a finite group G and a normal series H5.2|) are given so that Hypothesis 15 . II is satisfied. 
Recall (see Chapter ^) that for any real number x, we denote by [x] the greatest integer n such 
that n < x. If we write 

l = [(m+ l)/2], textand (5.7a) 
k=[m/2], (5.7b) 

then 21 — 1 is the greatest odd integer in the set {1, . . . , m} while 2k is the greatest even integer in 
the same set. Furthermore, 

k<l<k + l, (5.8) 

where for m even we get k = I, while for m odd we have k = 1 — 1. Then it is easy to construct, in a 
recursive way, a collection of groups and characters Q21-1, P2r, P21-1 and a2r so that the following 
holds: 

Po = 1 and ao = 1, (5.9a) 
Qi = G x and A = X i, (5.9b) 
P 2r G HalW (G 2r (a 2 , • • • ,a 2r -2,Pi, ■ ■ -,02r-l)), (5.9c) 
a 2r G Irr(P 2 r), (5.9d) 
Q 2 i-i G Hall 7r /(G2i-i(a 2 , . . . ,a 2 i-2,/?i, • • • ,^-3)), (5.9e) 
02i-l G Irr(Q 2 i-i), (5.9f) 

whenever 2 < i < I and 1 < r < k. 

Notice that (j5.9|) is a part of ()5.4D . So to prove existence of triangular sets we need to show that 
the characters /?2i-i and Q2r that appear in (|5.9|) can be chosen to satisfy the additional conditions 
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required in (|5.4|) . Before we prove this, let us see what conclusions we can draw from ()5.9|) . The 
first obvious remark is that, according to (|5.9e|) and (|5.9c|) . we have: 

Q2i~i normalizes the groups P 2 , . . . , P21-2, Qi, ■ ■ ■ , Q21-3, (5.10a) 

while 

P 2r normalizes the groups P , P 2 , ■ ■ ■ , P2r-2, Qi, ■ ■ ■ , Qir-i, (5.10b) 

whenever 2 < i < I and 1 < r < k. 

Since P 2r normalizes Q2r-i, the group 

Q2r-i,2r ■= C(P 2r in Q 2r -i) = N{P 2r in Q 2r -i) (5.11) 

is defined whenever 1 < r < k (note that the group Q 2r -i is defined for all such r as k < /). 
Furthermore, 1)5.9 J) implies two lemata that lead to the existence of triangular sets. We start with 

Lemma 5.12. For every i with 1 < i < I — 1 we have 

Q2i-l,2i = Q21+1 H G 2 i-\- 

Hence Q 2 i-\ >2 i is a normal subgroup of Q 2 i+i- 

Note that this lemma gives us no information about the group Q 2 k-i2k i n the case of an even 
m = 21 = 2k, as the group Q 2 k+i is not defined in that case. 

Proof. The group G 2 i-i is a normal subgroup of G 2 i+i whenever 1 < i < I. Hence the definition 
()5.9e)) of Q 2 i+i implies that 

Q 2i+ i n G 2 j-i G Hall 7r /(G2i-i(a 2 , . . . ,a 2 i,Pi, ■ ■ . ,/3 2 i-l))- (5.13) 

In particular, whenever 1 < i < I the character /3 2 i— 3 is defined, and we have 

Q2i+i H G 2 i-i < G 2 i-\(a 2 , . . . , a 2 i,P\, . . . , fhi-i) < ^-1(02, • • • , a 2 i- 2 ,(3i, . . . , /?2i— 3)- 

Furthermore, Q2i+i normalizes Q 2 i-\ (according to ()5.1()ajl ). Also Q 2 i-x is a 7r'-Hall subgroup of 
the group G 2 i-i(a 2 , . . . ,a 2 i- 2 ,(3i, . . . ,^-3). So the intersection Q2i+i H G 2 i-\ is a 7r'-subgroup 
of <J2i-i(Q!2) • • • j «2i-2> • • • , /?2i— 3 ) , an d normalizes the 7r'-Hall subgroup Q 2 i-i of that group. 
Therefore Q 2 i+i D G 2 i-i < Q2i-i whenever 1 < i < I. But the last inclusion is still valid when 
i = 1, as Q\ = Gi and therefore Q3 H (?i < Qi- Hence, Q21+1 H ^i-i < (?2i-i whenever 1 < i < i. 
As Q2i+i normalizes the group P2i by l)5.10a|l . we conclude that Q21+1 H G^i-i is a subgroup of 
iV(P 2 i in Q2i-i) = Q2i-l,2i, i-e-, that 

<32i+l (~l G2i-l < Q2i-l,2i 

whenever 1 < i < I. 

To prove the opposite inclusion we remark that, as Q21-1 2i centralizes P 2 i, it fixes the character 
a 2 i. It also fixes the character f3 2 i-\ G Irr(Q2i-l); as it is a subgroup of Q 2 i-i- This, along with 
the definition of Q 2 i-i (see ()5.9e)l ). implies that 

Q2i-l,2i < G2i-l(a2, • • • , Q!2i-2) «2i,/5l, • • ■ , /?2i-3i @2i-l)- 
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But the group Q21+1 H G 2 i-\ is a 7r'-Hall subgroup of G 2 j-i(a2, • • • ,d2i,Pi, ■ ■ ■ by (|5.13|) . 

Hence the fact that Q2i+i nG?2i-i is contained in the 7r'-group Q2i-i,2i implies that Q2i+i flG^i-i = 
Q2i-i,2i- As G?2i-i is a normal subgroup of G^+i we conclude that Q2i+i H G^j-i < Q2i+i! and the 
lemma follows. □ 

Note that Lemma 15.121 resolves the problem discussed in Section f5. 11 at least for the 7r'-groups. 
Indeed, the character fhr-i is fixed by the 7r-group P2 r , by (|5.9c|) . Thus we can define /?2r-i,2r € 
Irr(Q2r-l,2r) to be the P2 r - Glauber man correspondent of far—l € Irr(Q2r-i) whenever 1 < r < fc. 
Hence, in view of Lemma 15.121 and starting with (3\ = Xii it makes sense to pick the character 
/3 2 i-l so that it lies above /?2«-3,2i-2 whenever 2 < i < I. 

Similarly we can work with the 7r-groups. So we can define the group 

P2i,2i+x = C(Q 2i+ i in P 2i ) = N(Q 2l+ i in P 2i ), (5.14) 

whenever 1 < i < I. (Note that Q21+1 normalizes P 2 i> by ()5.1Ua)0 . Furthermore, in a symmetric 
way to that we used for the 7r'-groups we can prove 

Lemma 5.15. For every r with 1 < r < k — 1 

P2r,2r+1 = P2r+2 H G^r- 

Hence P2r,2r+i is a normal subgroup of P2r+2- 

Note that, as in the case of the 7r'-groups, we get no information about the groups ^-2,22-1 = 
P2k,2k+i that appear in the case where m = 21 — 1 = 2k + 1 is odd. 

As the character ot2i is fixed by Q21+1 (see ()5.9ejl ). we can define a2i,2«+i £ Irr(P2i,2i+i) to be 
the Q2i+i-Glauberman correspondent of «2« & I rr (P2i) whenever 1 < % < I. Hence, in view of 
Lemma |5.151 and starting with ao = 1> we can pick the character ot2 r € I rr (P2r) so that it lies 
above «2r-2,2r-i whenever 1 < r < k. (Observe that, since ao = 1, the only requirement for the 
character «2 is to be an irreducible character of P2). 

This completes the proof of the existence of triangular sets, as the groups and characters we 
just constructed satisfy 1)5.4)1 . Indeed, we have proved 

Proposition 5.16. Assume that Hypothesis (|5.1|) holds for the group G. Then there exists a 
triangular set {Pjr, Q2i+i\&2r, hi+i} for the normal series 1)5.2)1 . so as to satisfy the following 



conditions, whenever 1 < r < k and 2 < i < I: 

Po = 1 and ao = 1, (5.17a) 

Q 1 = Gi and ft := X i G MQi) = Irr(Gi), (5.17b) 

P 2r G Hall 7r (G 2 r-(a2, • • ■ , a 2r -2, ft, ■ ■ . ,/3 2 r-i)), (5.17c) 

a 2r £ Irr(P 2r |a2r-2,2r-i), (5.17d) 

Q21-1 G Hall 7r /(G2i-i(a 2 , . . . ,a 2 i-2,ft, • • • ,#21-3)), (5.17e) 

fa-i Glrr(Q 2i -i|^-3,2i-2), (5.17f) 



where «2r-2,2r-i is the Q2 r -i-Glauberman correspondent of a^r- -2 and similarly 02i-3,2i-2 is the 
P2i-2-Glauberman correspondent of fti-3. 

From now on, and until the end of this section, we assume that the set {P2 r > Q2i+i\<*2r-> fti+l} 
is a triangular set for 1)5.2)) , and therefore satisfies 1)5. 17 J) . 
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An attempt to give a diagram that describes the relations in (|5.17|) produces the following 
"Double Staircases" of groups and characters: 



{Q2i-i,2i )Q 



21-1 



Q2l-3,2l-2 Q21- 



and 



Q5,6 Qb 



Qs,4 Q3 

Q1.2 — Qi 



(021-1,21 " * ) 021-1 



021-3,21-2 



P21- 



021- 



(5.18a) 



03,4 — 03 
"4 



01,2 — 
"2 



(5.18b) 
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and similarly for the 7r-groups and their characters 

(P2k,2k+1 )P2k 



P2k-2,2k~l P~2k- 



Pr.7 Pfi 



(5.19a) 



^4,5 P4 



P 



2.3 



and 



(«2fe, 



2fc+l 



)OL2k 



«2fc-2,2fe-l 



Q2k-1 



Ot2k-2 



«6,7 - ► «6 (5.19b) 

"4,5 *pr* «4 
Q5 

"2,3 OL 2 
V3 

where the groups and characters in parentheses are those extra groups and characters that appear 
in the case of an even m (for the 7r'-group Q^i-1,21 an d its character $21-1,21) or an odd m (for the 
7r-group P2k,2k+i and its character a2fc,2fc+i) respectively. Observe, that every group appearing in 
Q5.18a|) or ()5.19a() is contained in all other groups that lie above or to its right. Furthermore, any 
character appearing in ()5.18bl) or l)5.19b|) is a Glauberman correspondent of the character that lies 
on its right. 



We can actually expand these staircases into the following "Double Triangles" 1)5. 20 j) and (|5.21|) 
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of groups and characters (which is the reason behind the name triangular). 

{Q-21-1,21 )Q2l-\ 



{Q2l-3,2l )Q2l-3,2l-2 Q2IS 



and 



(<?5,2/ )Qd,2l-2 Qb,2l-A 

{Qz,2l )Qz,2l-2 (2,3,22-4 

(Ql,2l )Ql,2Z-2 Ql,2l-4 

(021-1,21 " ) 021-1 

{^21-3,21 )02l-3,2l-2 021-3 

1 -T2Z-2 



(05,21 
(03,21 
(01,21 



) 05,21-2 ~—p: " 05,21-4 

C21-2 



) 03,21-2 " 03,21- 

^21-2 



)01,2l-2 01, 



-Qs 

Q3,4 Q3 

Ql,4 Ql,2 



21-4 



21-2 



P21-4 


p& 


P21-4 


p& 


P21-4 


p 6 



05 



03,4 — 03 



01A Pi, 



P4 ' P2 
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for the 7r'-groups and their characters, and similarly for the 7r-groups: 

(P2k,2k+1 )P2k 



(P2k~2,2k+1 )P2k-2,2k-l ?2k-2 



and 



2,2fc+l 



2fc+l 



2,2fc-l 



)ot2k 



{P&,2k+l )P%,2k-l P%,2k-3 



(■F*4,2fc+i )Pi,2k-i Pa 



2k -3 



2,2fc-3 



(«2fc-2,2fc+l )0l2k-2,2k-l y: OL2k-2 

, H2k-1 



Pe 



P4,5 Pa 



P2,5 -P2.3 



(5.21a) 



(«4. 



(<*2. 



2fc+l 



2fc+l 



("6,2^+1 )Q!6,2fc-l 



Q 



a6,2fc-3 



2k-l 



Q 



2fc-3 



)«4,2fc-l 



)«2, 



Q2k-1 



«4,2fc-3 



2fc-l 



Q 



02,2fc-3 



2fc-l 



Q 7 



«6 



-< ►• . . . -< ►• Cl4£ " ►• CK4 

<32fc-3 Q7 ' Q5 



" * • • • •* ^2,5 — 02,3 * 

Q2fc-3 Ql Qb Q3 



«2 



(5.21b) 



where, as before, I = [(m+l)/2] and k = [m/2]. Furthermore, the 7r'-groups Q2i-i,2i and characters 
@2i-i,2i hi parentheses exist only when m is even, and the 7r-groups P2 r ,2k+i and characters a2r,2fc+i 
only when m is odd. 



Before we give the long list of the groups, the characters and their properties that are involved 
in the above diagrams, we remark again that the groups and characters that appear in the first two 
diagonals of the above "Double Triangle" diagrams form the "Double Staircase" diagrams. The 
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rest of the groups that appear in the above diagrams are defined as 

Q2i-i,2j ■= N(P 2i , P 2i+2 , P 2j in Q 2i _!) ; (5.22a) 

and 

P2r,2s+i ■= N(Q 2r+ i,Q 2r+ 3, . . . , Q 2s +i in P 2r ), (5.22b) 

for all r, s with 1 < i < I, i < j < k, 1 < r < k and r < s < I — 1. Note that, in view of (|5.10a|) 
and (|5.10b|) . the products P 2 i ■ P 2 i+ 2 ■ ■ ■ P 2 j and Q 2r +i ■ Q2r+3 • • • Q2S+1 form groups, for all i, j, r, s 
as above. This, along with (|5.22() . implies that 

Q2i~i,2j = N{P 2 i, P 2 i+ 2 , . . . , P 2 j in Q 2 i-\) 

= C(P 2i ,P 2i+2 , . . . , P 2j in Q 2i _!) = C{P 2i ■ P 2l+2 ■ ■ ■ P 2j in Q 2i ^), (5.23a) 

and 

P2r,2s+1 = N{Q 2r+ i, Q 2r +3, . . . , Q2s+1 i n ^2r) 

= C(Q 2r+ i,Q 2r+ 3, . . . , Q2.S+1 in P2r) = C(<52r+i • Q2r+3 • • • Q2S+1 in P2r), (5.23b) 

whenever 1 < i < I, i < j < k, 1 < r < k and r < s < I — 1. Furthermore, the way the groups 
Q2i-i,2j and -P 2 r,2s+i are defined, along with (|5.1U|) . implies that 

Q 2 i-i normalizes the groups Q 2 t-i,2j and P 2 t,2j+i, (5.24a) 

whenever 1 <t < j < i — 1 < I — 1. Similarly, 

i-*2r normalizes the groups Q2t+i,2j and ^24,2^-1, (5.24b) 

whenever 1 <t < j < r < k. 

Looking at the diagrams H5.2Ua|) and (|5.21a|) . we seee that what (|5.1U|) and (|5.24l) say is that 
any group on the main diagonal of these diagrams, that is Q2«-i or P 2r , normalizes all the other 
groups that lie below or to its right. They also say that Q 2 i-i normalizes all the groups in ()5.21a|) 
which are below or to the right of -P 2 i-2.2«-i) while P 2r normalizes all the groups in (|5,2()aj) which 
are below or to the right of Q 2r -i,2r- 

Furthermore, in the case that j > i and s > r (with i, j, s, r as in (15.231) ). the groups Q2i-i,2j-2 
and P2r,2s-i satisfy the equations (|5.23aj) and (|5.23b|) . respectively. Hence 

Q2i-i,2j = N(P 2j in N(P 2i ,P 2i+2 , . . .,P 2 j- 2 in Q 2 i-i)) = N(P 2j in Q 2 i-i,2j-2)- 

But P 2 j normalizes Q2i-i,2j-2 by (|5.24b|) . Therefore 

Q2i-i,2j = N(P 2j in Q 2 i-i,2i-2) = C(P 2j in Q 2 i-i,2j-2), (5.25a) 
and similarly for the 7r-groups 

P2r,2s+i = N(Q 2s+1 in P 2r>2 s-i) = C(Q 2s+ i in P 2 r,2 S -i), (5.25b) 

whenever 1 < i < I, i < j < k, 1 < r < k, and r < s < I — 1. 

According to (|5.17e|) and (|5.17c|) . the groups Q2%~\ and P 2r were chosen to be 7r'-Hall and 7r-Hall 
subgroups of specific "stabilizer" -subgroups of G 2 i-\ and G 2r , respectively. A similar characteriza- 
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tion for the groups Q 2 i-i )2 j and P 2r , 2s +i is described and proved in 



Proposition 5.26. For every i,j with l<i<j<l — 1 the following holds 

Q2i-i,2j = Q2j+i n G 2 i-i and therefore (5.27a) 
Q2i-i,2j S HaJV(G2i-i(a!2, • • • ,a 2 j,Pi, . . . ,fkj-i)) (5.27b) 
= Hall vr /(G2j_i(a2, • • • , a 2 j, • • • , P23-1, fyj+i))- 

Similarly, for all r, s with l<r<s<k — 1 we /lave 

-P2r,2s+i = -P2S+2 D G 2r and therefore (5.28a) 

P2r,2s+1 € HalLf {G 2r («2 , • • • , «2s , Pi, ■ ■ ■ , /?2s+l ) ) (5.28b) 

= Hall 7r (G 2r (a2, • • • , a 2s , a 2s+2 , Pi, . . . ,/3 2s +i))- 

Note that the extra groups Qai-i 21 (when m = 21 = 2k), and P 2r ^ 2 k+i (when m = 21— 1 = 2/c+l) 
are not covered in Proposition 15.261 



Proof. The definition of C;2j+i in (|5.9ejh along with the fact that G 2 {-\ is a normal subgroup of 
G^j+i whenever l<i<j/<Z — 1, implies that 

Q 2j+ i n G 2 i-i G Hall 7r /(G2i-i(a 2 , . . .,a 2 j,Pi, • • • , /3 2j --i)). (5.29) 

But Q 2 j+i also fixes /3 2 j+i- Hence 

Q 2 i+i n G2i-i G Hall 7r /(G2i-i(a 2 , . . . , a 2 j, • • ■ ,/32j-i,/%+i))- (5.30) 

In particular, Q 2 j + \ n G 2 i-i is a -/-subgroup of G 2 i_i(a 2 , . . . , a 2 i_2, Pi, ■ ■ ■ , Further- 
more, Q 2 j+i fixes P 2 i—i, and so normalizes Q 2 i-i But the latter is a 7r'-Hall subgroup of the 
group G 2 i-i(o!2, • • • , «2i-2, Pi, • • • , P2is)- Therefore Q 2 j+i n G 2 j-i < Qta-x- As Q 2 j + i normalizes 
the groups P 2 , . . . ,P 2 j, by (|5.1()a|) . we conclude that Q 2 j+i n G 2 i-\ is a subgroup of Q 2 i-i :2 j = 
N(P 2 i, . . . , P 2 j in Q2i-i)- Hence for all i, j with 1 < i < j < I — 1 we have 

Q2j+l H Gr 2 i-1 < Q2i-l,2j- (5.31) 

To prove the opposite inclusion, and complete the proof of (|5.27|) . we will use induction on j. 
According to Lemma 15.121 we have Q 2 %—i n = Q 2 %+\ D Gn—\, for all i with 1 < i < I — 1. Hence the 
proposition holds in the case that i = j. 

Suppose that, for some fixed r = £ + 1, . . . , I — 1 and for all j with 1 < i < j < r, we have 
Q2i-i,2j < Q2j+1 H G 2 i-\ (and thus equality as the other inclusion is proved). Then according to 
(|5.25a|) . we have Q 2 i-i t2r = C{P 2r in Q2i-l,2r-2)- By our supposition Q 2 i-i )2 r-2 is a subgroup of 
Q 2r —i. Hence Q 2 i-i, 2r < C(P 2r in Q 2 r- 1)- But C(P 2r in Q 2r -i) = Q 2r -i, 2r , by (|5.23a|) . Therefore 
Q2i-l,2r < Q2r-l,2r- Furthermore, Q2r-l,2r < <52r+i, by Lemma 15.121 Hence Q 2 i-i )2r < Q 2r +i- 
This proves the inductive argument in the case that j = r. Hence Q^i-i,2j < Q 2 j+i H G-zi-i 
whenever l<i<j<l — 1. This, along with (|5.29jl . (|5.30f) and ()5.31|) . completes the proof of 
(t5~271) . 

The proof for 1)5.28)1 is similar, so we omit it. As a final remark, we observe that the only tools 
we used for the proof of Proposition 15 . 261 are the definitions of the groups Q 2 i-i, P 2r , in (|5.17e|) and 
(|5.17c|) . and the definitions of the groups Q 2 i-l,2j and P 2r , 2s +i in 1)5. 22|) . □ 
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Proposition 15.261 implies 



Corollary 5.32. For all i,j, r, s with 1 <i < j <l — 1 and l<r<s<k— 1 we have 

<?2i-l n Q2j+1 = Q%i-l,2j an d P2r H -P2s+2 = -F2r,2s+1- 

Therefore 

Q2i-l,2j = N(P2j in Q2i-l,2j'-2) = C(P2j in Q2i-l,2j-2) 

= N(P 2i , P 2j in Q 2i _!) = C(P 2i , . . . , P 2j in Q 2i _ x ) 

= C(P 2l ■ P 2i+ 2 ■ ■ ■ P 2j in Qm-O = Qa-i n Q 2 ;+i, (5-33) 

and 

-P2r,2s+1 = ^(Q2s+1 in P2r,2s-l) = C(<52s+1 in P2r,2s-l) 

= N(Q 2r +l, • • • , ^2s+l in P 2r ) = C(Q2r+l, ■ ■ ■ , Q2s+1 in P2r) 

= C{Q 2r+ i • Q2r+3 • • • Q2S+1 in P 2r ) = P2r n P 2s +2, (5.34) 

where, by convention, we write Q2%-\,2%-2 = Q2i-\ and P 2r , 2r -i = JV- Furthermore, for any t,t' 
with i <t < j and r < t' < s, where i,j, r, s are as above, we have 

Q2i-l,2j < Q2t-l,2j < Q2j+1 and P2r,2s+1 < ^2t',2s+l < -P2s+2- (5.35) 

Similarly for the extra groups Q 2 i-l,22 -P2i,2fc+i we have 



Q21-121 55 Q2t-i,2i when m = 2k and thus k = I, 

P2r,2k+i 53 P2t' 2k+i when m = 21 — 1 and i/ius fc = Z — 1, 



(5.36) 



whenever 1 < i < t < I and 1 < r < t' < k. 



Proof. The first part follows easily from Proposition 15.261 and the two sets of inclusions Q 2 i-l,2j 55 
Q21-1 55 G2«-i and P2r,2s+i 55 -F*2r < G 2r . The multiple equations 1)5. 33 J) and 1)5.34)1 are a collection 
of (|5.23aj) . (|5.25a|) . ()5.23b)) and l)5.25b|) . Also (JOS]) follows directly from Proposition E2H1 since 
G2i~i 55 G 2 t-i and G 2r 55 whenever l<i<t</ — 1 and 1 < r < t' < /c — 1. It remains 
to show that ()5.36)) also holds for the extra groups (whenever these exist) Q 2 i-i,2i and P2 r ,2k+1- 
Indeed, in the case that m = 2k is even (and so k = I) the groups Q2i—i,2i are well defined (see 
(|5.22aj) ) for all i = 1, . . . , I. Furthermore, l)5.25a)l implies that Q2%-x,2l = N(P 2 i in G\2i-\,2i-2) for 
alH = 1, . . . , I — 1. Since Q21-1 2Z-2 55 Q2t—l2l-2 55 Q2I-1 whenever 1 < z < i < Z — 1, we easily have 
that 

Q2i~l,2l = N(P 2l in Q2t-l,2J-2) <! ^(-fbi in Q2t-l,2l-2) = Qlt-1,21 <! N { P 2l in Q2/-1) = Q2l-l,2l, 

for all such i and t. This proves ()5.36)) for the 7r'-groups. The proof for the 7r-groups (that occurs 
when m = 21 — 1 = 2k + 1) is similar. So we omit it. □ 



The following proposition covers the extra groups that Proposition 15.261 left out. 
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Proposition 5.37. For every i, r with 1 < i < I and 1 < r < k we have 

Q2i-i,2l G Hall 7r /(G 2 i_i(a 2 , . . . , a%, Pi, . . . ,(hl-i)) if m = 2k = 21, 

P2r,2k+i G Hall 7r (G 2r (a 2 , • • • ,a 2 k,Pi, • • • , fhk+i)) if m = 21 - 1 = 2k + I . 

Proof. Assume that m = 2k = 21 is even. Then for all % = the groups Q21— 1,21 = 

C(P 2 i, . . . , P% in Q21-1) are well defined (see (|5.22a|0 . By <|5.17e|> we have that Q21-1 is a 7r'- 
Hall subgroup of G 2 /_i(a 2 , . . . , 021-2, Pi, ■ ■ ■ , Pzi-z)- Thus Q21-1 is also a 7r'-Hall subgroup of 
G , 2 ;_i(a 2 , . . . ,oi2i-2,Pi, ■ ■ ■ ,p2l-l), as Q21-1 fixes P 2 i-x- Furthermore, according to Q5.28|) for r = 
s = k - 1, we get P 2 z- 2 , 2 ;-i = P 2 k-2,2k-l € Hall 7r (G 2i _ 2 (a 2 , . . . , a 2 /_ 2 , Pi, . . . , P%-i)). Thus 
^2i-2,2i-i is also a 7r-Hall subgroup of G 2 i-i(a 2 , ■ ■ ■ , a 2 i- 2 , Pi, ■ ■ ■ , P21-1), since G 2/ _i/G 2 /_ 2 is a 
7r'-group. Since P 2 z_ 2j2 z_i = G(Q 2 «_i in P21-2), we have 

G 2 /-i(a 2 , . . . , a%i-2,Pl, ■ ■ ■ , P21-1) = Q21-1 x P2i-2,2i-i- 

This implies that Q 2 i-i(a2z) is a 7r'-Hall subgroup of G 2 ;_i(a 2 , . . . , a 2 ;_ 2 , a 2 i,Pi, - ■ ■ , P 2 i-x)- Fur- 
thermore, Q 2 i-i(a 2t ) < N(P 2 i in Q21-1) = C(P 2 i in Q21-1) < Q2l-x(a> 2 i). He nce Q 2 i-i,2i = 
N(P 2 i in Q21-1) is a 7r'-Hall subgroup of G 2 i-%(a 2 , . . . , a 2 i, Pi, . . . , pzi-i)- Thus (|5.38[) holds for 
i = I. Also for any i = 1, — 1 we have 

Qw-i,jh = ^22 in QM-1,21-2) ( by M 

= iV(P 2i in Q 2i _x n Gjm-O ( by g2Zfl| ) 

= iV(P 2i in Q a -i) n G 2j _i 

= fe-i,2inG 2i -i. (5.39) 

This, along with the facts that G 2 j_i<G 2 ;_i and Q 2 i-i >2 i G Hall 7r /(G 2 /_i(a 2 , . . . , ay, fix, ■ ■ ■ j#2i-l))i 
implies that 

Ql2i-i,2l G HahV(G 2 i„i(a 2 , . . . ,a 2i ,/?i, . . ■ , P21-1)) 

whenever 1 < i < I. Hence (j5.38|) holds in the case m = 2k = 21. 

Similarly we can work with the 7r-groups in the case of an odd m = 21 — 1. □ 

As a straight forward consequence of (|5.39|) and (|5.27aj) we have 

Remark 5.40. For every i = 1, . . . , I and every j, s with l<i<j<s<k the following holds: 

Q2i-i,2s = Q2j-i,2s n G 2 j_i. 
Regarding the possible products of the groups Q 2 i-l,2j an d P 2 r,2s+i we have 

Proposition 5.41. For every i, r with i = 2, . . . , I and r = 1, . . . , k, we have 



G 2r (a 2 , . . . ,a 2r - 2 ,Px, ■ ■ .,P 2 r-l) = P2r x Q2T-1, (5.42a) 

G 2r (« 2 , . . .,a 2r ,Pl, ■ ■ -,P2r-x) = P2r X Q 2 r-X,2r, (5.42b) 

G 2l _i(a 2 , . . .,a 2 i-2,Pi, ■ ■ -,P2i-z) = P21-2 x Q21-1, (5.42c) 

G 2i _i(a 2 , . . . ,a 2i - 2 ,Pi, . . .,p2i-x) = P2i-2,2i-i x Q2i-i- (5.42d) 
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Furthermore 



G 2r (a 2 , ■ ■ ■ j «2s-2i Pi, ■ ■ • , p2s-l) = ^2r,2s-l x Q2r-l,2s-2, (5.43a) 

G 2r (a 2 , • • • ,a 28 ,Pl, ■ ■ ■ ,/hs-l) = P2r,2s-l X Q2r-l,2s, (5.43b) 

G 2 i-l(«2, • • • ,Ct2j-2,Pl, ■ ■ ■ ,/%-l) = -P2i-2,2j-l X Q2i-l,2j-2, (5.43c) 

G 2 t-i(a2, ■ ■ ■ ,a 2v , Pi, ■ ■ ■ , fcv-i) = P2t-2,2v-i xQ2t-i,2v, (5.43d) 
whenever 1 < i < j < I, 1 < r < s < k and 1 < t < v < k. 



Note that, according to (|5.8j) . we have k < I < k + 1. Hence all the above groups are well 
defined. 



Proof. Clearly Q5.17a|) and ()5.17b|) . along with the fact that G2/G1 is a 7r-group, imply 

Qx = d e HalV(Gi) nHalV(G 2 (A))nHall 7r /(G 2 (ao,/3i)). (5.44) 

In addition, for all i = 2, . . . , k the factor group G 2 i/G 2 i-i is a 7r-group. Furthermore, in view of 
(|5.17e|) the group Q21-1 is a 7r'-Hall subgroup of G 2i _i(a 2 , . . . , a 2 i~2,Pi, ■ ■ ■ , [hi-z)- Hence Q21-1 is 
also a 7r'-Hall subgroup of G 2 j(a 2 , . . . , a 2 i-2, Pi, ■ ■ ■ , /?2i— 3)- As Q21-1 obviously fixes the character 
P21-1 G Irr(Q 2 j_i), we conclude that 



Q 2 i-i GHall 7r /(G 2i _i(a 2 , . . . ,a 2 i-2,Pi, ■ ■ ■ ,P2is)) 

n Hall 7r /(G 2i _i(a 2 , . . . ,a 2 i-2,Pi, ■ ■ .,fhi-i)) 
n Hall 7r /(G 2i (a 2 , . . .,a 2 i-2,Pi, ■ ■ ■ ,P2is)) 
n Hall 7r /(G 2i (a 2 , . . .,a 2 i-2,Pi, ■ ■ • ,/?2i-i)), 



(5.45a) 



whenever 1 < i < k, while 



Q21-1 €Hall 7r /(G 2i _i(a 2 , . . . , 0.21-2, Pi, ■ ■ ■ , P21-3)) 

nHall 7r /(G 2i _i(a 2 ,. . . ,a 2 i- 2 ,Pi, ■ ■ ■ ,#2i-i))- 



(5.45b) 



Note that we need to include as a special case the group Q21-1, since it is not covered when 
m = 21 — 1 is odd. 

Similarly for the 7r-groups we have 

P 2r GHall 7r (G 2r (a 2 , . . . , a 2r - 2) Pi, . . • ,/? 2r -i)) 
nHall 7r (G 2r (a 2 , . . . ,a 2r ,Pi, ■ ■ ■ ,/? 2r -i)) 
nHall 7r (G 2r+ i(a 2 , . . . , a 2r -2, Pi, ■ ■ ■ ,/?2r-i)) 
nHall 7r (G 2r+ i(a 2 , . . . ,a 2r ,Pi, ■ ■ ■ ,p2r-x)), 



(5.46a) 



whenever 1 < r < I — 1, while 



P 2k GHall 7r (G 2fc (a 2 ,. . .,a 2k -2,Pi, ■ ■ ■ ,/?2fe-i)) 
n Rall n (G 2r (a 2 , ■ ■ .,a 2 k,Pi, ■ ■ ■ ,/?2fc-i))- 
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(5.46b) 



Furthermore, Q5.27JI and (|5.38f) . along with the fact that G 2 i/G 2 i-\ is a 7r-group, imply that 



Q2i-l,2j-2 G Hall 7r /(G2i_l(a2, • • • , «2j-2, • • • , /%j-3)) 

n Hall 7r /(G 2 i_i(a2, • • • , a 2j - 2 , fix, ■ ■ ■ 

n Hall^/ (G 2 i(a 2 , . . . ,a 2 j-2,/3x, ■ ■ ■ tfhj-s)) 

nHall 7r /(G 2i (a2, . . . , a 2j - 2 , Pi, ■ ■ ■ ,(3 2 j-x)), 

whenever 1 < i < j < I, while for all t with 1 < t < I we have 

Qzt-1,21 GHall 7r /(G 24 _i(a2, . . . , a 2h Pi, . . . ,/3 2 /-i)) 
n HahV (G 2t (a 2 , . . .,a 2 i,Pi, . . . ,/? 2 /-i)). 

Similarly, (|5.28jl . (|5.38j) and the fact that G 2r+ \/G 2r is a 7r'-group imply that 

P2r,2s-x G Hall 7r (G 2r (a2, . . . , a 2s -2,Px, • • • , fhs-x)) 
nHall 7r (G 2r (a2,. . .,a 2s ,/3i, . . . ,fhs-\)) 

Pi HalU (G 2r +1 (d!2 , ■ • • , Q!2 s -2, Pi , ■ ■ ■ , Pza-i)) 

nHall 7r (G2r+i(a 2 , . . .,a 2s ,(3i, . . . ,fhs-i)), 
whenever 1 < r < s < k, while for all t' with 1 < t' < k we have 

f53t',2fc+i €Hall 7r (G 2 t'(a2, . . . , a 2k , fix, ■ ■ ■ ,@2k+x)) 

n Hall,,- (G 2 t'+1 («2 , • • • , a 2 k , Pi , ■ ■ ■ , /?2fc+l ) ) • 



(5.47a) 



(5.47b) 



(5.48a) 



(5.48b) 



Furthermore, P 2r normalizes Q 2r -i, while Q 2 i-l normalizes P 2 %- 2 - Therefore (|5.44j) . (|5.45j) and 
((OH|) imply that 

f*2r K Q2r-X = G2r(«2, • • • , Ot 2r -2, Pi, ■ ■ ■ > 02r-l), 

and 

P2i-2 X Q2i-1 = G2i-l(a2j ■ ■ ■ ) «2i-2, • • • , @2i-?), 

for all i = 2, . . . , I and r = 1, . . . , k. For the same range of i and r equations Q5.11JI and Q5.14JI 
imply that Q 2 r-i2r centralizes P 2r while P 2 i- 2 ^ 2 %-\ centralizes Q 2 i~\. As these groups are 7r-and 
7r'-Hall subgroups of the correct groups (see (|5.4fi|) . (|5.45j) . (j5.48j) and (|5.47jl ) equations (|5.42b|l and 
(I5l2dl follow. 

We can work similarly for the rest of the proposition. We only remark here that, whenever 
1 < r < s < k, 1 < i < j ' < I and 1 < t < v < k, equations (|5.23aj) and 1)5. 23b J) imply 
that Q2r-l,2s-2 and Q 2r -x, 2s centralize P 2r (and thus P 2r , 2s -x), while P2i-2,2i-i and P2*-2,2v-l 
centralize Q 2 i-x and Q 2 t-l, respectively. This, along with (|5.48j) and ([5.47)1 . implies the rest of the 
proposition. □ 

What about the characters that appear in the diagrams (I5.20bl) and (I5.21bjl ? We have already 
seen, in (|5.17fj) and (|5,17d|) . that (3 2 i-x and a 2r are irreducible characters of Q 2 i-x and P 2r: re- 
spectively. Furthermore, according to ()5.17cj) . for every i = 1,... ,1 the character 2 i-i is fixed by 
the 7r-groups ?2i, P21+2, ■ ■ ■ , P2k, and thus is also fixed by their product (note that their product 
forms a group according to (|5.10b[) ). Similarly whenever r = 1, . . . , k, using (|5.17e|) . we see that 
the character a 2r is fixed by the groups Q 2r +i, Q2r+3, ■ ■ ■ , Q21-X, and therefore is also fixed by their 
product. Hence, we can naturally make the 
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Definition 5.49. (1) We write 02i-i2j G Irr(Q2i— i,2j) for the P<n ■ P21+2 • • • Py-Glauberman 
correspondent of @2i-i G Irr(Q2i-i) and 

(2) we write a2r,2s+i € Irr(P 2r 2 s+i) fo r the Q2r+i " Q2r+3 • • • Q 2 s+l _ Glauberman correspondent of 
a 2r G Irr(P 2r ), 

whenever l<i<l, i<j<k, 1 < r < k and r < s < / — 1. 

We remark that C(P 2 i • p2i+2 • ■ • Pzj in Q21-1) = Q2*-i,2j> by (|5.23a|) . Hence the /?2i-i,2j are 
well defined irreducible characters of Q2i-l,2.j- Similarly we see that the characters a2r,2s+i are also 
well defined. 

As we did with the corresponding groups, starting from the above basic properties we will 
describe the relations these characters satisfy. Towards that direction we state and prove 

Proposition 5.50. The following holds: 

02i-i2j G Irr(Q2i— l,2j) is the Pij-Glauberman correspondent of 

02i-i,2j-2 G Irr P2j (Q 2 i-i,2j-2), and lies above /3 2 i-3,2j, (hi-5,2j, ■ ■ -,Pl,2j, (5-51) 

whenever 1 < i < I and i < j < k. By convention we write /?2i— i,2i— 2 := fh.i—1 when j = i. 
Similarly, 

ot 2r ,2s+i G Irr(P 2rj2s _|_i) is the Q2 S +i-Glauberman correspondent of 

a 2r ,2s-i G Irr Q2s+1 (P 2ri2s -i), and lies over a 2r ~2,2s+i, ■ ■ • , a 2 , 2s +i, (5.52) 

whenever 1 < r < k and r < s < I — 1. By convention we write a 2r . j2r _i := a 2r when r = s. 
Therefore, 

foi-i G Irr(Q 2i _i|/3 2i _ 3i2 j_ 2 ,/3 2 j_ 5i2i _ 2 , . . . ,/3i, 2i - 2 ), (5.53) 

and 

a 2r G Irr(P 2r |a 2r _2,2r-l,a2r-4,2r-l ; ■ ■ ■ j «2,2r-l)) (5.54) 
whenever i = 1, . . . ,1 and r = 1, . . . ,k. 

Proof. In view of Definition l5.491 it is easy to see that /?2i-l,2j is the P 2 -,-Glauberman correspondent 
of /?2i-i,2j-2 (as the latter is the P2« • P2«+2 • • • P 2 j- 2 -Glauberman correspondent of fhi-i), for all 
i,j with 1 < i < I and i < j < k. We also remark that the same argument implies that 02i-i2j 
is the P2t • P2t+2 • • • P2j-Glauberman correspondent of /?2i— i,2t— 2 , for any t with 1 < i < t < j. 
Furthermore, the same definition tells us that /3 2 j-i,2j is the P%j- Glauber man correspondent of 
fhj-i,2j-2 = /hj-l, for a ll j = 1, . . . , k. 

Thus to prove ()5.51|) it suffices to show that /?2i-i,2j lies over (32i-3,2j, ■ ■ ■ >Pi,2j, for all i, j with 
1 < i < I and i < j < k. For this we will use induction on i. For % = 1, it holds vacuously, since 
the character @ 2 i-z,2j doesn't exist. The first interesting case appears when i = 2. According to 
(|5.17f|) the character lies above (3± 2- Therefore, for any j = 2, . . . > k, the P4 • • • P2j-Glauberman 
correspondent /%,2j of ^3 lies above the P4 • • • P2j-Glauberman correspondent ^x,2j of Pi,2- 

For the inductive step the argument is similar. If i > 3 and /?2i— 3,2j lies above (32i-5,2j, ■ ■ ■ , Pi,2j 
for all j = i — 1, . . . , k then (3 2 i-3,2i-2 lies above /?2i-5,2i-2, • • • , fi\,2i-2- According to (|5.17fj) . the 
character @2i-i was picked to lie above (hi-3,2i-2- Therefore the P2i • P 2 »+ 2 • • • P 2j -Glauberman 
correspondent 02i-i,2j of /3 2 j_i lies above the P 2 j • P 2 j+ 2 • • • P 2 j-Glauberman correspondent 02i-3,2j 
of 02i-3,2i-2, for any j with j = i,...,k. Hence, 02i-i,2j lies above 02i-3,2j, l hi-5,2 3, Pi,2j 
whenever j = i, . . . ,k. This completes the inductive argument on i, thus proving (|5.51|) . 
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As fai-i lies above /3 2 j-3,2«-2 (by (|5.17f|l ). (|5.53|) is an immediate consequence of (|5.51|) . 

The proof of (|5.52[) and (|5.54[) is similar. □ 



Looking at the "character triangles " ()5.21b|) and (|5.20b|) . we can translate Proposition 15,501 as 
follows: 

Every horizontal line in the triangles (|5,21bj) and l|5.20b|) (with the characters in parenthesis 
included) is formed by taking a character that is a Glauberman correspondent of the previous one. 
Also the vertical lines in these two triangles are formed by characters that are lying one above the 
other. We can say even more: 

Proposition 5.55. For every i,j,t with 1 < i < t < I and t < j < k, the group Q2t-i,2j 
fixes the character 02i-i,2j- Hence 02i-i,2j is the unique character in Irr((52i-i,2j) lying under 
lht-i,2j £ Irr(Q2t-i,2j)- In addition, for every i,j with 1 < i < j < I, the group Q2j-\ fixes 
the character 02i-i,2j-2- Hence (hi-i,2j-2 is the unique character in Irr(Q2i-i,2j-2) lying under 
(3 2 j-i e Irr(Q 2 i-i)- 

Similarly, for every r,s,t with 1 < r < t < k and t < s < I — 1, the group P2t,2s+i fixes the 
character a2r,2s+l • Therefore, a2 r ,2s+i is the unique character of P 2r , 2 s+i that lies under ct2t,2s+i € 
Irr (P 2 t 2s+l)- In addition, for every r,s with 1 < r < s < k, the group P2 S fixes the character 
a>2r2s— l- Hence «2r,2s-i is the unique character in Irr(P2 r2s — l) lying under ct2s € Irr(P2 S ). 

Proof. Because of symmetry it suffices to prove the proposition for the g-groups Q2t-i,2j and the 
characters p2i-i,2j-, for fixed i,t,j in the range of the proposition. 

If 1 < i < t < I and t < j < k, then equations (j5.35|) and Q5.36JI imply that Q2i-i.2j is a normal 
subgroup of Q2t-i,2j- Equation (|5..S5j) also implies that Q 2 i-i,2j ^ Q23-1, whenever 1 < i < j < I. 
Therefore, according to Clifford's Theorem, it is enough to prove that Q2t-i,2j(P2i-i,2j) = Q2t-i,2j 
and Q2j-l(@2i-l,2j-2) = Q2j-l) m order to complete the proof of Proposition 15.551 

In view of (|5.17ej) the group Qzt-i fixes /?2i-i- According to (|5.1()aj) . the group Qzt-i normalizes 
the groups P 2 j, . . . , P2t-2- Hence its subgroup Q2t-i,2j = C(P 2 t, • • • , Pzj in Q 2 t-i) normalizes the 
groups P 2i , . . . ,P 2 t_2, centralizes P 2t) . . . , P2j, and fixes 02i-i- Therefore Q2t-i,2j fixes @2i-i,2ji 
which is the P 2 i, P%j- Glauber man correspondent of 02i-i by (|5.51|) . So Q2t-i,2j(02i-i,2j) = 

Q2t~l,2j 

Similarly (|5. 17c|> and ()5.1Ua|) imply that Q2j-i fixes and normalizes P 2 j, . . . , P 2 j-2; when- 
ever 1 < % < j < I. Hence Q2j-i fixes f32i-i,2j~2- So Q2j-i{^2i-i,2j-2) = Q2j~i and the proposition 
follows. □ 
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5.3 From towers to triangles 



We are now ready to prove one direction of the correspondence in Theorem l5.61 In particular, we will 
prove that for any character tower of 1)5.2)1 there is a corresponding G(xi, • • • , Xm)-conjugacy class 
of triangular sets for 1)5.21) . The explicit relation between the character towers and the triangular 
sets is described in Theorem (15.88)) below. Before we give the inductive proof of that theorem, we 
will demonstrate, for clarity, how the correspondence works in the special cases where m = 1, 2, 3. 
We begin with a lemma that is an easy application of Theorems 13. 1 II and 13. 13) 

Lemma 5.56. Let G be a finite group of odd order, and ir be any set of primes. Suppose that 
N, K\,K2, ■ ■ ■ , K r are normal subgroups of G, for some r > 1, such that N < K\ < if 2 < • • • < K r . 
Assume further that N = Ak B , where B is a normal tt' -subgroup of G, and A is any it -subgroup of 
N . Let x £ Irr(iV) be a tt -factorable character of N . Assume that x = oe-f3 e is the decomposition ofx 
to its tt- and tt' -special parts respectively, where (3 e is the canonical extension to N of an irreducible 
A-invariant character j3 £ Irr^(B). Let Ki(x) be the stabilizer of x i n ^Q? f° r i = 1> • • • > r > an d 
C = C(A in B) be the centralizer of A in B. 

Then there is a one-to-one correspondence between the character towers {x^Xi; • • • iXr} of the 
series N < K\ < K2 <!•••<! K r , starting with x, and the character towers {a x 7, ^1, ... , \& r } of 
the series N(A in N) = C x A < N(A in Ki(x)) < N(A in K 2 {x)) <•-< N(A in K r (x)), starting 
with a x 7 £ Irr(C x A), where 7 S Irr(C) is the A-Glauberman correspondent of (3 € lrr A (B). 
Furthermore, for any subgroup M of N(A in G) we have 

M(x,xi,...,x r ) =M(ax 7, * r ). 

Proof. Let 

{x,Xi:---,Xr}, (5-57) 

be a character tower of the normal series ./V < K\ < K2 ^ • • • < -ftTri starting with x- According to 
Clifford's theorem, for every i = 1, . . . , r there exists a unique irreducible character x\ £ I rr (-^i(x)) 
that induces %i £ I rr (^i) an d lies above x £ Irr(iV). Furthermore, the characters 

{x,Xi,---,Xrh (5-58) 

form a tower for the normal series N < i^i(x) ^ • • • ^ -^r(x)- Hence ()5.57|) corresponds to 1)5.58)) . 
Clifford's Theorem also implies that this correspondence between 1)5.57)1 and 1)5.58)1 is invariant 
under any subgroup of G(x)- So, in particular, 

G(x,Xi, ■ ■ -,Xr) = G(x,Xi,- ■ ■ ,Xr)- ( 5 - 59 ) 

To complete the proof of the lemma we only need to observe that Theorem 13.131 can be applied to 
the tower 1)5.58)1 and the normal series N = A xi B < -f^i(x) <!•••< K r {x). Note also that, in view 
of Theorem l3.11l the ^4-correspondent of the irreducible character x = ot ■ (3 e G Irr(iV) is ofthe form 
X(A) = a x 7 G Irr(A x C), where 7 € Irr(C) is the 74-Glauberman correspondent of ft G \n A {B). 
Hence the character tower 1)5.58)1 has a unique ^-correspondent character tower 

{ax 7, * r } (5.60) 

of the series 

AxC< N(A in #i(x)) < • • • < N(A in K r ( X )). 
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This way we have created a correspondence, that is the combination of a Clifford and an A- 
correspondence, between the tower (|5.57|) and the (|5.fi()|) . 

Furthermore, as 7 is the ^4-Glauberman correspondent of (5 and B is normal in G, we have that 
M(fi) = M( 7 ), for any group M with M < N(A in G). Also M((3) = M(f3 e ) as N < G. Hence we 
conclude that 

M(x) = Af (a • p e ) = M(a, p) = M{a x 7). (5.61) 
Furthermore, Theorem 13. 131 implies that for all M with M < N(A in G) we have 

M(x, X*i,---,X* r ) = M(a x 7, , tf r ), (5.62) 

as M normalizes iV, i^i , . . . , K r . Therefore we have 

M(x,Xi,---,Xr) = M(xxl---,X* r ) by (EE) 

= M(x)(x,X*i,---,X* r ) 

= M(x)(ax 7, * r ) by(ESU) 
= M(a x 7) (a x 7, * r ) bv (jSHTJl 

= M(ax 7, ,* r ). 

This completes the proof of the lemma. □ 
Definition 5.63. For the rest of this thesis, the correspondence between towers 

{X = a ■ P e , Xi, ■ ■ ■ , Xr} <-> {a x 7, . . . , 

that is described in Lemma l5.56( will be called a cA- correspondence (Clifford- A). We call the 
tower {a x 7, ... , the c A- correspondent of {x = a • /? e , Xi, • • • , Xr}- Similarly, we call 
the c A- correspondent of Xi> for alH = 1, . . . , r. 

We can now look at the cases m = 1,2,3. Ifm = l then the normal series ()5.2j) consists of 
the groups 1 = Go < Gi < G. So any character tower {1 = XOjXi}) °f this series determines the 
triangular set {1 = P01 <3i = Gi|l = qo,/3i = xi}- Furthermore, assume that 

1 = G < Gi < • • • < G n < G (5.64) 

is a normal series of G, for some n > m = 1, that extends the series 1 = Go <! Gi < G. Assume 
further that we have an extension of the character tower {1 = Xo>Xi} to a character tower {1 = 
Xo, Xi? • • • > Xn} f° r the series ([5.64)1 . so that Hypothesis 15.11 holds. As xi = Pi, we have that 
Gi(xi) = Gi(Px) for all i = 1, ... , n. Hence we can define the groups 

G M := GiiPi) = Gi(xi) = N(Qi in G 4 (xi)), (5.65a) 

where the last equality holds as Q\ = G\ < G. By convention, whenever we have a series as in 
(|5.64|) . we will write 

Goo = G. (5.65b) 
With this notation, we can also write G^i for the stabilizer G(xi) = G(/?i). Therefore the series 

1 = G ,i < Gi,i < • • • < G n ,i < Goo,i, (5.66) 

is a normal series of Go^i. Furthermore, for any z = 1,2, ...,n, Clifford's theorem applied to 
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the groups G\ < Gj and the characters xi>Xi implies the existence of a unique character Xi,i 6 
Irr(Gj(xi)) that lies above xi an d induces Xii i- e ; 

Xi,i € Irr(Gj(xi)) is the xi-Clifford correspondent of Xi € Irr(Gj|xi)- (5.67) 

Note that xi,i = Xi- We write xo,i = 1- Then it is clear that Xi,l li es above Xfc,i whenever 
1 < k < i < n. This way we have created a tower {1 = Xo>Xi,i = Xi> X2,i, • • • , Xn,i} for the 
series (|5,66[) . fully determined by the character tower {1 = xo> Xi> ■ ■ ■ i Xn}- Furthermore, Clifford's 
theorem implies that for any subgroup M of G = N(Qi in G) we have 

M(xi, X2, • • • , Xk) = M(xi,i, X2,l, • • • , Xfc,i), (5-68) 

for any /c = 1,2, ... ,n. Therefore, in the case where m = 1, in addition to the correspondence 
between towers and triangular sets for ()5.2j) . we proved that any tower of 1)5.64(1 determines a 
unique tower of (|5.66() . This is a property that, as we will see in Theorem 15.881 carries over to 
every m. By convention, we write this first correspondence as a cQi-correspondence (even though 
it is a Clifford correspondence). Table l5~Tl describes exactly the above relations. 

G = Goo Goo,! := G(xi) 



Gn Xn G rij i :— G n (x\) Xn,l 

G 3 X3 G^i := G 3 (xi) X3,i 

cQi 

G 2 X2 G 2 ,i := G 2 (xi) X2,\ 



Gi = Qi xi = Pi Gi t i = G 1 = Qi xi,i = Xi = A 

G = 1 Xo = 1 Go,! = 1 xo,i = 1 

Table 5.1: The cQi-correspondence. 

The first interesting case appears when m = 2. Here the normal series 1)5.2(1 consists of the 
groups 1 = G < Gi < G 2 . Let 

{l = Xo,Xi,X2} (5.69) 

be a character tower of that series. We have already seen (from the case m = 1) that the subtower 
{1 = XcbXi} °f 1)5.69(1 . determines the triangular set {Pq = l,Qi = Gi|ao = 1, /?i = xi}- We 
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expand this set by picking the 7r-group P2 to be any 7r-Hall subgroup of G2(xi) = G 2 (P±). (Note 
that to get a triangular set for the series 1 = Go <! G% < G2, it is enough to expand the existing 
set, {Pq = 1, Qi = Gi|«o = 1, /?i = Xi}, by a 7r-group P2 along with its irreducible character a 2 , 
so that (|5.17|) will be valid for this new set.) Before we see how to chose the desired irreducible 
character 02 G Irr(P2)> we observe the following: as G2/G1 is a 7r-group and P2 G Hall 7r (G2(xi)) ) 
we have that P2 covers C?2(/3i) = G^Xi) modulo G\. Hence, 

G 2 ,i = G 2 (xi) = G 2 (pi) = P 2 x G x = P 2 x Ql (5.70) 

In view of the work we did in the case m = 1, we have that, for every n with n > 2, the character 
tower {xo = l,Xi = Pi,X2, ■ ■ ■ ,Xn} of the normal series (j5.64l) . extending the tower ()5.69|) . has a 
unique Qi-correspondent character tower {xo,i = l>Xl,l = Pi, X2,l> • • • > Xn,i}> of the series (|5.6fi|) 
(see Table EU)- 

Furthermore, equation (|5.7()|) permits us to apply Lemma T2. 151 to the groups G\ t \ = G\ = Qi, 
G^i = G2(xi)> Goo^i and the character xi = /3i in the place of the groups N, H, G and the character 
9, respectively. (Note that in this case H(0) = H). Thus we conclude that xi = Pi has a unique 
canonical extension f3f G Irr(G2,i). As X2,i G Irr(G2,i) lies above xi = Pi, Lemma ?2. 151 also implies 
that there is a unique character 02 G Irr(P2) such that 

X2,i = a 2 • Pf, (5.71a) 

while 

Goo,i(q 2 ,/3i) = N{P 2 in G 00 ,i(/? 1 ,X2,i))- (5.71b) 

But 

G00AP1) = God = G(Pi) = G(xi). (5.71c) 
Furthermore, ()5.68|) for k = 2 implies that 

Goo(xi,X2) = Goo(xi,i,X2,i) = G 00 (xi,X2,i)- 
Therefore, (|5,71b|) and ()5.71c|) imply 

G(a 2 ,Pi) = N(P 2 in G 00 ,i( X 2,i)) = ^2 in G 00 ,i(x 2 )) 

= N(P 2 in Goo(xi, X2,i)) = ^2 in G 00 ( X i, X2)) = iV(P 2 in G(xi, X2)). (5.71d) 

Hence, by intersecting both sides with Gj, we get 

G l (a 2 ,Pi) = N(P 2 in G,, 1 (x 2 ,i)) = ^2 in G i ,i(x 2 )) = ^(^2 in Gi(xi,X 2 )), (5.71e) 

whenever i = 0, 1, . . . , n, oc. As P2 was picked to be a 7r-Hall subgroup of G2(Pi), we obviously 
have that the set {Po = 1> P21 Qi |"o = 1, «2, /?i } is a triangular set for the series 1 = Go < Gi < G2. 
Hence (|5.43d|) for t = u = 1 and (|5.42b|) for r = 1 imply 

G 2 (a 2 ,Pi) = P2 x (5i j2 , 
Gi(a 2 ,/5i) = 1 x Q lj2 = Qi, 2 . 

Furthermore, we have a correspondence similar to the one described in Table l5~Tl Indeed, in view 
of (|5.7U|) and (|5.71a|) . the normal series G2,i < G3 5 i < • • • < G nj i < G^i , along with the 7r-factorable 
character X2,lj satisfies the hypotheses of Lemma 15.561 Hence, there is a ci-2-correspondence 
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between the character towers of the above series and those of the series ^2,2^^3 2 <- ■ ■^G ri) 2<!G ! oo,2) 
where 

G i:2 := N(P 2 in G iA ( X 2,i)) (5.72) 

for all i = 2,..., n, 00. Thus, the tower {x2,ij X3,ij • • • 1 Xn,l} has a ciVcorrespondent tower 
{X2,2,X3,2, • • • ,Xn,2}, where Xi.2 G Irr(G i)2 ), for all i = 2, . . . , n. Furthermore, for any M with 
M < N(P 2 in God) = N(P 2 in G( X i)), we have 

M( X2 ,i, • • • , Xfc,i) = M (X2,2, • • • , Xk,2), (5-73) 
whenever 2 < k < n. The same lemma describes ^2,2 as well as X2 2- So we get that 

G 2 ,2 = P2 x Q 1>2 , 
X2,2 = a 2 x /3i j2 , 

where Qi^ = N(P 2 hi Q\) = C(P 2 in Q{) (see 1)5.11(1 ). and @x >2 £ Irr((5i,2) is the P2-Glauberman 
correspondent of /?i € Irr P2 (Qi) (see Definition I5.49j) . 

We observe that the earlier definition of Gi <2 (see (|5.72(0 . works also for i = 1, as G^i < G 2j i 
fixes X2,i- So, Gi t 2 := N(P 2 in G^i) = Qi t2 while the character /?i = X i,i G Irr(Gi) = In^G^i) has 
as a unique i-2-Glauberman correspondent the character Pi 2 € Irr(Qi,2)- This, combined with the 
former c-P 2 -correspondence, provides a correspondence (that we also write as a (^-correspondence) 
between the character towers of the series ()5.6fi|) and those of the series 

G ,2 = 1 < Gi, 2 := N(P 2 in Gi,i) = Q x , 2 < G 2 , 2 < • • • < G n , 2 < G^, (5.75) 

described in the Table IB~2l We remark here that, for every group M with M < N{P 2 in G), the P 2 - 
Glauberman correspondence between Irr P2 (Qi) and Irr(Qx t2 ), (with the character xi = xi,i = Pi 
in the former set corresponding to the character xi 2 = /3i 2); is M-invariant. Hence 

M(xi) = M( X i 2). (5.76) 
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G — Goo,i 



G n 



Xn.l 



Goo.a ~N(P 2 in Goo,i(x2,i)) 



G n ,2 ■= N(P 2 in G„,i(x2,i)) x«,2 



Gs, 



X3,l 



cP 2 



G 2 ,i = P2 x Qi X2,i = «2 • /9i 



Gi,i = Gi = Qi xi,i = Xi = ^1 



G 3 , 2 :=iV(P 2 in G 3 ,i(x2,i)) 



G 2 ,2 = P2 x 



X3,2 



X2,2 = a 2 X /3i, 2 



G0.1 = 1 



Xo,i = 1 



Gi,2 := Qi 



Go, 2 = 1 



X0,2 = 1 



Table 5.2: The (^-correspondence 



According to (|5.71ej) . we have that 

G 4 , 2 = N(P 2 in Gi,i(x2,i)) = ^2 in G l ( X i,X2)) = G l (a 2 ,(3 1 ) 



(5.77) 



whenever i = 1, . . . , n, 00. This, along with Tables 15.11 and 15.21 implies a cQi , ci-2-correspondence 
described in the diagram that follows: 
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G = G 



Gcx>,i = G(ft) 



G n ,l = Gn(ft) 



Xn,l 



Goo.a = G(a 2 ,ft) 



G n ,2 = G„(a2, ft) 



Xn.2 



G 3 



G 2 



X3 



A'-' 



Gi = Qi xi 



Go = 1 xo = 1 



cQi 



G 3 ,i = G 3 (ft) 



G ,i = 1 



X3,l 



G 2 ,l = P2 K Ql X2,l = Q2 • /9f 



Gi,i = Qi xi,i = Xi = ft 



XO,l = 1 



cP 2 



G 3 ,2 = G 3 (a 2 ,ft) 



Gl,2 = Ql,2 



Go, 2 = 1 



X3,2 



G2,2 =ft X Ql,2 X2,2 = «2 X /3l,2 



ft,2 



X0,2 = 1 



Table 5.3: The cQi, ciVcorrespondence 



Furthermore, for any group M with M < N(P 2 in G) we have 

M( X i,X2,---,Xk) = M( X i,X2,i,---,Xk,i) by ((5~5g|) 
= M(xi)(X2,i) • • ■ ,Xfe,l) 

= M(xi)(X2,2,...,X*,2) byJEZSl) 

= M(xi, 2 )(x2,2,---,Xfc,2) by(CT) 

= M(X1,2,X2,2, • • - ,Xfc,2)- 

Hence 

M(xi,X2, • • • , Xk) = M(xi,i,X2,i) • • • > X*,l) = M (xi,2, X2,2, • • • , Xfc,2), (5.78) 
whenever 1 < fc < n. 

The case m = 3 is quite similar to m = 2, so we will only describe the main steps. We first pick 
the 7r'-group, Q 3 , as any 



Q 3 e HahV^) = HahV(G 3 (a 2 ,/?i)). 

Therefore we get that 

G3,2 = G 3 (a 2 ,f3 1 ) = Q 3 KP 2 . 
Even more, (j5,80aj) and (|5.71e|) for i = 3 imply: 

G 3 , 2 = G 3 (a 2 ,/3i) = Q3 x P 2 = iV(P 2 in G 3 (xi,X2))- 



(5.79) 
(5.80a) 

(5.80b) 
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To pick the character (3% S Irr(Q3), we follow the same steps as we did for the character a 2 . So 
we apply Lemma l2.15l to the groups -P 2 , Q 3 x P% = G3 >2 , Goo >2 and the character a 2 in the place of 
the groups N, H, G and the character 8 respectively. Thus we conclude that that there is a unique 
character j3 3 € Irr(Q3) such that 

X3,2 = a e 2 ■ (3 3 , (5.81a) 

where a 2 £ Irr(G3 2 ) is the canonical extension of a 2 £ Irr(P 2 ) to Q3 x P 2 = G3 >2 . We also have 
that 

Goo,2(/? 3 ) = N (Qs m Goo^(X3,2)), (5.81b) 

and thus, in view of (15.771). 



GiPna^fo) = N(Q 3 in G 0O ^(x 3 ,2)) 

= iV(Q 3 in G(/3 1 ,a 2 )( X 3 )2 )) = iV(Q 3 in JV(P 2 in G( X i, X 2 ))(X3, 2 ))- (5.81c) 

But 1)5.78(1 . applied twice (with k = 2 and M = N(P 2 in G) for the first equality, and k = 3 and 
M = N{P2 in G) for the second one), implies that 

N(P 2 in G(xi,x 2 ))(X3, 2 ) = N(P 2 in G(xi, 2 , X 2)2 ))(X3, 2 ) = N{P 2 in G( X i, X 2 ))(x 3 ). 
Hence we conclude that 

G(Pi,a 2 ,fo) = N(Q 3 in G 00)2 (x 3)2 )) 

= iV(Q 3 in iV(P 2 in G(xi,X2,X 3 )) = A^Qs in G( X i, X2, Xa)), (5.82a) 

and thus 

Gi{p\,a 2 ,h) = N(Q 3 in G i)2 (x3, 2 )) = iV(P 2 ,Q 3 in G^xi, X2, Xs)), (5.82b) 

for all i = 0, 1, . . . , n, 00. 

Note that {Po ; -P 2 > Qi ; Q3 1 1 , a 2 , /%} is a triangular set. Indeed, as X3, 2 = « 2 • @3 lies above 
X 2)2 = « 2 x /3i, 2 (see 1)5.74(0 . we conclude that (3 3 lies above the P 2 - Glauber man correspondent /?i j2 
of f5\. This, along with (|5.79l) and the fact that {Po, P 2 , Q\ |1, a 2 , /3i} is a triangular set, implies 
that {Po; -P 2 ) Qi) 1 1 , a 2 , P 3 } satisfies (|5.17|) . and thus is a triangular set. 

To expand Table l5~3l bv one more step (that will be a c(53-correspondence) we will apply (as we 
did for the cP 2 -correspondence), Lemma 15.561 to the last normal series of Goo j2 that the above table 
reaches. Notice that the normal series G3 j2 < G4 j2 <! • • • <! G n)2 < Goo i2 , along with the 7r-factorable 
character X3, 2) satisfies the hypotheses of Lemma l5.56l Hence there is a cQ3-correspondence between 
the character towers of the above series and those of the series G3,3 < G^ < • • • < G ni 3 < Gqo^, 
where 

Gi, 3 := N(Q 3 in G ij2 (x 3)2 )), (5.83) 

for all i = 3, ... j n, 00. Assume that the tower {x3,3, X4,3; • • • > Xn,3} is the cQ3-correspondent of the 
tower {x3,2, X4,2; • • • > Xn, 2 }; where Xi,3 £ I rr (Gj ) 3) for alH = 3, . . . , n. Furthermore, for any M with 
M < N(Q 3 in Goo,,) = N(Q 3 in N(P 2 in G( X i,X 2 ))) we have 

M( X 3,2, • • • , Xfc, 2 ) = M(x3,3, • • • , Xk,3), (5-84) 
whenever 3 < k < n. Furthermore, 

G 3>3 = P2,3 X Q 3 , 

X3,3 = a 2 ,3 x (3 3 , 
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where i-2,3 = N(Qs in P 2 ), and «2,3 £ Irr(P2,3) is the (33-Glauberman correspondent of 02 £ 
Irr Q3 (P 2 )' 



We expand the definition of the G^ to all i = 1, . . . , re, 00, that is, we write 

G,, 3 = iV(Q 3 m G il2 (x3,2)) 

for all such i. Then 

G 2 , 3 = N(Q 3 in G 2J 2(X3 )2 )) = N(Q 3 in G 2)2 ) = N(Q 3 in P 2 x Q lj2 ) = P 2 ,3 x Q 1>2 , 

where the last equation holds, as according to (|5.«33j) . we have Qi )2 = Qz^Qi- Furthermore, the 
character X2,2 = «2 x /?i,2 corresponds to the character X2,3 '■= "2,3 x 0\ >2 € Irr(7V(Q3 in ^2,2)), 
through the Q3-Glauberman correspondent a 2 of 0:2,3. 



Also, 

Gi, 3 = N(Q 3 in G lj2 ) = N(Q 3 in Q 1>2 ) = Q 1(2 = G lj2 , 
and thus we take xi 3 := Xi 2 = Pi, 2- 



This, combined with the former cG^-correspondence, provides a correspondence (that we also 
write as c(53-correspondence) between the character towers of those of the series (|5.75j) and the 
series 

G ,3 = 1 < G lj3 = Qi, 2 < G 2 , 3 = ^2,3 x Q l>2 <■■■< G n , 3 < Goes- (5.86) 



We remark here that, for every group M with M < N(P 2 ,Q 3 in G), the G;3-Glauberman 
correspondence between Iii: ( ^ 3 (P 2 ) and Irr(P2,3) is M-invariant. In particular we have M(a 2 ) = 
M(a 2>3 ), and thus 

M(xi,2,X2,2) = M(xi, 3 ,X2,3). 
Therefore, in view of (|5.78j) . we get 

M(xi, X2) = M(xi )2 , X2, 2 ) = M(xi )3 , X2, 3 ), (5.87) 
So, for any M with M < N(P 2 , Q 3 in G), we have 
M(xi,X2,---,Xn) = M(xi,i,X2,2,...,Xn, 2 ) by (521 

= M(X1,1,X2,2)(X3,2, • • • , Xn,2) 

= M(xi,X2)(X3,2,...,Xn, 2 ) by (523) 
= M(xi,X2)(X3,3,...,Xn, 3 ) by (531, 

since M(xi,X2) < N(Qs in Goo^)- 

= M (Xl,3, X2, 3 )(X3,3, • • • , Xn,s) by (533) 

= M(X1,3,X2,3, • • • ,Xn,3)- 
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The following table gives a clear picture of the situation when m = 3: 

G = Goo Goo,i = G(/3i) 



G n ,l = G„(/3l) Xn,l 



Gz Xi 



G2 X2 



Gi =Qi xi = Pi 



Go = 1 xo = 1 



cQi 



G 3 ,i=G 3 (/?i) X3,i 



G 2 ,l = P'2 X Ql X2,l = CK2 • /Si 



Gi,i=Qi Xi,i=/3i 



Go,i = 1 Xo,i = 1 



Goo.2 = G(/3i,a 2 ) 



Gn,2 = G(/3i, a 2 ) x«,2 



Goc,3 =G(/3l,Q2,/3 3 ) 



G n ,3 = G„(/3l, Q2, /? 3 ) Xn,3 



cP 2 



G 3 ,2 = P2 X Q 3 X3,2 = a 2 • /?3 



G 2 ,2 = Pi X Ql,2 X2,2 = a 2 X /?l, 2 



G 3 ,3 = ^2,3 X Q A X3,3 = 02,3 X /3 3 



G 2i 3 = P 2 ,3 X Ql,2 X2,3 = Q2,3 X /3l,2 



Gl,2 = <2l,2 



Go,2 = 1 X0,2 = 1 



Gl,3 = <3l,2 



Go, 3 = 1 



01,2 



X0,3 = 1 



Table 5.4: The cQi, CQ3, ciVcorrespondence. 
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We stop here with the individual cases m = 1,2,3, hoping that it has become clear how the 
mechanism that produces triangular sets from character towers works. We only remark that the 
role of the w- and 7r'-groups is interchanged at every step. So the 7r-groups play the protagonistic 
role when m is even, and the 7r'-groups when m is odd. This role consists of two acts: 

1) to pick the group and its character (here Lemma 12. 151 is used), and 

2) to create the new cP- or cQ-correspondence (for this we use Lemma 15. 56(1 . 
We are ready to state and prove the inductive step of the above mechanism. 

Theorem 5.88. Assume that Huvothesis 15. 1\ holds. Then every character tower { Xi}i^=o °f Q5.2JI 
determines a G m (xo, Xl> • • • > Xm)-conjugacy class of triangular sets 

{P , . . . , P 2 k, Qi, ■ ■ ■ , Q2i-i\ao, . . • , a 2 k,Pi, • • • , fhi-i} (5.89) 

for (|5.2|1 . where k = [m/2] and I = [(m + l)/2], such that 

1) Any subtower {1 = X0jXi> • • • iXs} of the original character tower, for some s = l,...,m, 
determines a G s (xo, Xl> • • • , Xs)-conjugacy class of triangular sets 

{P , ... , P 2 [ s / 2 ],Ql, • • • , Q 2 [(s+l)/2]-l\ a 0, ■ • • , Ot 2 [ s /2], Pi, ■ ■ • (#2[(s+l)/2]-l}> 

that are subsets of 1)5.89)) . 

2) For any 

1 = Go < Gx < • • • < G m < G m+1 < ■ ■ ■ < G n < G (5.90) 

extension of (|5.2)) to a normal series of G that satisfies Hypothesis 1,5. it and any extension of 
{Xi}™ to a character tower {x«}™=o °f ^ s series, there is a unique cP 2 , . . . , cP 2 k, cQ\, . . . , cQn-\- 
correspondent character tower {1 = xo,m, Xi,m> • • • , Xm,m, ■ ■ ■ , Xn,m} of the normal series 1 = Go, m <! 
G\,m <!•••<! G mjm < • • • < Gn :rn < Goo im , /or a// n uni/i 1 < m < n. .Here 

Gj im = Gi(a 2 , . . . , a 2 k,f3x, . . . , /?2Z-i) 

= 7V(P , • • • , F 2 fc, Qi, ■ ■ ■ , Qa-i m Gi(xi, • • • , Xm)), (5.91) 

where i = 0, 1, . . . , n, oo. 

3) For every M with M < N(Pq, . . . , Qi, • • • , C?2Z— 1 m G) we have 

M(X1, ■■■,Xn) = M(XI, S , • • • , Xn,s)- 

4) For every i = 1, 2, . . . ,m and s = i + 1, . . . ,m, these groups and characters follow the rules 

G i}i -i = Pi x Qi-x and Xi,i-i = a i ' Pf-i, 

G i;i = PiX Qi-^i and Xi,i = «i x Pi-l,i, (5.92) 

Gj, s = -P?,2[(s+l)/2]-l x Qi-l,2[s/2] an d Xi,8 = aj,2[(s+l)/2]-l x A-l,2[s/2]> 

whenever i is even, and 

Gt,i_i = Pj-i xi Qi and = af-i • A, 

Gi,i = x Qj and Xi,t = x ft, (5.93) 

Gj )S = -Pj-l,2[(s+l)/2]-l x Qt,2[s/2] anc ^ Xi,s = ai-l,2[(s+l)/2]-l x A,2[s/2]> 
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when i is odd. (Here (3f_i is the canonical extension of fii-i £ Irr(Qi_i) to Ga-\ and similarly, 
a f-i is the canonical extension of ' oti—t £ Irr(Pj_i) to Gii—\.) 

Proof. We will use induction on m. We have already seen that the theorem holds when m = 1 
(also when m = 2 and m = 3). 

So assume that the theorem holds for all m = 1, . . . , t and some integer t > 0. We will prove it 
also holds when m = t + 1. So assume that the normal series 

1 = G < Gi < • • • < G t < Gt+i < G (5.94) 

is fixed. Along with that we fix a character tower 

{l = XO)Xi 5 --->Xt,Xt+i} (5-95) 

for l|5.94[) . As the triangular sets have different form depending on whether t is even or odd, we 
split the proof in two symmetric cases. 

Case 1: t is odd The series 1 = Go <3 G\ < • • • < Gt < G is also a normal series of G, while the irre- 
ducible characters {xi}\=a form a character tower for this series. Hence the inductive hypoth- 
esis implies the existence of a Gj(xi, • • • , Xt)- con j u g acv class of triangular sets that is deter- 
mined by the last character tower. Let {Po, . . . , P 2 k, Qi, ■ ■ ■ , Q2i-i\®o, ■ ■ ■ > o^fc, . . . , /?2«-i} 
be a representative of this conjugacy class. As t is odd we have that I = [(t + 1)/2] = (i+ l)/2 
while = [t/2] = (t — l)/2. So 21 — 1 = i while 2k = t — 1. Therefore the above triangular 
set has the form {P , • • -,Pt-i,Qi, ■ ■ -,Qt\®0, ■ ■ -,<H-l,Pl,- ■ ■, fit}- 

Hence, to prove that the character tower 1)5. 95|) determines a Gt+i(xi, ■ ■ ■ ,Xti Xt+i)- con j u g ac y 
class of triangular sets that respect subtowers, it is enough to prove the existence of a 7r-group 
Pt+i unique up to conjugations by any element of Gf + i(xi, • • • , Xt, Xt+i)i and an irreducible 
character at+i £ Irr(P i+ i) such that the set 

{Pq, . . . , Pt-i, Pt+i, Qi,..., Qt\ct®, • • • , at-i,a>t+i, (3i, . . . , Pt} 

is a triangular set depending on the tower l)5.95j) . 
Let 

1 = G < Gi < • • • < G t < G t+ i < • • • < G n < G, (5.96) 

be an extension of (|5.94|) to a normal series of G so that Hypothesis 15.11 holds, for some 
n > t + 1. Assume further that 

{1 = Xo,Xl,-- -,Xt,Xt+i, ■ ■ -,Xn}, (5.97) 

is a character tower for ()5.96)1 that extends the character tower ()5.95|) . For any n with 
n > t, our inductive hypothesis implies that the character tower ()5.97)1 of 1)5.96)) has a 
cQi, CP2, . . . , cPt-i, cQt-correspondent character tower 

{1 = Xo,t, Xi,t, • • • , Xt,t, Xn,t}, (5.98) 
of the normal series 1 = Go,t < G\j ^ • • • <! Gt t t ^ • • • ^ G n ,t ^ Goo,t, where 

G{± = Gi(a 2 , a t -i,fli, . . . , (3 t ) 

= N(P Q , . . . , P t _i, Qi, . . . , Q t in G 4 ( X i, . . . , Xt))- (5.99) 
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For every M < N(P2, . . . , Pt—i, Qi, ■ ■ ■ , Qt in G) we also have 



M( X i, ■ ■ ■ ,Xn) = M( X i,t, • • • , Xn,t)- (5-100) 

Furthermore, (|5.92j) and 1)5. 93 j) for i = t imply that Gt,t = Pt—l,t x Qt, while xt,t = ott-l,t x Pt- 
(Note that at-ij & Xrr(Pt-i,t) is the Q f -Glauberman correspondent of att-i € Irr^*(P|_i)). 
The following diagram describes the situation. 
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G = Goo Goo.i = G(/3i) 

G„ Xn G n ,l = Gn(Pl) Xra.l 

Gt+i xt+i Gt+1,1 = G t+ i(/3i) Xi+1,1 

G* x* G tll =Gi(/3i) xt.i 

G t -i xt-i Gt-1,1 = G t _i(/3i) Xt-1,1 

G3 X3 G 3 ,i = G 3 (/3i) X3,i 

G 2 X2 G 2 ,i = P2 x Qi X2,i = 0:2 • fit 

Gi = Qi xi = Pi Gi,i = Qi Xi.i = /3i 

Go = 1 Xo = 1 G ,i = 1 xo,i = 1 
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Goo,2 = G(/3l,Q 2 ) 



G n ,2 = G(/3l,a 2 ) Xn,2 



Goc,3 =G(/3l,Q2,/3 3 ) 



G„, 3 = G n (/?l,a 2 ,/? 3 ) Xn,3 



Gi+1,2 = G(/3l,Q 2 ) Xt+1,2 



Gi,2 = G(/3l,Q 2 ) Xt,2 



Gt-1,2 = G(/3i,a 2 ) Xt-1,2 



Gt,3 = Gt(/3l, 012,03) 



Gi + i,3 = Gt+i{f3i,ai2,03) Xt+i,3 



Xt,3 



G t -i,3 = G t _i(/?i,a 2 ,/? 3 ) Xt-1,3 



G 3 ,2 = P 2 XI C?3 X3,2 = Q2 • 03 



cQ 3 



G 3 ,3 = f 2 ,3 X Q3 X3,3 = «2,3 X /3 3 



G 2 ,2 = P2 X Ql,2 X2,2 = 02 X /3l,2 G 2 , 3 = P 2 ,3 X Ql, 2 X2,3 = «2,3 X /3l, 2 



Gi, 2 = Q.1,2 /3i, 2 



Gl,3 = <2l,2 



01,2 



Go,2 = 1 X0,2 = 1 



Go, 3 = 1 



X0,3 = 1 
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Goc,t-i = G(at2, . . . ,a t _i,/3i, . . . ,/?t-2) 



Gn,t-i = G„(a2, . . . ,at_i,/3i, . . . , (3t 



Xn,t-1 



G t +i,t-i = Gi+i(a2, • • • , at_i,/3i, . . . , /?t-2) 



Xt+i,t-i 



G t , t -i = P t -i x Qt 



Xt,t-i = • A 



G t _i,t_i = P t -i x Q t -2,t-i Xt-i,t-i = Qt-i x /3 t _ 2 ,t-i 



cP 4 , cQ 5 , cP 6 , • • • , cPt-i 



G3,t_l = P2,t-2 X Q3,t_l X3,*-l = CK2,t-2 X /33,t-l 



G 2 ,*-i = P 2 ,t-2 x Qi, t 



X2,t-1 = «2,t-2 X Pl,t-1 



Gi,t-i = Qi,t 



Xi,t-i = /9i,t-i 



Go,t-i = 1 



Xo,t-i = 1 
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Goo,* = G(a 2 , . . . ,a t -i,Pi, ■ ■ ■ ,/3 t _ 2 ,/?t) 



Gn,t = Gnioi2, . . . , Qt-1, /3l , . . . , (3t-2, fit ) 



Xn,t 



G t +i,t = G t +i(a 2 , . . . , a*-i,/3i, . . . ,/3 t -2,/3 t ) Xt+i,t 



G t ,t = Pt-i,t x Q t 



Gt-l,t = Pt-l,t X Qt-2,t-l 



Xt,t = «t-i,t x ft 



X*-l,t = Ot-l,t X f3t-2,t- 



cQt 



G 3 ,t = P2,t x Q 3 ,t-i 



G 2 ,t = P2,i X Ql,t-1 



Gi,t = Qi,t-i 



X3,t = a 2 ,t x /J3,t-i 



X2,t = a 2 ,t x /3i, t -i 



Xi,t = Pi,t-i 



Go.t = 1 



Xo,t = 1 



Table 5.5: The cQ\, cQs, ■ ■ ■ , cQt, C-P2, C-P4, . . . , cPt_i-correspondence 
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We pick Pt+i to be any 7r-Hall subgroup of Gt+ij = Gt+i(a 2 , ■ ■ ■ , «t-i. Pi, ■ ■ ■ , Pt)- The factor 
group Gt+i t t/Gf t t is a 7r-group, while Qt is a 7r'-Hall subgroup of Gt,t normalized by Gt+i,t 
(see 1)5.99(1 ). Thus Pt+i also normalizes Qt, which implies that 

G t+ i,t = Pt+i x Qt- (5.101) 

Furthermore, Qt is a normal subgroup of Goo,t (as Gt,t I^G^^), while its irreducible character 
Pt is Gqo ^-invariant. Therefore we can apply Lemma T2.15I to the groups G^^, Gt+ i t t, Qt and 
the character Xt+i,t in the place of the groups G, H, N and the character 6, respectively. (Note 
that in this case H(8) = H). Hence we conclude that Pt has a unique canonical extension 
PI G Irr(G( + i j t). Furthermore, since Xt+l,t hes above Pt, the same lemma implies the existence 
of a unique irreducible character at+i G Irr(P 4+ i) such that 

X t+i,t = a t+ i ■ Pt, (5.102) 

while GoojiPt^t+i) = N(P t+ i in G n>t (xt+i,t)) ■ But G^t fixes p t . So 

Goo,t(atfi) = N(P t+1 in G n ,t(xt+i,t))- (5.103) 

As 

Xt+i,t hes above x*,t = <*t-l,t x A, equation (|5.1U2|) obviously implies that at+i lies above 
at~i t t, which is the Q^-Glauberman correspondent of at-i- This, along with the fact that 
Pt+i was picked as a 7r-Hall subgroup of Gt+i(ct 2 , • • • , at-i, Pi, . . . , Pt), implies that the new 
7r-group and its character satisfy (|5.17c|) and ()5.17d|) respectively. As we already know that 
the set {Po, . . . , Pt-i, Qi, ■ ■ ■ , Qt\®-o, ■ ■ ■ , &t-i, Pi, ■ ■ ■ , Pt} is a triangular set, we conclude that 

{P , . . . ,P t -i,Pt+i,Qi, ■ ■ -,Qt\oLQ, ■ ■ ■ ,a t -i,a t +i,Pi, ...,Pt} (5.104) 

is a triangular set for (|5.94() . Furthermore, it is clear, from the way it is constructed, that it is 
related to the character tower (|5.95|) and that it respects subtowers. Note also that the only 
choice for Pt+i was that of the Hall 7r-subgroup of Gt+i.t- Hence Pt+i is uniquely determined 
up to conjugation by an element of 

G t +i,t = N(P , P 2 ,...,P t - 1 ,Q 1 ,...,Q t in Gt+i(xi, Xt))- 

So Pt+i is uniquely determined by an element of Gt+iixi, ■ ■ ■ , Xt)- This, along with the induc- 
tive hypothesis and the fact that Gt+i(xi, ■ ■ ■ , Xt) > Gt(xi, ■ ■ ■ , Xt-i) implies that the trian- 
gular set (|5.104[) is unquely determined up to conjugation by an element of Gt+i{xi, ■ ■ ■ , Xt)- 
Hence the first part of Theorem 15.881 is verified for the inductive step in the case where t is 
odd. Furthermore, as (|5.1()4() is a triangular set, Proposition 15.411 implies that 

G t+ i(a 2 , - ■ ■ ,a t+ i,Pi,. . . ,Pt) = Pt+i x Q t ,t+l by (I5.42hjl. 
Gj(a 2 , ■ ■ ■ ,a t+ i,Pi, ■ ■ ■ , Pt) = Pi,t x Qi-i t t+i if i is even, by §5A3h$, (5.105) 
Gj(a 2 , ■ ■ .,a t+ i,Pi, ...,p t ) = Pi-i it x Q i)t +i if i is odd, by ()5.43d|). 

for all j = 1, ... , t. 

To complete the proof of the theorem (at least when t is odd), it is enough to show that 
the character tower (|5.97j) determines a character tower {1 = xo,t+i, ■ ■ ■ , Xt+\,t+i, ■ ■ ■ , Xn,t+i\ 
for the series 1 = Gp, t +i <! Gt+i,t+i < < G n>t +i < Goo,t+li where G i)t +i 

and Xi,t+i satisfy (|5.91|) . ()5.92|) and (|5,93|) . In that direction we first observe that, for every 
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i = 1, . . . , n, oo, we have 

Gi, t (xt+i,t) = Gi, t (xt+i)- (5.106) 

Indeed, in view of (|5.10UI) for M = G i)t and n = t, we get G itt (xi, ■■■ ,Xt) = G iit ( xi t t, ■ ■ ■ , Xt,t)- 
Hence G i;t = Gi tjxi,- • • , Xt) = G itt (xi,t, Xt,t), as G i;t < Gi(xi, ■ ■ ■ , Xt) by (|5-99|). So, if 
we apply again 1)5.100(1 for M = G^ and n = t + 1, we have 

Gi,t(xt+i) = Gi jt {xi, ■ ■ ■ , Xt, Xt+i) = Gi t t(xi,t, ■ ■ ■ , Xt,t, Xt+i,t) 

= G it t(xi,t, • • • , Xt,t)(xt+i,t) = Gij{xt+i,t)- 

Thus (|5.1()6|) holds. Hence we conclude that 

N(P t+1 in G iit (xt+l,t)) = N(P t+1 in G ht ( X t + i))- 

This, along with (|5.103|) . implies that 

G M (a m ) = N(P t+1 in G i>t (xt+l)), (5-107) 

whenever i = 1, . . . , n, oo. Thus if we define G^t+i ■= Gij(at+i), equations (|5.99() and l|5.107() 
imply 

Gi y t+1 = Gj(a2, • • • , Ctt-l ) a t+i > Pi ) • • • ; A) 

= G ijt (at + i) = JV(P t+ i in G itt (xt+i)) 
= N(P Q , P 2 ,..., Pt^P^Qx, . . . , Q t in Gi(xi, . . . , Xt+i))- (5.108) 

We also get (using (|5.108j) and (|5.106|) 1 

G iit+1 = N(P t+1 in Gi, t (xt+i)) = N(P t+1 in ^(xt+i,*)), (5.109) 

for all « = 1, . . . , n, oo. Note that (|5.108|) proves that (|5.91f) holds for the inductive step. Also 
l)5.1()5|) . along with ()5,1()1|) and the inductive hypothesis (for those i with i = 1, . . . ,t), implies 
that the groups Gi jS satisfy (|5.92|) and (|5.93|) whenever 1 < i < t + 1 and i < s < t + 1. In 
particular we have 

Gt+i,t+i = Pt+i x Qt,t+i 

Gjj+i = Pj,t x Qj-i,t+i if j is even (5.110) 
Gj ;t+ i = Pj-\,t x Qj,t+i if j is odd, 

for all j = 1, . . . , t. 

To get the desired character tower for the series ()5.96|) (the correspondent of the tower (|5.97|0 . 
we first use the inductive argument to reach the character tower ()5.98|) . So it is enough to 
get a tower for (|5.96|) that corresponds to this latter tower. For this we split (|5.98|) in two 
pieces: the tail that consists of Xi,t for all £ = 1, . . . ,t, and the top that consists of the rest, 
i.e., the characters Xi.t where i = t + 1, . . . , n. 

For the top part, we apply Lemma [5. 561 to the normal subgroups Grt+i,t, • • • , G Uj t of and 
the character Xt+\,t = ■ Pf- This way the character tower {xt+i,t, ■ ■ ■ , Xn,t} of the normal 
series Gt+ij <!•••<] G ni t has a unique cPt+i-correspondent character tower of the series 

Gt+i,H-i = N{P t+1 in G t +i,t(xt+i,t)) <•■■< G n ,t+i = N(P t+1 in G n , t (xt+i,t)). 
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We write 

{Xt+l,t+li---,Xn,t+l}, (5.111) 

for this cPj+i-correspondent tower. Note that Lemma 15.561 also determines the character 
Xt+l,t+l as 

Xt+l,t+l = «t+l x Pt,t+l G Irr(G t+ i ji+ i), (5.112) 

where (3t,t+i G Irr(Qt,t+i) = Irr(C(Pt+i in Qt)) is the Pt+i- Glauber man correspondent of 
fit € Irr Pt+1 (Qt). Furthermore, according to the same lemma we have that 

S(xt+i,t, • • • , Xn,t) = S(xt+l,t+i, • • • , Xn,t+l) (5.113) 
for any subgroup S of N(P t+ i in Gcx>,t)- 



As far as the tail of ((5.98J) is concerned, we observe the following: In view of ((5.92j) and (j5.93() 

Xt.t = att-i,t x fa 

Xj,t = aj,t x Pj-i,t-i if 3 is even (5.114) 
Xj,t = ay-i.t x /Sfj, t _i if j is odd , 
whenever j = 1, . . . , t — 1. We define 

Xi,t+l = a t _i )t x t ,t+l 

Xj,t+i = otj,t x @j-i,t+i if j is even (5.115) 
= aj-i,t x Pj )t+1 if j is odd , 

where Pj,t+x an d flj-i.t+i are the P 4+ i-Glauberman correspondents of {3t,Pj,t-i and 

/3j_x,t-i respectively, for all j = 1, ... ,t — 1. Note that all these characters are well defined 
characters of Qt^+i, Qj,t+l and Q^— i,i+i, and form a tower by Proposition 15.501 (as (|5.104|) 
is a triangular set). Furthermore, (|5.110f) implies that Xj,t+i and Xt,t+i are characters of 
Gjj + i and G t)t+1 respectively, for all j = l,...,t- 1. Thus {1 = Xo,t+l, Xi,t+i> • • • Xt,i+i} 
is a character tower of the normal series Go,t+l ^ ^i,t+l ^ ' ' ' ^ Gt.t+i- Also we pass from 
the Xj,t to the Xi,*+i through a P 4+ i-Glauberman correspondence. Thus any subgroup of 
G that normalizes the groups Gij, ■ ■ ■ , Gt t t, along with the Pt+i, leaves this correspondence 
invariant. But any group T with T < N(P2, . . . , Pt—i,Pt+i, Qi, ■ ■ ■ , Qt in G) normalizes the 
former groups (as Gi.t is a direct product (see Table IB3|) of groups that T normalizes). Hence 
for any such group T and any j = 1, . . . , t we have 

T(xj,t) = T( Xj ,t + i). (5.116) 

Furthermore, Xt,t +i = <x t-i,t x Pt,t+i, while Xt+i,t+i = a t +i x (3 t ,t+i (by ()5.112jl). As a t +i lies 
above at_i,t (by (|5.17d|) ). we conlcude that xt+i,t+i lies above Xt,t+i- Hence we have formed 
the tower {1 = xo.t+ii • • • ; Xt,t+i ) Xi+i,t+ij • • • i Xn,t+i} of (|5.96[) . that corresponds to the tower 
(|5.98|) . This, along with the inductive argument that provides the Pj, . . . , Pt-i, Qi, ■ ■ ■ , Qt~ 
correspondence between 1)5.95(1 and (|5.98j) . implies the desired correspondence between (|5.95() 
and the tow er {1 = X0,t+l, ■ ■ ■ ,Xt,t+l,Xt+l,t+l, ■ ■ ■ ,Xn,t+l}- Furth ermor e, (|5. 102j). (|5 .112(1 
and ((5.115(1 . along with the inductive argument, imply that ((5.92(1 and (|5.93() hold for all 
i = 1, . . . , t + 1 and s = i + 1, . . . , t + 1. 
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Also for every M with M < N(P 2 , P t -i, P t +i, Qi, ■ ■ ■ , Qt in G) we get that 

M( X i,...,Xt) <N(P t+1 in G^t), 
(see (j5.99[l for a characterization of Gqo^). Therefore, for all such M we have 

M(xi,-..,Xn) 
= M(Xl, ■ ■ -,Xt)(Xl, ••■ ,Xn) 
= M(Xl, ■ ■ -,Xt)(Xl,t, • • -,Xn,t) 

= M(xi, . . • , Xt)(xt+i,t, • • • , Xn,t)(Xi,t, Xt,t) 
= M(xi, Xt)(Xt+i,t+l, Xn,t+i)(xi,t, Xt,t) 
= M(xi,t, • • • , Xt,t)(Xt+l,t+l, Xn,t+i)(xi,t, Xt,t) 
= M(xi,t, Xt,t)(Xt+l,t+i, • • • , Xn,t+l) 
= M(xi,t+l, ■ ■ ■ , Xt,t+i)(xt+i,t+i, ■ ■ ■ ,Xn,t+l) 
= M(xi,t+l, ■ ■ ■ ,Xn,t+l)- 

This implies that part 3) of the theorem also holds for m = t + 1. Hence the inductive step 
for m = t + 1 is verified in the case of an odd t. 

Case 2: t is even The proof is similar to that of an odd t. So we will skip it. We only remark 
that we need to interchange the role of the 7r-groups with that of the 7r'-groups. So in this 
case for the inductive step we pick the 7r'-group Qt+i and its character (3 t +i , as in the previous 
one we were picking the 7r-group Pt+i and its character at+\- We continue similarly, proving 
that the inductive step holds also in the case of an even t. 

This completes the inductive argument and thus proving Theorem 15.881 □ 

The following remark is a straightforward consequence of the recursive proof of Theorem 15.881 

Remark 5.117. Let {Xi,m}" = o be the unique CP2, ■ ■ ■ , cP2k, cQi, . . . , cQ2«-i-correspondent of the 
character tower ()5.97|) . Then its subtower {xi,m}\=o is the unique ci-2> ■ • • , ci-2fc> cQi, ■ ■ ■ , CQ21-1- 
correspondent of the subtower {1 = xo, Xii ■ ■ ■ ■> Xt} of (|5.97|) . whenever t = 0,1,..., n. Also, if 
M < N(P 2 , . . . , P 2k , Qi, ■ ■ ■ , Q21-1 in G) we have 

M(xi, ■■■,Xk) = M(xi,s, • • • , Xk,s)- 

5.4 From triangles to towers 

In order to complete the proof of Theorem 15.61 it suffices to prove 

Theorem 5.118. Assume that Hvvothesis \5.1\ holds. Then every triangular set for (|5.2|) determines 
a character tower of (|5.2|) . so that the tower is related to this triangular set via Theorem (|5,88|) , 

Proof. We will use induction on the lengh m of the series (j5.2|) . If m = 1, then the theorem 
obviously holds, as we take xi = Pi- 

So assume that the theorem holds for m = 1,. . . ,t and some integer t > 0. We will prove it 
also holds for m = t + 1. Let 

1 = Go < Gi < • • • < G t < G t+1 < G = Goo (5.119a) 



by lETTOOll 

by (|5TT3l for S = M( X i, ■ ■ ■ ,Xt) 

by (tBinni) 

by KTTEb for T = M 
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be a fixed normal series of G that satisfies Hypothesis 15.11 Assume further that 

{^ 2 i,Q 2 i-i|a 2i ,/?2i-i} (5.119b) 

is an arbitary, but fixed, triangular set for (|5.119a|) . We split the proof in two symmetric cases, 
according to the type of ()5.119b|) . 

Case 1: t is odd. In this case the triangular set ()5.119b|) has the form 

{P = 1,^2, • • -,Pt+i,Qi, ■ ■ ■ ,Qt\a = l,a 2 , • • .,a t +i,Pi, ■ ■ ■ , A} (5.120) 
Note that its subset 

{P = 1,P 2 , . . ,,P t -i,Qi, ■ ■ . ,Qt\ao = 1,«2, • • .,a t -i,Pi, . . . , f3 t } (5.121a) 

is a triangular set for the series 

l = G <Gi<---<G t <G = Goo. (5.121b) 

Hence by the inductive hypothesis there exists a character tower 

{X0,Xi)--->Xt} (5.121c) 

of (15.1 21 bl) that det ermines and is determined by the set (|5.121a[) . Hence, in view of part 2) 
of Theorem 15. 881 (for m = t and n = t + 1), there is a cQ\, CP2, ■ ■ ■ , cPt-%, cQt-correspondence 
between the character towers of the series (|5.119a[l and the character towers of the series 

1 = G ,t, G 1>t , G t .t < G t +i,t < Goo,*, (5-122) 

where G^ = Gj(a2, • • • , at-±, [3±, . . . , fit) (see ()5.91|) ). for all i = 0, 1, . . . , t + 1, oo. 

Let ^ 6 Irr(Gt+i|xt) be any irreducible character of Gt+i lying above xt G L~r(Gt). Then the 
characters 1 = xo> Xij • • • , Xt, * form a tower for the series Q5.119aJ) . Let 

Xo,t, Xi,t) • • 3 X*,t3 ^t, 

be its unique cQi, CP2, ■ ■ ■ , cPt-i, cQi-correspondent tower. So Xi,t £ Li^G^) for all z = 
0,1,..., t and * t G Irr(G i+ i it ). 

We remark that the above is actually a cQi, CP2, ■ ■ ■ , cPt-i, cQt-correspondence between the 
set Irr(Gt_|_i \xt) of irreducible characters of Gt+i lying above xt and the set lrr(Gt+i t t\xt,t) 
of irreducible characters *S>t of Gt+i * lying above xtt- This is clear in view of Remark 15.1171 
as the tower {xo,t, Xl.tj ■ ■ ■ , Xt,t} is the unique cQi, cP 2 , • • • , cPt-i, cQt-correspondent of the 
tower (|5.121cj). So for any $ t G Irr(Gt +lit |xt,t) the tower {xo.t, Xl,*> • • • > Xt,t, ^t, } has as 
a cQi, CP21 • • • , cPt-i, cQj-correspondent a tower of the form 1 = xo> Xis • • • iXt^ for some 
* € Irr(G t+ i|xt). 

Furthermore, according to part 4) of Theorem l5.88l (for i = t odd) we get that Gt t t = Pt-\,t x Qt 
while xt,* = &t-l,t x A- Since (|5.120f) is a triangular set, equation ()5.42a|) (for r = (t + l)/2) 
implies that 

G*+i,t = Gt + i(a 2 , • • • ,a t -i,Pi, A) = ^t+i x Qt- 
Even more, according to Theorem 12 . 131 the P^+i-invariant irreducible character (3t of Qt has a 
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unique canonical extension f3£ € lrr(P t+ i x Qt). As at+± € Irr(P i+ i), the character at+i ■ j3f is 
an irreducible character of Gt+\,t = Pt+i k (see Theorem 12. 14|) . Also, according to (|5.17d|) 
(for r = (t + l)/2)), the character at+i lies above the ojf-i,*. Hence the irreducible character 
at+i - fit of Pt+i x Qt = Gt+ij lies above the irreducible character cit-x,t x fit = Xt,t of Pt-i,t x 
Qt = G^j. Let Xt+i € Irr(G( + i|xt) be the unique cQi, C-P2, • • • , cPt-i, cQf-correspondent of 
at+l ■ fi t G Irr(Gi+l,ilXi,t)- So the character tower {xo,i,Xi,t> • • • ,Xt,t,a t +i ■ 0f} of the series 
(|5.122|) has as a unique cQi, CP2, ■ ■ ■ , cPt-\, cQt-correspondent the tower 

{Xo,Xi> • • • ,Xt,Xt+i} (5.123) 

of the series (|5.119a|) . Furthermore, the steps we followed to pick the character Xt+i (which 
are exactly the opposite of what we used to pick Pt+i at the inductive step of Theorem 15.88(1 
make it clear that the tower l|5. 123(1 determines the triangular set ((5.12UI) in the way described 
in Theorem 15.881 

This completes the proof of the inductive step in the case of an odd t. 

Case 2: t is even. The proof is symmetric to that of an odd m, so we omit it. 

This completes the proof of the theorem when m = t + 1, thus proving Theorem 15.1181 □ 

Furthermore, Theorems 15 . 881 and 15 . 1 lSl along with Corollary 13.71 imply 

Remark 5.124. Assume that the normal series 1 = Gq < • • • < G m < G for G, along with the 
character tower {\i £ Irr(Gj)}?™ , is fixed. Then conjugation by any g G G(x\, ■ ■ ■ ,Xm) leads to a 
new choice of the P2i, Q21-I) 0% and /?2«-i satisfying the same conditions (for the same Gi and Xi) 
as the original choices. 

The above remark, along with Theorems 15.881 and 15. llSl easily implies Theorem 15.61 
The recursive way Theorems 15.881 and 15 . 1 1 81 were proved easily implies 

Remark 5.125. Assume that the normal series 1 = Gq < ■ ■ ■ < G m < G for G, along with the 
character tower {xi € Irr(Gj)}^i , is fixed. Let {P2r, Q2i-l\<*2ri /?2i-i}^Lo ?=i be a representative 
of the unique G m (xi, ■ ■ ■ , Xm)-conjugacy class of triangular sets that corresponds to the above 
character tower according to Theorem 15.61 Then {xij^Lo 1 ^ s a character tower of the normal series 
1 = Gq<- ■ -<G m -i<G of G. Furthermore, the reduced set {P2r, Q2i-l|«2r> hi-l\r=o i ^( 2 ^'' m/ '^, is a 
representative of the unique G m _i(xi, • • • , Xm-i)-conjugacy class of triangular sets that corresponds 
to the character tower {Xi}^ 1- 

Corollary 5.126. Assume that Hvvothesis \5.1\ holds. Let {1 = XcbXi; • • • >Xm} ^ e a tower of ((5.2(1 
and let {P2t, Q2j-i\®2t> ffoj-i}> f or t = 0,1, . . . ,k and j = 1, . . . , I, be its unique (up to conjugation) 
correspondent triangular set. Then 

Q 2 j-i e Hail 7r /(N(P 2 ,---,P2j-2,Qi,---,Q2j-3 in G 2 j -i{xi, ■■■ ,X2j -2)), 
for all j = 1, . . . , I, while, for all t = 1, . . . , k, we also get that 

Q 2 t-i G Hall 7r /(7V(P 2 , • • -,P2t-2,Qi, ■ ■ ■ ,Q2t-i in G 2t (xi, • • -,X2t-i))- 
Similarly, for the ir- groups we have 

P 2t € Hall^(iV(P 2 ,...,P2 i -2,Qi,---,Q2t-i in G 2t (xi, ■ ■ ■ , X2t-l)), 
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for all t = 0,1, ... ,k, while, for all j = 0,1, ... ,1 — 1, we also get that 

P 2j € Rall 7T (N(P 2 , . . . , P 2j ,Qi, ■ ■ ■ ,Q 2 j-i in G 2j+ i(xu ■ ■ ■ , X2j))- 

Proof. Theorem 15.881 describes completely the relations between a character tower and its corre- 
sponding triangular set. Thus in view of (|5.93f) (for i = 2j — 1) we have that Q 2 j-i is a ir'- 
Hall subgroup of G 2 j-\ i2 j- 2 , whenever j = 1,. . . ,1. Furthermore (|5.92j) (for i = 2t) implies that 
Q 2 t-\ G Hall 7r '(G2t i 2t-i) ) for all t = 1, . . . , k. But, according to ()5.91j) . for all such j and t we have 

G2j-i,2j-2 = N(P 2 , . . . , P 2 j- 2 , Qi, ■ ■ ■ , Q2j-3 in G 2 j-i(xi, ■ ■ ■ , X2j-2)), 

while 

G 2t , 2t -i = N(P 2 , . . .,P 2t -2,Qi, ■ ■ -,Q2t-i in G 2t (xi, ■ ■ ■ ,X2t-i))- 
Hence Corollary 15. 1261 follows for the 7r'-groups. The proof for the 7r-groups P 2 t is similar. □ 
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5.5 The groups P 2 * : something stable in all that mess 

For this section we continue working under the assumptions of Hypothesis 15.11 So G is a finite 
group, while its arbitary (but fixed) normal series 1)5. 2 J) satisfies Hypothesis 15.11 We also fix a 
character tower 

1 = Xo,Xl>---,Xm (5.128a) 
of that series, along with its uniquely determined (up to conjugation) triangular set 

{P ,P 2 , . . -,P2k,Qi, ■ ■ ■ ,Q2i-i\ao,a 2 , . . . ,a 2 k,Pi, ■ ■ (5.128b) 

where k and I are defined as in 1)5.7)) (i.e., 21 — 1 and 2k are the greatest odd and even, respectively, 
integers in the set {1, . . . , m}). For the normal series 1)5.2)1 and its character tower ()5.128aj) . Theorem 
12.51 can be applied. So for any i = 1, . . . , m we write 

G* = Gi{XuX2, ■ • • ,Xi-i) 

and 

G* oc = G* = G( X i,...,Xm) (5.129a) 

for the stabilizers of Xi)X2> ■ ■ ■ , Xi-i an d XI1X2, ■ ■ ■ , Xm in Gi and G, respectively. As Gi < Gj for 
all j with < i < j < m, the group Gi fixes the characters Xj f°r an such j. Hence 

G* = Gi( X i, Xi-i) = Gi(xx, ■ ■ ■ ,Xm). (5.129b) 

Then, in view of Theorem E3J we have that G* = G = 1, G\ = G x and G* = G* n Gj < G*, 
whenever < j < i < m. Furthermore, there exist unique characters xh f° r * = 1> • • • > m > such 
that 

X* € Irr(G*) lies over xl, ■ ■ ■ , X*-i and induces Xi, (5.130a) 



G* = Gi(xl,X*2, • • • , X*-i) = Gi(xt, x*2, ■ ■ ■ , X*J- (5.130b) 
We note here that, according to the same theorem, 

GI = G x and X * = Xl e Irr(GJ) = Irr(Gi). (5.130c) 

According to l)5.10b|l . for each i = 1, . . . , k the group P 2 i normalizes all the previously chosen 
7r-groups P2,P4, ■ ■ ■ , P 2 i- 2 - Hence the product: 

P 2i = P 2 -Pa---Pk (5.131) 

is a group. We also define P * := 1, therefore P 2 * is defined for all i = 0, 1, . . . , k. As will become 
clear, these groups play the most important role in the construction we did in the previous section. 
The reason is that they are the only groups that remain unchanged when we change the 7r'-parts 
(groups and characters ) of the triangular set 1)5. 128b)) . The way we defined the groups P 2 *i uses the 
individual P 2 t for all t with 1 < t < i. But, as the proposition that follows shows, we could have 
picked the groups P 2 *i using only the groups G 2i . 

Proposition 5.132. The group -P 2 j is a ir-Hall subgroup of G 2i whenever i — 0,1, ... ,k. It is 
also a ir-Hall subgroup of G 2i+1 for all i = 0,1, ... ,1 — 1. Furthermore P 2 * r = P 2 * D G* 2r and thus 
P 2r 53 P 2 i, whenever 1 < r < i < k. 
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To prove Proposition 15. 1321 we need the following lemma: 



Lemma 5.133. If j = 2, . . . , m, oo, and s are such that 2 < 2s < j, then 

Gj = N(P 2 , . . . , P2S-2, Qi,Q3, ■ ■ ■ > Q2S-1 in Gj) ■ Gjjs-i 

= N(P 2 , ...,P 2s ,Q 1 ,Q 3 ,..., Q 2s _x in Gj) ■ G* 2s . 

Proof. We will use induction on s. For s = 1 the group N(P 2 , . . . , P 2s - 2 , Qi, ■ ■ ■ , Q 2s ~i m G*j) 
equals N(Qi in Gj) = G*, while the normalizer N(P 2 , . . . , P 2s , Qi, . . . , Q 2s -\ in G*) equals the 
group N(P 2 ,Qi in G*) = N(P 2 in G*). According to (|5.17b|) and l|5.17c|) . we have that P 2 € 
HalL|-(G 2 (xi)) = Hall 7r (G ! |). Therefore, for any j > 2, the Frattini argument implies that G*j = 
N(P 2 in Gj) ■ GZ,, as is a normal subgroup of G*. Thus Lemma f5. 1331 holds when s = 1 and 
j = 2,... ,m,oo. 

Assume now that Lemma l5~T33l holds for all s = 1,2, . . . ,t - 1, where 2 < 2t < j. We 
will prove that it also holds when s = t. By induction, for s = t — 1, we get that G* = 
N(P 2 , P 2t -2,Qi,Q 3 , Q 2i -3 m G*j) ■ G* 2t _ 2 . But 

N(P 2 , P 2t - 2 , QuQs,---, Q2t-3 in G^-i) < N(P 2 , P 2t -2,Qi,Q.3, ■ Q 2t -3 in Gj). 

Furthermore, Corollary 15.1261 implies that the group N(P 2 , . . . , P 2 t~ 2 , Qi, Q3, • • • , Q.2t-3 in G 2t _ x ) 
has Q 2 t-i as a 7r'-Hall subgroup. Hence, by the Frattini argument, we have 

N(P 2 , P 2i _ 2 , Q u Q 3 , . . . , Q 24 _ 3 in G*) = 

N(P 2 , . . . , P 2t _ 2 , Q 1} Q 3 , . . . , Q 24 _ 3 , Q 2 t~i in G*) • N(P 2 , . . . , P 2t _ 2 , Q 1} Q 3 , . . . , Q 24 _ 3 in G^i). 
Therefore, 

Gj = N(P 2 , . . . , P 2 t- 2 , Qi, . . . , Q 2 t_3 in G*) • G 2t _ 2 
= N(P 2 , . . . , P 2t „ 2 , Q l5 . . . , Q 2t _ 3 , Q 2 t-i in G*)-iV(P 2 , . . . , P 2t . 2 , Q 1: . . . , Q 2t _ 3 in G^-G^,. 

By induction, JV(P 2 , • • • , ^2t-2, Qi, Q3, • • • , ^2t-3 in G^i) • G* 2t _ 2 = G* 2t _ v Hence, 

G* = N(P 2 , . . . , P 2t _ 2 , Q u Q 3 , Q 2t _ 3 , Q 2t -i in G*) ■ G* 2t _ v (5.134) 

This proves the first equality in Lemma 15.1331 for s = t. 

It remains to show that G* = N(P 2 , . . . , P 2t , Qi, Q3, . . . Q 2 t-l in G*) • G 2t . By Corollary 
15.1261 the group P 2t is a 7r-Hall subgroup of N(P 2 , . . . , P 2t - 2 , Qi, Q3, ■ ■ ■ , Q.2t-\ in G 2t ). Since 
N(P 2 , P 2t - 2 ,Qi, . . . , Q 2t -i in G* 2t )<N(P 2 , P 2t - 2 ,Qi, Q 2t -i in G*), Frattini's argument 
implies that 

N(P 2 ,...,P 2t . 2 ,Q 1 ,...,Q 2t _ 1 inG*) = 

N(P 2 , ...,P 2t ,Q 1 ,..., Q 2t _! in G*) ■ N(P 2 , P 2t „ 2 , Q u . . . , Q 2t - X in G^). 
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The above equation, along with (|5.134j) . implies 



= N(P 2 , ...,P 2t ,Qi,..., Qat-i m G*) ■ N(P 2 , P 2i _ 2 , Q u . . . , Q 2t -i in G 2t ) ■ G* 2t _ x 

= N(P 2 , . . . , P 2t , Qx, Q 3 , . . . , Q 2t _! in G*) ■ G 2t . 

This proves the remaining equality in Lemma 15, 1331 for s = t. Hence the inductive proof of that 
lemma is complete. □ 

Proof of Provosition \5.ltfB. We will use induction on i. For i = it is trivially true as Pq = 1 = Gq, 
while GJ is a 7r'-group. If % = 1, then P 2 = ^2- By (|5.17c|) and ()5.17b|) the latter group is a 7r-Hall 
subgroup of G 2 {xi) = G 2 . Furthermore, as G|/G 2 is a 7r'-group, P 2 * is a l so a ^r-Hall subgroup of 
Gg. The rest of the proposition holds trivially for i = 1. 

Now we assume that Proposition 15.13^1 holds for all i = 1,2, ...,t — 1, where 1 < t < k. 
We will prove that it holds for i = t. We have P 2t _ 2 £ HalL^G?;^) by induction, and P 2 £ £ 
Hall 7r (iV(P 2 , . . . , P 2t - 2 ,Q 3 , • • • , Q2t-i m G| t )) by Corollary loT2in Since P 2 *_ 2 = P 2 • • • P 2t -2, it 
follows that the group P 2t = P 24 _ 2 • Pit is a 7r-subgroup of G 2t . So there exists a 7r-Hall subgroup, 
P 2 f, of G 2t with 

P* < P 2t . (5.135) 

Since G 2t _ 2 is a normal subgroup of G 2t , we conclude that V 2 t Pi G 2t _ 2 is a 7r-Hall subgroup of 
G 2< _ 2 . But P| t _ 2 is a 7r-Hall subgroup of G 2t _ 2 such that P 2t _ 2 < P 2 tnG 2< _ 2 < V 2t nG 2t _ 2 . Hence 

^2* -2 = At n ^24-2 = l~l G 2t _ 2 . 

Furthermore, as G 2t _ 1 /G 24 _ 2 is a 7r'-group, P 2 * t _ 2 is not only a 7r-Hall subgroup of G 2i _ 2 , but also 
of G 2t _i (note that G 2t-1 exists for all i = 1, . . . , k). Hence 

Pit-2 = Pit n G 2t _x = P 2t n G^-i e HalL^-i). (5.136) 

Since G 2t /G 2t _ 1 is a 7r-group, and P 2t is a 7T-Hall subroup of G 2t we have that G 2t = V 2 t ■ G 2t _ 1 . 
Furthermore, G 2t = N(P 2 , . . . , P 2 f- 2 , Qi, ■ • ■ , Qzt-i in G 2t ) ■ G 2t _ 1 according to Lemma 15.1331 
Hence, the 7r-Hall subgroup P 2 t of N(P 2 , . . . , P 2 *_ 2 , Qi, ■ ■ ■ Q 2 t-i in G 2t ) also covers G 2t /G 2t _ 1 . 
As P 2t-2 — C 2 t- 2 < ^2t-l> we conclude that 

/^2t • ^2t-l — ( - T 2t — r 2t ■ ^2t-l — r 2t ' ( - T 2t-l- 

This, along with (|5.136|) and ()5.135() . implies that P 2t = V 2 t- Thus P 2t is a 7r-Hall subgroup of 
G 2t . If t < Z — 1 then the group G 2t+1 is defined and G 2t+1 /G 2t is a 7r'-group. We conclude 
that P 2t £ Hall 7r (G 2t+1 ) for all such t. The rest of Proposition 15.132*1 for i = t follows easily, as 
G 2r < G 2f , and P 2r < P 2t , whenever 1 < r < t < k. Hence, the inductive proof of the proposition 
is complete. □ 

Along with the groups P 2 * we have irreducible characters a 2i that correspond uniquely to the 
irreducible characters a 2 i of P 2 j, for all % = 1, . . . , k. To prove that these characters exist and show 
how their correspondence with the a 2 i works, we will use the following lemma: 

Lemma 5.137. If ' 1 <i <t <k then 

N(Q 2i -i in P 2j _ 2 ■ P 2i ■ ■ ■ P 2t ) = P 2i ■ ■ ■ P 2t . (5.138) 
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Proof. According to (|5.10b|) . the group P 2 j normalizes Qn-\ for all j > i. Hence the product 
P%i -- Pit is contained in the normalizer N(Q 2 i-\ in P 2 i-i ■ • • Pit)- So, N(Q 2 i-\ in P 2 i_ 2 • • • Pit) = 
N(Q 2i -i in P 2i _ 2 ) -Pn--- Pin- By (tOil). we have N(Q 2i -i in P 2i _ 2 ) = P 2i -2,ii-l = Pii-i n P 2i . 
Therefore N(Q 2 i^\ in P 2 i- 2 ) is a subgroup of P 2 j < P 2 i • ■ ■ P 2 t- This completes the proof of Lemma 

Kim □ 

Proposition 5.139. For all i,t with 1 <i <t <k we have 

N(Q lt Q 3 , Q 2j _! in P* ) = iV • ■ ^- (5.140) 
Proof. The proof is a multiple application of Lemma 15.1371 
N{Q 1 ,Q 3 ,Q 5 ,...,Q 2i -i m P| t ) 

= N(Q 3 , Q 5 ,..., Qu-\ in P 2t ) since Qi < G, 

= JV(Q B ,...,Qai-i in iV(Q 3 m P| t )) 

= N(Q 5 , . . . , Q 2 i-i in P 4 • • • P 2t ) in view of Lemma IT. 1371 

= N(Q 7 , Q 2i -i in N(Q 5 in P 4 • • • P 2t )) 

= N(Q 2i ^ mP 2t ^ 2 ---P 2t ) 

= P 2 i ■ ■ ■ P 2 t in view of Lemma 15.1371 



□ 

In particular, we have a way to recover the P 2 i from the products P 2i and the (/-groups 
Q3, • • • 3 Qn-i, whenever i = 1, . . . , k. Indeed, ()5.14Uj) implies: 

N{Q U Q 3 , . . . , Q 2j _i in P*-) = P 2i . (5.141) 

Lemma 5.142. // 1 < j < i < k, then the product Q 2 j+i ■ P 2 j ■ Pij+i • • • Pn is a subgroup of G 
having Q 2 j+i as a Hall n' -subgroup, and P 2 j ■ Pij+i • • • Pn as a Hall ^-subgroup. Both the ir-group 
P 2 j and the product Qij+i ■ P 2 j are normal subgroups of Q 2 j+i ■ P 2 j ■ Pij+i • ■ ■ P%- Furthermore, 
N(Q 2 j + i in P 2 j ■ P 2 j+ 2 ■ ■ ■ Pn) = Pij+i ■ ■ ■ Pn- Hence Theorem L9.il gives us a one to one Qij+\- 
correspondence 

a 1i,1j-l X ** Q 2i,2j+1 

between all characters cx 2i 2 j +1 € Irr(P 2j+2 • • • P 2 j) and all characters ct 2i2 j_ x € Irr(P 2 j-P 2 j +2 • • • P 2 j) 
lying over some character a 2 j 2 j-i £ Irr^ 2j+1 (P 2 j). This correspondence is invariant under conju- 
gation by elements of any subgroup K < G normalizing both Q 2 j+i and P 2 j ■ P 2 j+ 2 ■ ■ ■ Pn- Fur- 
thermore, if a 2s 2 j_i € Irr(P 2j - • • • P 2s ) is any character of P 2 j ■ ■ ■ P 2s lying under a 2i 2j _ 1 and above 
a ijij-i' f or some s with l<j<s<i<k, then its Q 2 j+i- correspondent a 2s 2 j+i ^ es under the 
Q 2 j+\- correspondent oc^j+i °f a ii,ij-i- 

Proof. We only need to show that Q 2 j+i • Pij • Pij+i ' • • P2« is a group having P 2 j and Q 2 j+i ■ P 2 j as 
normal subgroups, while P 2 j ■ ■ ■ P 2s < P 2 j ■ ■ ■ P 2 i whenever l<j<s<i<k. The rest is an easy 
application of Theorem 13.131 and ()5.140D . 

By (|5,l()aj) the group Q 2 j+i normalizes the group P 2 j. Furthermore, ()5.1flb|) implies that the 
groups P 2 j +2 , P 2 j+4, . . . , P 2 i normalize both P 2 j and Q 2 j+i, while P 2s normalizes P 2 t for all s, t with 
j < t < s < i. Hence, the products Qij+i - Pij and Pij+i • • • Pis form groups. Even more, the latter 
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group normalizes the former one for every s = j + 1, . . . , i. Hence Q2j+i • Pij • P^j+2 • ■ ■ P2i forms 
a group having P 2 j and Q23+1 • P2j as normal subgroups. It is also clear that the product group 
P%j • • • P2s is a normal subgroup of P 2 j ■ ■ ■ P21 whenever j < s < i. □ 

Theorem 5.143. For any i = 2, 3, . . . , k we may form a chain 

a *2i,l «7T-» «2i.3 *ZT> «2i,5 ^ • • • t * a *2i,2i-3 X ' °^i,2i-\ (5.144) 

of the Q23+1- correspondences in Lemma \5.14ty The composite Q3, Q5, . . . , Qn—\- correspondence is 
one to one between all characters a 2i 2 »_ 1 G I rr (P2i) a ^ characters a 2i 1 G Irr(P 2i ) having the 
following property: 

Property 5.145. There exist characters ct\j,\ G Irr(i 3 2 :7 ) ; /or j = 1,2,...,% — 1, swc/i i/iai eoc/i 
«2j 1 *s Q2j+i-invariant and lies under ot 2 j +2 l- 

TMs Q3,Q5, • • • , Q21— 1- correspondence is invariant under conjugation by elements of any sub- 
group K < G normalizing all the subgroups Q3, Q5, . . . , Q21-I and P 2i - 

Proof. It follows immediately from Lemma 15.1421 that the composite correspondence is one to 
one between all characters in Irr(P 2 j) and some characters in Irr(P 2i ). It is also clear that this 
correspondence is invariant under conjugation by elements of N(Qs, Q5, . . . , Q21-1, P 2 * in G). Thus 
it remains to show that the image of the composite correspondence is exactly the subset of all 
a 2i 1 e Irr(i- > 2i) having Property 15.1451 

We will first show that any a 2il G Irr(P 2 *) which is the Q3, Q5, . . . , (52i-i-correspondent of 
some Q!2j2i-i ^ Irr(p2t) must satisfy Property 15.1451 This can be done by induction on i. Assume 
that i = 2. Let ajj 6 Irr(P|) be the (^-correspondent of some a| 3 G Irr(P4). In this case, 
Lemma l5.142l (for j = 1 and i = 2), describes this (^-correspondence as one between all characters 
a| 3 G Irr(P4) and all characters a\-y G Irr(Pj) lying over some character a 2 1 G Irr^ 3 (P 2 ). As 
P2 = P 2 , we obviously have that a\ 1 lies above the (^-invariant character a 2 \ of P 2 . Thus a| ! 
satisfies Property 15.1451 This implies the i = 2 case. 

Assume that is true for all i = 2, . . . , t — 1, for some t with 2 < t < k. We will prove it also 
holds when i = t. 

Let a 2tl G Irr(P 2t ) be the Q3, . . . , Q 2 j_i-correspondent of some a 2t2t __ 1 G Irr(P 2 t). Then, 
according to Lemma 15.1421 the character a 2t 2t _ 1 of P 2 ( has as a (52t-i-correspondent a character 

°*2t 2*-3 °f ^ > 2t-2 • P2t> that lies above some character a 2t _ 2 2t _ 3 € Irr^ 2 * -1 (P 2t _ 2 ). Let a 2t „ 2 x € 
Irr(P 2 *£_ 2 ) be the Q3, Q5, . . . , <32t-3-correspondent of a 2t _ 2 2t _ 3 € Irr(P 2t _ 2 ), that we get by multiple 
applications of Lemma 15.1421 As a 2t _ 2 2 t-3 nes under a 2t2t _ 3 , we get that the Q3, • • • , Q2*-3- 
correspondent a 2t _ 2 j of a 2f _ 2 2< _ 3 lies under the Q3, . . . , Q 2 i_3-correspondent a 2t 1 of a 2t 2t _ 3 (see 
Theorem 13.13(1 . Furthermore, Q2t-\ fixes a 2t _ 2 2i „ 3 and normalizes the groups Q3, . . . , Q2t-3, as 
well as the product group P 2 • • • P2t-2- Hence it also fixes the Q3, . . . , Q 2 (_3-correspondent a 2t _ 21 
of oi 2t _ 2 2ts- I n conclusion, the character a 2t _ 2 1 is Q2t-\ -invariant and lies under a 2t 1 . Thus a 2t 1 
satisfies Pr op er tv 15 . 1 45 1 for j = t — 1. 

As a 2t _ 21 is the Q3, . . . , Q 2 £_3-correspondent of 024-2, 2*-3> the inductive hypothesis applies. 
Hence for every j = 1, . . . , t — 2, there exists a character a 2 j 1 £ Irr(P 2j ) that is Q^+i-invariant and 
lies under a 2j+21 . The existence of these characters a 2j l , along with a 2t _ 21 , implies that a 2tl 
satisfies Property 15.1451 This completes the inductive proof that an a 2il G Irr(P 2 *) which is the 
Q3, Q§, ■ ■ ■ 1 Q2i-i-correspondent of some a 2i 2i _ x G Irr(P 2 j) must satisfy Property 15.1451 
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Now assume that a character a 2i i G Irr(P 2i ) satisfying Property 15.1451 is fixed, for some i = 
2,3, ... ,k. We want to construct some character a 2i 2 i-i € Irr(P 2 j) having a 2i 1 as its Q 3 , . . . , Q2%-\- 
correspondent. To do this, we will find characters a 2i 2t+1 , for every t = 1, . . . , % — 1, to form the 
chain (|5, 144(1 . So it suffices to show that for every t with 1 < t < i — lwe can apply Lemma 
15.1421 to get a Q2t+i-correspondent a 2i 2t+1 of a 2i2t _ 1 . This is done in a recursive way. So, for 
t = 1 we observe that Property 15.1451 implies that cx 2 ^ 1 lies above the £,) 3 -invariant character 
a 2,i Irr(P 2 ) = Irr(P 2 ). Hence, according to Lemma T5.142I the character a 2i ^ £ Irr(P 2 • • • P2i) 
has a (^-correspondent character a 2i 3 € Irr(Pj • • • P 2 j). Furthermore, as a 2s 1 lies under a| s+2 1 
and above a 2 1; for every s = 2, . . . ,i — 1, (by Property 15. 145(1 . the same lemma implies that the 
(^-correspondent a 2s 3 G Irr(i"4 • • • P 2s ) of ol 2s 1 ^ Irr(P 2 • • • P 2s ) is defined and lies under a 2s+2)3 . 
Even more, the character a 2s 1 is Q 2s+ i-invariant and Q2S+1 normalizes both Q 3 and the product 
group P 2 • • • P 2s , for all s = 2, . . . , i — 1. Hence the (^-correspondent character a 2s 3 of a 2s 1 is also 
Q 2s +i-invariant. 

We can now do the case t = 2. Indeed, the previous comment for s = 2 implies that a 2s 3 G 
Irr(Pj • • • P 2 j) lies above the Qs-invariant character a\ 3 G Irr(P4). Thus we can apply Lemma l5.142l 
again to get a (^-correspondent character a 2i 5 G Irr(Pg • • • P 2 j). Note that the Qs-correspondent 
a 2s 5 G Irr(P6 • • • P 2s ) of a 2s 3 G Irr(Pi • • • P 2s ) is defined whenever s = 3, . . . , i — 1. This correspon- 
dent lies under a 2s+2 5 , as a 2s 3 lies under a 2s+2 3 . Furthermore a 2s 3 is (5 2s+ i-invariant, while Q2S+1 
normalizes both Q5 and the product P4 • • • P 2s . Therefore the Qs-correspondent a 2s 5 of a 2s 3 is also 
(5 2s _i_i-invariant. So for s = 3 we have that «2i,5 G Irr(Pg • • • P 2 j) lies over the (57-invariant character 
a?6.5 € Irr(Pg). Hence we can apply Lemma 15.1421 again and thus get the desired correspondence 
for t = 3. We continue similarly. At the t-step we have the character a 2i 2t _ x G Irr(P 2t • • • P 2i ) lying 
over the (^t+i-invariant character a 2t 2t _ x G Irr(P 2 j), while for all s = t, ... ,i — 1 the character 
a iL 2t-i e I rr (P2t • • • P2s) is Q2s+i-hivariant and lies under a 2s+2 2t _\- 

At the last step for t = i — 1 we end up with the character a 2i 2i _ 3 G Irr(P 2 j_ 2 • P 2 j) lying 
over the Q 2 j_i-invariant character a 2i _ 2 2i _ 3 G Irr(P 2 j_ 2 ). So the final application of Lemma 
15. 1421 will provide a Q 2 j_i-correspondent character a 2i 2i _ x G Irr(P 2 j) of a 2i 2i _ 3 , that is actually a 
Q3, Q5, ■ ■ ■ , Q2i-i-correspondent of a 2i . 

This completes the proof of Theorem 15.1431 □ 

Remark 5.146. The chain Q 3 , Q5, . . . , Q 2 i-i is empty when i = 1. In that case we define the 
Qz-, Q5, • • • > Q2i-i-correspondence to be the identity correspondence between Irr(P 2 j) = Irr(P 2 ) and 
the equal set Irr(P 2 * ) = Irr(P 2 ). 

Now we can make the 

Definition 5.147. For each i = 1, 2, . . . , k we define a 2i G Irr(P 2 *) to be the Q 3 , Q5, . . . Q21-1- 
correspondent of the character 0,21 G Irr(P 2 j). 

So 

a* 2 = a 2 (5.148) 
by convention. Furthermore Theorem 15. 1431 obviously implies 

Proposition 5.149. // a subgroup K < G normalizes all the subgroups Q3, Q^, . . . , Q2i~\ and P 2i , 
for some i = 1, 2, . . . , k, then a 2i and a 2 j have the same stabilizer K{a 2i ) = K(a2i), in K . 

Corollary 5.150. 

Q2j+\{a* 2i ) = Q2j+i(a2i) = Q20+1 (5.151a) 
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and 

P 2s (a* 2i ) = P 2s {a 2i ) = P 2s . (5.151b) 
whenever 1 < i < j < I and 1 < i < s < k. 

Proof. According to (|5.10[) . the groups Q 2 j+i and P 2s normalize P 2 , . . . ,P 2 i and Q3, . . . Q 2 %-\, for 
all j, s with 1 < i < j < I and 1 < i < s < k. Thus they also normalize the groups P£ , . . . , P 2i . 
Hence Proposition 15.1491 along with the fact that Q 2 j+i and P 2s fix a 2 - L (see (j5.17b .elV implies 
Corollary ETToffl □ 

The next proposition shows how the characters a 2i are related. 

Lemma 5.152. If i = 2, 3, . . . , k, then a 2i _ 2 is the only character in Irr(P|j_ 2 ) lying under a 2i G 
Irr(P*). 

Proof. Let i = 2,3, ...,k be fixed. We first show that nes un der a 2i . By ()5.17dl) . the 

character a 2i G Irr(P 2 j) hes over the character a 2i - 2)2i -i G Irr(P 2 j_ 2 ,2i-i), where P 2 i- 2 ^\ = 
C(Q 2 i-i in P 2 i~ 2 ) (by (|5.14|) ") and a 2 i- 2)2 i-i is the Q2i-i-Glauberman correspondent of a 2 i- 2 (see 
(|5.49|) ). According to Theorem I3.13| the Q2i-i-correspondent 0^21-3 e I rr (-f2i-2 • P 2 i) of a 2 i = 
a 2 i 2 i-\ ( see Lemma 15.1421 for j = i — 1), lies over the Q2i-i-Glauberman correspondent «2i-2 G 
Irr(i-2i-2) of a2«-2,2i-i- It follows that a 2i , which is the Q3, Q5, . . . , Q2«-3-correspondent of a 2i 2i _ 3 , 
lies over the Q3, Q5, • • • , Q2i-3-correspondent ct2j_ 2 of a 2 i- 2 (see Theorem 13.13(1 . 

Since P 2 ^_ 2 is a normal subgroup of P 2i , Clifford's Theorem implies that we can prove the lemma 
by showing that a 2i _ 2 is P^ invariant. But P 2i = P 2 i_ 2 ■ P 2 i, and P 2 i_ 2 fixes its own character, 
while P 2 i(a 2i _ 2 ) = P 2 i by (|5.151b|) . We conclude that a 2i _ 2 is P 2 * -invariant. Thus the lemma 
holds. □ 

By induction the above lemma implies 

Proposition 5.153. If 1 < j < i < k, then aL is the only character in lir^P^) lying under 
Glrr(P 2 *). 



5.6 The groups Q^-i 

We can define groups Qj^-i similar to the P 2 j. Indeed, in view of H5.1Ua|) the product 

Q* 2i -i = Qi-Qs Qm-i, (5-154) 

is a group whenever 1 < i < I. 

The groups are defined symmetrically to the P 2i , and satisfy results similar to those the 

P 2i satisfy. The following proposition is analogous to Proposition I5.13"2*l for the groups Q 2i _ 1 . Its 
proof is similar. 

Proposition 5.155. The group Q 2 i_i is a it' -Hall subgroup of G 2i _ 1 whenever 1 < i < I, while for 
i = l,...,k we have, in addition, that Q^i— 1 G Hall^G?^)- Furthermore, Q2V— 1 — Q 2 i— 1 ^ G 2r _ 1, 
and thus Q2V-1 <! Qli— 1> f or a ^ r > * with 1 < r < % < I. 

Proof. The proof is done by induction, and is totally symmetric to the proof of Proposition 15.1321 
for the 7r'-groups in the place of the 7r-groups. So we omit it. □ 

Of course by it, vr'-symmetry, we can define irreducible characters ft 2i _i of Qli-i as we did for 
the characters a 2i G Irr(P 2 *). So 
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Definition 5.156. For every i = 1, we define P 2i _i e ^(Qzi-i) *° De the P 2 , -P4, . . . , P%- 2 - 
correspondent of the character /?2j-i € Irr(Q2i-i)- By convention 

fi = Pl. 

Results similar to Theorem 15. 1431 and Propositions 15. 14*U1 and 15. 1531 hold for the (3* -characters. 
According to Propositions 15. 13*21 and l5~155l we get 

Corollary 5.157. If i = 1, . . . , k and j = 1, . . . , I then 

G%i = ^2i ' Q*2i-\ an d (*2j-\ = ^2j-2 ' Q\j-\i 

where Pq = 1 by convention. In particular 

m — r 2k ' 

Similar to the equations ()5.138[) . (|5.14()|) and (|5.141j) that the groups P 2 * satisfy, the following 
equations are satisfied by the groups Q 2i _i- 

N(P 2i in Q 2 i-i • Q21+1 Q2H-1) = Q21+1 Q2t+l, (5.158a) 



N(P 2 , P A ,..., P 2l in Q* t+1 ) = Q 2l+1 Q 2t+1 (5.158b) 

and 

N(P 2 , ...,P 2i m Q* 2l+1 ) = Q 2i+1 , (5.158c) 

for all i, t with 1 < i < t < I. 

The proof of (|5.158a|) is similar to that of (|5.138|) , using (|5.33|) in the place of 1)5. 34 j) • 
The equation (|5.158b|) follows by repeated applications of equation (|5.158a|) (as (|5.14Uj) followed 
from (|5.138[0 . while (|5.158c|) is a special case (when t = i) of ()5.158hjl . 

In the proposition that follows we rewrite ()5.141|) and (|5.158cj) in a slightly different way. 

Proposition 5.159. For all i = 1, . . . ,k we have 

N(Q 2i _i in P* 2l ) = P 2i . (5.160) 

Ifi = 1,2, ...,l- 1 then 

N(P& in Q* 2i+l ) = Q 2i+1 . (5.161) 

Proof. We use induction on i to prove (|5,16Uj) and (|5.161|) simultaneously. As Q\ = Q\ is a 
normal subgroup of G, it is clear that N(Q\ in P 2 * ) = ^2* = ^2- Hence (|5.160j) is true for i = 1. 
Furthermore, (|5.158c|) for i = 1 coincides with (|5. 161(1 for i = 1. Thus the proposition holds for 
i = 1. 

Assume the proposition is true for all i with 1 < i < t, for some t = 2, ... ,1 — 1, (note that either 
k = I or k = I— 1). We will prove it also holds for i = t, i.e., we will show that N(Q 2t _-y m P*tt) = ^2t 
and N(P 2t in Q 2t+1 ) = Q2t+i- According to (|5.141|) we have that 

P 2t = N(Q X , Q 3 , . . . , Q 2t -i in P^) < N{Ql t _ x in P 2 * ). 

Hence the right side of (|5.16U|) for i = t, is contained in the left side. For the other inclusion, we ob- 
serve that, by induction, Q 3 = 7V(P 2 * in Q* 3 ),Q 5 = N{P£ in Q* 5 ), . . . ,Q 2t -i = N(P^ t _ 2 in Q 2t _ x )- 



82 



In view of Propositions 15.1321 and 15.1551 P 2r = P 2t n G 2r and Q 2 r-i = Qlt-l n ^2r-v Hence 
N[Q2t-i m ^2t) normalizes both P 2r (as it is a subgroup of P 2t ) an d Q2V-1 ( as ^ normalizes 
the group Q^-i) whenever 1 < r < t. Hence, N(Q 2t _ 1 in P 2t ) also normalizes the groups 
Q 3 = N(P 2 in Ql), ... , Q 2t -i = N(P 2 * t _ 2 in Q 2t _i)- So tne left side in Q5.16UJI for i = t is contained 
in the right, and the inductive step for the first equation is complete. 
The proof for (|5.161j) is similar. Indeed, according to (|5.158cj) we get: 

Q 2t+1 = N(P 2 , P 4 ,...,P 2t m Q* 2t+1 ) < N(P* t in Q* f+1 ). 

Thus the right side of (|5.161|) for i = t, is contained in the left side. 

For the other inclusion, we observe that (|5.16U|) holds for all i with 1 < i < t. Hence, P 2 = 
N(Ql in P 2 *),P 4 = N{Q* in P*), ...,P 2t = ^(Q^-l in P 2t)- Furthermore, Propositions l5~T321 and 
EES imply that N{P 2 * t in Q* 2t+ x ) normalizes the groups P 2r and Q 2r _i whenever 1 < r < t. So it 
also normalizes the groups P 2 , P4, . . . , P 2 t- Hence N(P 2t in Q 2t+ i) < N(P 2 , . . . , P 2t in Q 2t+1 ). This 
completes the proof of Proposition 15. 15§1 for all i with 1 < i < I — 1. 

It remains to show that, in the case where k = I, equation (|5.16U|) holds for i = k. But even in 
this case the same argument we gave in the inductive proof of 1)5.160(1 works, as (|5.161|) is valid for 
all i = 1, 2, . . . , I — 1 = k — 1. Hence Proposition I5.15TH holds in all cases. □ 

We close this section noticing that we have some freedom in the choice of P 2 * and Q 2i _ l7 i.e., 

Remark 5.162. As we have see in Remark 15. 1241 conjugation by any g € G* leads to a new choice 
of the P 2 i, Q 2 i-i, a 2 i and /?2i-i satisfying the same conditions (for the same G{ and Xi) as the 
original choices. This conjugation replaces each P 2 * or Q 2i _i by its g-conjugate. In particular, 
we can choose g G G* so that (P 2k ) g and (Q2/-1) 51 are an y given 7r-Hall and 7r'-Hall subgroups, 
respectively, of G* m . 
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5.7 When tt- split groups are involved 

In this section we are interested in the special case where 7r-split groups appear in the normal series 
(|5.2|1 . In particular, we will see that the triangular sets, in this case, have a very simple form. What 
we mean for a group to be 7r-split is given in 

Definition 5.163. A finite group H is called 7r-split if it is the direct product 

H = x H n ' 

of a 7r-group H n , and a 7r'-group H n /. 

Obviously, H n and H n i are the unique 7r-and 7r'-Hall subgroups of H. Also, if S is any subgroup 
of H, then S is also 7r-split. Furthermore, if X € Irr(H) is an irreducible character of H , then x 
also 7r-splits as 

X = Xtt X Xtt', 

where Xn G I rr (^7r) and Xn' £ irr (-^7r') are the 7r-and 7r'-parts to which x decomposes. 

Assume now that the normal series (|5.2[) . in addition to its usual properties described in Hy- 
pothesis contains some 7r-split group Gi, for some i = 1, . . . ,m. Clearly, if Gi is 7r-split then 
Gj is also 7r-split for all j = 1, . . . , %. Let s be the largest integer, with 1 < s < m, such that G s is 
7r-split. Note that s is necessarily bigger than as G\ is a 7r'-group and thus a 7r-split group. Let 

{Xo,Xl)--->Xm} (5.164) 
be a fixed but arbitrary character tower for (|5.2|) . Then 

Gj = Gj ;7r x Gj i7r /, (5.165a) 
Xi = Xi,7r x Xi l7 r', (5.165b) 

whenever < i < s. Furthermore, the groups G* and G* defined in Section [5.51 (see ()5.129a|) and 
(|5.129b|l ). and their characters x* (see (|5.13()a)l ). satisfy 

G* = G*^ x G* y = G it *(xi, • • ■ ,Xi-i) x G iy (xi, • • .,Xi-i), (5.166a) 

X* = X*,k x X* )7r ', (5.166b) 

whenever < i < s. 
Let 

{•FV)Q2t-l[a2rj/%i-l} r io ) i=l> (5.167) 

be a representative of the conjugacy class of triangular sets of (|5.2|1 that corresponds to the tower 
(|5.164j) . by Theorem l5.6l All the groups, their characters, and their properties, that were introduced 
and proved in the previous sections with respect to a given triangular set, (like Q2i-i,2r, P2r,2i-i, P£ r 
etc.), are applied to the set H5.167|) . Furthermore, we write 

l s ■= [( fl + i)/2] and k s := [a/2], (5.168) 

for the greatest integers less than (s + l)/2 and s/2, respectively. (This agrees with the definition 
that was given in (|5.7|) . 

In the situations where ()5.165|) occurs, the first n groups in the triangular set ()5.167|) are unique 
and satisfy 
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Theorem 5.169. Assume that (|5.165f) holds. Then 

Plr = P% r = G\ r<E = G2r,Tr(Xl> ■ • • ; X2r-l); (5.170a) 

Q2i-1 = Q2i-1 = G 2i-l,7r' = ^i-LTrCXl) • • • > X2i-2), (5.170b) 

G 2r = ^2r X Qlr-l = G2 r ,2r-1 = G%r,1ri (5.170c) 

G^i-l = P2i-2 X Q21-I = G2i-l,2i-2 = G-2.i-\,2i-U (5.170d) 

OL2r = «2r = Xilr.ir) (5.170e) 

P2i-l = X*2i-iy, (5-170f) 

X2r = X2r,2r = «2r X /?2r-l, (5.170g) 

X2i-1 = X2i-l,2i-l = G>2i-2 X /3 2 i-l- (5.170h) 

whenever 1 < r < k s and 1 < i < Z s . 

Furthermore, the groups P2 <! -P4 <! • • • <! i"2fc s anc ^ Qi 55 Q3 55 • • • <! Q2i s -i> form a normal series 
for P2k s a nd Q2i s -\, respectively. In addition, P2k s centralizes Q 21 s -i- Thus 

P2r,2t+1 = P%r and Q2i-l,2j = Qzi-i, (5.171) 
«2r,2i+i = ct 2r and fci-l^j = &2i-\, (5.172) 

whenever l<r<t<l s — 1 and 1 < i < j > < k s . 

Proof. Corollary 15.1571 along with ()5.166b ). implies that G* 2r = G 2r7r x G 2rn , = P 2r ■ Q* 2r _i and 
G 2i-1 = G 2i _ x n x G* 2i _ x n , = P 2i _ 2 • Q21-1, whenever 1 < r < k s and 1 < i < l s . Note that the last 
such group is G*, wich satisfies 

G*s = x G* s y = P 2 * fcs • Q 2 i s -\- (5.173) 

Hence 

P%r = G2r,n(Xl> • • j X2r-l) = G* 2r ^ = G*2 r+l lT , (5.174) 

Qli-i = G 2 i-i,7T'{xi, ■ ■ ■ ,X2i-2) = G* 2i _ iy = G 2i>7r ,, while (5.175) 
Pk n = G* 2ks) * and = G* 2ls _ iy , (5.176) 

for all r, i with 1 < r < l s and 1 < i < k s . This, along with Proposition 15 . 1 5TJ1 implies 

P 2r = N(Q 2r _ 1 in P; r ) = N(G* 2ry in G* 2r>n ) = G* 2ry = P 2 * r , 
Q21-1 = N(P 2i _ 2 in Q* 2i _i) = N(G* 2i _ l ^ in G 2 i-i,7r') = G^-i.tt' = Q-k-i* 

whenever 1 < r < A; s and 1 < i < l s . Hence (|5.170h .b) holds. 

Furthermore, the fact that the groups P 2 ,P£, . . . , P 2ka form a normal series for P 2ks (see Propo- 
sition I5.132J) , implies that P 2 < P^ < ■ ■ ■ < P2k 3 is a normal series for P2k s ■ Similarly, the ir'- 
groups Q21-1 form a normal series Q\ < Q3 < • • • < Q2Z s -i for Q2i s -i- According to (|5.173f) the 
7r-Hall subgroup P2k s of G* centralizes the 7r'-Hall subgroup Q2i s -i of that same group. Hence 
P2r centralizes Q21-1, for all r = l,...,k s and i = l,...,l s . Thus (see (|5.33|) and (|5.34jl ). 

Q2i-l,2j = C(P2i, . . . , P23 in Q]2i-\) = Q2i-\ and P2r,2t+1 = C{Q2r+l , ■ ■ ■ , Q2t+1 in P2r) = P2r, 

for all 1 < i < j < k s and 1 < r <t <l s — 1. Furthermore, the P21, ■ ■ ■ , i-2j-Clifford correspondent 
02i-i,2j of /?2i-i coincides with $2i-\- Similarly we get that a2 r ,2t+i = «2r- Hence the last part of 
the theorem holds. 
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To prove (|5.170b .d) it suffices to notice that, according to (|5.92f) and (|5.93f) 




Plr X Q2r-1, 
-F*2r X Q2r-l,2r, 

P21-2 x Q21-1, 

P2i-2,2i-l x Q21-I 



for all r = 1, . . . , k s and i = l,...,l s . But Q2r-i> = Q2r-\ and P2i-2,2i-l = ^2i-2, by (|5.171|) . 
Thus all the above products are direct, and we get 



So (|5.17Ub ) holds. The proof for (|5.17Uti ) is analogous. 

Notice that (|5.170b .d) clearly imply that the groups P<i r and Q2i-i, as characteristic sub- 
groups of G\ r and G^i-D respectively, are normal subgroups of G* = G(xii ■ ■ ■ ■> Xm)i for all 
r = 1, . . . , k s and i = 1, . . . ,l s . This is actually the reason that the group G2 r ,2r, defined as G2 r ,2r = 
N(P , . . . , P 2r , Qi, ■ ■ ■ , Q2r-\ in G 2r (xi, X2r)) in (|5.91j). coincides with G 2r (xi, X2r) = G* 2r , 
for all r = 1, . . . , k s . (Similarly we work for the group Cr2i-i 2i-i)- In addition, this implies that 
the CP2, . . . , cP2r, cQi, . . . , cQ2r-i-correspondent X2r,2r of \2r is nothing else but a multiple Clifford 
correspondent, and thus coincides with X2v i- e -> X2r,2r = X*2r- Similarly, X2i-i,2i-i = X2i-f But, ac- 
cording to (j5.92j) and (j5.93|) . we have that X2r,2r = «2r X /?2r-i,2r and X2i-i,2i-l = "2i-2,2i-i x foi-i- 
Hence 



whenever 1 < r < k s and 1 < i < l s . This, along with (15.166b ). implies (|5.17Ut '.g.h) and one 
equality in (|5.170b). namely a 2r = X2r,n- 

It remains to show that a\ r = a2 r - But a* 2r 6 Irr(P 2 * r ) is the Q3, . . . , Q2r-i-correspondent 
of ct2r € Iri'(P2r), while P 2 *r = P%r centralizes the 7r'-groups Q3, . . . , Q2r-i, for all r = 1, . . . , k s . 
Thus this correspondence is trivial, i.e., a\ T = o<2r, for all such r. This completes the proof of the 



The following is a straight forward application of Theorem 15. 1691 

Corollary 5.177. Assume that G{ and Xi satisfy (|5. 165f) . for all i = 1, . . . , s. In addition, assume 
that G fixes %i f or all i = 1, . . . , s — 1. Then the triangular set (|5.167j) satisfies 



G2r,2r-1 — G2r,2r — P2r x G]2r-\ — P^r X Q2V-I 



X*2r — X2r,2r — «2r X 02 r -l,2r — &2r X /?2r-l, 
X2i-l = X2i-l,2i-l = «2i-2,2i-l x /?2i-l = «2i-2 x /?2i-l, 



theorem. 



□ 




(5.178) 
(5.179) 
(5.180) 
(5.181) 
(5.182) 
(5.183) 



«2r — X2r,n, 
foi-l = X2i-1,7T') 



X2r = a 2r X (3 2r -l, 
X2i~l = «2i-2 X (3 2 i-l 



whenever 1 < r < k s and 1 < i < l s . 
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Chapter 6 



The Group G' 




Assume that a finite odd group G is given, along with a normal series (|5.2[) and a fixed triangular 
set for this series. We have already seen in Section 15.51 how to define the characters a 2i of the 
product groups P 2i whenever 1 < i < k. In this chapter we analyze the group G' := G(a 2k ) with 
ultimate purpose to reach triangular sets for this group. 

6.1 Tr'-Hall subgroups of G': the group Q 

The following remark is an easy consequence of Proposition 15.1531 and the fact that G' normalizes 

P 2i = P 2k n G 2i- 

Remark 6.1. G' = G(a* 2k ) = G{a\,a%, ■■■ , a* 2k ) 
Proposition 6.2. For every i = 1, . . . , k we have 



Proof. Let Tj = G'(Pi, (hi-l) for some fixed i € {l,...,k}. In view of Remark 16.11 we 
have that Tj fixes a 2 , . . . ,a 2k , and thus normalizes the groups P 2 , P| , . . . , P 2k . Furthermore, 
it normalizes the 7r'-groups Qi, Q 3 , . . . , Qn-\ and therefore also normalizes the product group 
P2i--- p 2k = N(Qi,Q 3 , . . . Q 2i -i in P* k ) (see (15.1401) ). As T { fixes /3 2 i-i £ Irr(Q 2i -i) and normal- 
izes P 2 i---P2k, h also fixes the Pn ■ ■ ■ P2fc-Glauberman correspondent /?2i-i,2fc G Irr(Q2i-l,2fc) °f 
(3 2 i-l (see Definition I5.49|) . This implies l|6.3aj> . 

We will use induction on i to prove ()6.3b|) . If i = 1, then obviously T% = G'{j3\) = G'(xi), 
as Pi = Xi- Also, T\ normalizes -P2 = P£ and fixes 02 = a 2 - Hence it also normalizes P 2 ■ Qi = 
G ! 2(/?i) (see (|5.70|l ). and thus fixes the canonical extension @f of Pi to P 2 Q\- Therefore it fixes 



the character X2,i = «2 • P\ (see (|5.71a|l ). According to (|5.68|) we have 7i(xi,X2) = X2,l)- 
But Ti(xi) = Ti = Ti(x2,i), while xi,l = Xi- Hence Ti(x2) = P\{x\,X2) = ?i(xi,i, X2,l) = T x . 



Therefore, T\ fixes X2 and ()6.3b|) is proved for i = 1. 

Assume (|6.3b|) is true for i = t — 1 and some t = 2, 3, . . . , k. We will prove it also holds for i = t. 
The inductive hypothesis implies that 



G'{Pi, ■ ■ ■ ,/?2i-l) < G'(p 2 i-i,2k) and 

G'(Pi, . . . ,P 2 i-i) < G'(xi, ■ ■ -,X2i) < G'(xi, ■ ■ -,X2i-i)- 



(6.3a) 
(6.3b) 



In addition 



G'(Pi, ■■■ , P21-1) < G'{xii ■■■■> X2l-i)- 



(6.3c) 



T t = G'(p 1 ,p 3 ,...,p 2t - 1 )<G'(p 1 ,p 3 ,...,p 2t - 3 )<G'(xi,X3,... 



,X2t-2)- 
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Thus it suffices to show that T t fixes X2t-i and \2t- By (|5.92|) and (|5.93|) we have 

X2t-l,2t-l = «2t-2,2t-l x &2t-l 
X2t,2t-l = OL 2 t ■ &%t-\- 

We have already seen that Tt normalizes ^24-2 and P2.f1 anc ^ fi xes their characters 0^-2 ano - a 2t- 
Also it normalizes Q\, . . . , Q2t-3, Q2t-i, and thus normalizes P2t-2 = N(Qi, . . . , Q2t-3 in -^2*4-2) 
and P 2t = iV(Qi, . . . ,Q 2 t-i in P 2 *t)' ( see <|5.141j) N |. Hence T t also fixes the Qi, Q3, . . . , Q 2 t-3- 
correspondent 024-2 £ Irr(P2t-2) of «2t-2> as well as the Q\, . . . , (52t-i-correspondent ot2t G Irr(p2t) 
of arjt (see Proposition 15 . 14^)) . As Tt also normalizes Q2t-i, it fixes the Q2t-i-Glauberman corre- 
spondent a 2 t-2,2t-i G Irr(P 2 t-2,2t-i) of 0^-2 G Irr(P 2 t-2)- So T t fixes the characters a 2 t, «2t-2 and 

tt2t-2,2t-l- 

Also T fixes /?2t-i and normalizes P2fQ2t-i = G2t,2t-i (see (|5.92|) 1. Hence it fixes the canonical 
extension filt-i € Irr(G 2t ,2t-i) of f3 2 t-i to G 2 t,2t-i- Therefore, T t fixes a 2 i_ 2 ,2*-i , fct-i , ot^t and 
@2t-ii and thus fixes X2t-i,2t-i and X2t,2t-i- This, along with the inductive hypothesis on Tt, 
implies that 

Tt(Xl, X3> • • • >X2i-2 5 X2t-l,2t-l,X2t ) 2t-l) = ^. (6.4) 

We note that T t normalizes all the 7r-groups P 2 , P4, . . . , P 2 t-4, P2t-2- This is clear, as for every 
j = 1, . . . , t — 1 we have P 2 j = N(Q\, . . . , Q2j-i in P2J) (by (15.1411) ). Hence we conclude that T t < 
N(Qi, Q 3 , . . . , Q2t-i, P2, Pi, • • • , P2t-2 in G). Therefore Theorem 15.881 (part 3 for n = 2t and n = 
2t-2 respectively) implies that T t (xi, ■ ■ • > X2t) = P*(xi,2t-i, • • • , X2t,2t-l) and T t (xi, ■ ■ ■ , X2t-2) = 
T t (xi,2t-i, ■ ■ ■ ,X2t-2,2t-i)- Hence 

Tt{xu ■ ■ ■ j X2t) = Pt(Xl,2t-l) • • • , X2t,2t-l) 

= Pt(Xl,2t-l) • • • j X2t-2,2«-l)(X2t-l,2t-lj X2t,2t-l) 
= T t {xi, ■ ■ • , X2t-2)(X2t-l,2t-l,X2t,2t-l) 

= T t . by (El 

So T 4 < G"(xi, . . . , X2t)- This proves the inductive step for i = t, and thus (|6.3b|) for every 
i = 1, . . . , k. 

It remains to show (|6.3cjl . Observe that this additional case is not covered by (|6.3b|) only when 
m is odd, since for m even we have k = I. The arguments for this last step are similar to those 
we used at the inductive step. Indeed, T\ fixes 01*21-2 and thus fixes its Q%, . . . , <52/-3-correspondent 
«2«-2 G Irr(P 2 ^_2)- It also fixes the Q2/-i-Glauberman correspondent a2Z-2,2/-i of 0:22-2- Hence 
Ti fixes a 2 z-2,2J-l x P21-1 = X2i-i,2i-i (see l)5.93Jl). Therefore, T\ = T;(xi, • • • , X2fc , X2i- i,2Z-i)- 
Furthermore, T\ < N(Q\, . . . , Q21-1, P21 • • • , P2/-2 in G). Therefore, Part 3 of Theorem 15 . 881 implies 
that 

P«(Xl> • • • , X2/-l) = Pz(Xl,2Z-l, • • • ,X2l-X,2l-l) 

= Pz(Xl,2Z-l, • • • , X2l-2,2l-l){X2l-l,2l-l) 
= Ti(xi, ■ ■ ■ , X2l-2){X2l-l,2l-l) 

= T h 

So Ti < G'(xi, ■ ■ ■ , X2i-i)- This proves (|6.3c() and completes the proof of the proposition. □ 

Our next goal is to show that the smallest group in ()6.3b|) has 7r-index in the largest one. The 
following lemma helps in this direction. 
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Lemma 6.5. If T < N(Qi, . . . , Qn-i in G 1 ), for some i with 1 < i < I, then 

T{Xi,---,X2i-i) < T{(3i,. . . ,l3 2i -i). 

Proof. We will use induction on i. If i = 1, then the lemma is obviously true, as xi = A, so that 
T(xi) = T(Pi) for any T < G. Assume that the lemma holds for all i = 1, ... ,t — 1, and some 
t = 2, 3, . . . , I. We will prove it also holds for i = t. 

Let T be a subgroup of N(Qi, . . . , Q 2 t-\ in C). Then, according to the inductive hypothesis, 
T(xi, X2t-l) < T(xi, • • • , X2t~3) < T((3i, fats)- Furthermore, in view of RemarkEU the 
group T fixes the characters a 2 , a|, . . . , a^fc an d normalizes the groups P 2 *j -^4 ; • • • 1 ^2fc- Hence T 
normalizes the groups P 2 i = N(Qi, ■ ■ ■ , Q.2i-\ in P 2i ) (see (|5.141[l ). as well as the product groups 
P2i---P2k = N(Qi,...,Q 2 i-i in P* k ) (see (15.1401) ). whenever 1 < % < t. So we get that T < 
N(Qi, . . . , Q2t-i,P2, • • • 1 P2t-2 in G), which, in view of Theorem 15.881 ( Part 3), implies that 

T{xi: • • • 5 X2t-i) = T(xi,2t-l, ■ ■ ■ , X2t~l,2t-l)- 

Hence T(xi, ■ ■ ■ , X2t-i) fixes X2t-i,2t-i- But the last character equals a2t-2,2t~i X (fat-is (see (|5.93jl ). 
Hence T(xi, • • • , X2t-i) fixes fkt-i- Therefore Tfci, ■ ■ ■ , X2t-i) < T(fii, . . . , fats, fitt-i)- 

This completes the proof of the inductive argument, and thus that of Lemma 16.51 □ 

Theorem 6.6. There exists a tt' -Hall subgroup Q of G' such that, for every i = 1, . . . ,1, we have 

S(X1> • • • ,X2i-i) e HalV(G'(xi, . . . ,X2i-i)) (6.7a) 
Q(Xi,...,XM-i) < Q(/?i,...,/?2i-i). (6.7b) 

Furthermore, whenever 1 < i < I — 1 w;e /zaue 

Q(Xl,---,X2i-i) normalizes Q 2 i+i- (6.7c) 

Proof. As 

G'(xi, • • • , X2/-i) < G'(xi, • • • , X2i- 3 ) < • • • < G'(xi) < G', 

it is obvious that we can pick a 7r'-Hail subgroup Q of G' that satisfies (|6,7aj) for all i = 1, . . . , I. 
We will modify Q, using induction on i, so that the rest of the theorem also holds. 

If i = 1, then we obviously have that 1)6. 7b|) holds, as xi = Pi- Thus it suffices to show that 
we can modify Q so that ()6.7a|) holds for all i = 1, . . . , I while ()6.7c|) holds for i = 1. According to 
Remark IO and flTTO . the group G' fixes a\ = a 2 . Hence G'(/?i) < G(a 2 ,Pi). Therefore, G'{p{) 
normalizes G3 (0:2 , /?i ) , and thus Q(/3i) normalizes Gs(a 2 , According to ()5.93|) . the semidirect 
product Q3 K P 2 equals ^3(0:2, As the 7r'-group Q(/?i) normalizes Q3 IX P 2 , it has to normalize a 
iVconjugate of Q3. Hence Q(/3i) CT2 normalizes Q3, for some a 2 S P 2 . But P2 fixes a\ k (as P2 < P 2 k) 
as well as /3i = xi- It also fixes the characters X2> ■ • • , X2/-1 as P 2 < G 2 < ■ ■ ■ < G 2 i-x- Therefore, 
P2 < G"(xi, • • • ,X2i-i) whenever 1 <i <l. Hence Q(xi, • • • ,X2i-i)' 72 = Q a2 (xi, ■ ■ ■ ,X2i-i) and, in 
addition, Q 72 and Q CT2 (xi> ■ ■ ■ , X2i-i) are 7r'-Hall subgroups of G' and G'(xi, • • • , X2i-l) respectively 
(as Q and Q(xi, • • • ,X2t-l) are, and P 2 < G'(xu ■ ■ ■ ,X2i-i))- Furthermore Q°" 2 (xi) normalizes Q 3 . 
Hence the group Q°" 2 satisfies ()6.7a|) for every i = 1, . . . , I as well as ()6.7b|) and (|6.7c|) for i = 1. So 
we can replace Q by Q CT2 and assume that (|6.7a|) holds for every i = l,...,l while (|6~7h|) and (lETTc) 
hold for i = 1 

The same type of argument as the one we gave for i = 1 will make the inductive step work. 
So, assume that Q has been modified so that it satisfies (|6.7aj) for all % = 1, . . . , I, and in addition, 
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satisfies the rest of the theorem for all i < t — 1, for some t = 2, . . . , I — 1. We will show that there 
is a G'-conjugate of Q that satisfies (|6.7a|) for all i = 1, . . . , I and the rest of Theorem 16 .61 whenever 
1 < * < t. 

According to the inductive hypothesis Q(xi, . ■ ■ , Xzt-l) < Q(xu ■ ■ Xzts) < < Q(xi) 
while, Q(xi, ■■■ , X2i-i) normalizes the group Q 2i+ i for alH = 1, . . . , t - 1. So Q(xi, ■■■ , X2t-i) 
normalizes the groups Q\, . . . , Q2t-3, Q2t-i- Hence Lemma 16.51 implies that Q(xi 5 ■ ■ ■ > X2t-i) < 
Q(Pi, ■ ■ ■ , /?2*-3) p2t-l)- This, along with the inductive hypothesis, implies that 

Q(Xi,...,X2i-l) < Q(Pi,...,ft»-i), (6.8) 

whenever 1 < i < t. 

The group Q(xi, ■ ■ ■ , X2t-i) fixes the characters a* 2i and normalizes the groups Qn-i and P 2 i for 
all i = 1, . . . , t. Hence Proposition 15. 1491 implies that Q(xi> • • • > X2t-i) also fixes the Q3, . . . , Q 2 {-i- 
correspondent a 2 { G Irr(P2«) of a* 2i G Irr(P 2 *) for all such i. This, along with (|6.8j) . implies 
that Q(xi, • • • ,X2t-i) < Q(/3i,...,/32t-i,a2,---,«2i)- Hence Q(x i, ■ ■ ■ , X2t-i ) nor malizes the group 
G2t+i(/3i, • • • ,02t-i,O!2, ■ ■ ■ ,ct2t), (as G 2 t+\ ^ G). According to (|5.93|) and (|5.91j) the latter group 
equals G 2 t+i,2t = P2t x Qat+l- Hence the 7r'-group Q(xi, ■ ■ ■ , X2t-i) normalizes P 2 t x Q2t+i, 
and thus normalizes a P2t-conjugate of Q2t+i- Thus there exists an element a G P 2 t such that 
Q(xi, • • • , X2t-\) a normalizes Q2t+i- But P 2t is a subgroup of G 2 t+i,2t, where the latter group equals 
N(Qx, . . . , Q 2 t-i,P 2 , ■ ■ ■ , P 2 t in G 2t +i(xi, ■ ■ ■ , X2t)) (see (|5.91|l \ Therefore, P 2t fixes the characters 
X\i ■ ■ ■ iX2t- Furthermore, P 2 t < G 2 t+i < G 2 t+ 2 < ••• < G^-i which implies that P 2t also fixes 
the characters X2t+i, X2t+2, • • • , X2Z-1- Hence Q CT (xi, • • • , X2i-i) = Q(xi, • • • , X2i-i) CT , whenever 
1 <i <l. As P 2t also fixes a* 2k , we get that P 2t < G'(xi, X2i-i)- So, Q CT and Q CT (xi, • • • , X2i-i) 
are 7r'-Hall subgroups of G' and G'(xi, • • • , X2i-i) respectively, (as Q and Q(xi ; • • • j X2i-i) are) for 
all i = 1, . . . , I. Hence (|6.7a|) holds for the group Q a and alH = 1, . . . , I. 

Furthermore, P 2 t fixes the characters Pi, ... , P 2 t-i, by (|5.17c|) . So for the u-conjugate Q a of Q 
we get that <2 CT (/?i, . . . , fhi-l) = Q(Pl, ■ ■ ■ , P2i-i) a whenever i = 1, . . . ,t. Hence in view of Qfi.8|) we 
get 

Q a (xi, • • • , X2i-i) = Q(X1, ■ ■ -,X2i-i) a < Q(Pi, ■ ■ ^fci-iV = Q a (Pl, ■ ■ -,(hi-i), 

whenever 1 < i < t. Thus ()6.7b|) holds for Q a and all i = 1, . . . , t. As far as (|6.7c|l is concerned, 
we note that a was picked so that Q T {xi-> ■ ■ ■ j X2t-i) normalizes Q 2 t+i- Also for every i with 
1 < i < t, the inductive hypothesis, along with the fact that P 2 t normalizes Q 2 i+i, implies that 
Q a (xi, ■ ■ ■ j X2i-i) = Q(xi> • • • ) X2i-i) a normalizes Q 2 i+i- Hence Q a also satisfies ()6.7c|) for all 
i = 1, ... ,t. This completes the inductive proof. So there exists a 7r'-Hall subgroup Q of G' that 
satisfies (|6.7aj) for i = 1, as well as (|6.7b)l and ()6.7c|) for i = 1, . . . , I — 1. 

To complete the proof of the theorem it suffices to show that Q satisfies 1)6. 7b |) for i = I. 
The group Q we have picked so far satisfies that extra condition. Indeed, Q(xi> • • • 1 X21-3) < 
Q(fh, P21-3), by (|6.7bj) fo r i = I -I. So Q(xi, • • • , X2i-i) normalizes the groups Qi,..., Q 2 i-3- 
It also normalizes Q21-1 by (|6.7c|) for i = I — 1. Hence Lemma f6.5l with T = Q(xi,-- - ,X2«-3) 5 
implies that Q(xi> • • • > X2Z-i) < Q{Pli ■ ■ ■ 1 fhl-l)' This completes the proof of the theorem. □ 

The following fact was proved in the i = 1 case of Theorem 16.61 We state it here separately as 
we will use it again later. 

Remark 6.9. The group G'(fii) normalizes G 3 (012, Pi)- 

As an easy consequence of Proposition 16.21 and Theorem 16.61 we get 
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Corollary 6.10. For every i = 1, . . . , k we have 

HaMG'Oft, • • • , fhi-i)) Q HaJV(G'(Xi, • • • > Xa)) £ HahV(G'( X i, • • • , Xa-i)), 

HalV(G' (/?!,. . . ,/3 2J _i)) C HalV(G'(xi, • • ■ ,X2Z-i))- 
Proof. We only need to note that in view of (|6,3b|) we have 

G'(xi, • • • , X2i-i) > G'(xi, X2i) > G'(Pi, ^-i). 
The rest follows from l|6.7a|) . 1)6. 7b|) and (|6.3c|) . □ 

A similar statement to that of Corollary 16.101 holds for G'(^2i-l,2fc) an d G'{(3\, . . . To 
prove it we start with the following general lemma. 

Lemma 6.11. Assume that V is a ir-subgroup of a finite group Q, and that S±,S and T are ir'- 
subgroups of Q such that T normalizes V, that S normalizes the semidirect product T x V , and that 
S\ is a subgroup of S normalizing T . Then there exists t S P so that the following three conditions 
are satisfied: 

(i) S l normalizes T , 

(H) S\ < 5* and 

(Hi) t centralizes S\. 

Proof. As the 7r'-group S normalizes the product T x V, it will normalize one of the 7r'-Hall 
subgroups of that product. Therefore there exists s £ P such that S s normalizes T. Thus S S T 
forms a 7r'-Hall subgroup of S S T x V . As S\ normalizes T, the product S\T is a 7r'-subgroup of 
S S T x V =< S, T, V >. So there is some x G V such that the vr'-Hall subgroup (S S T) X of S S T x V, 
contains S\T . Hence T < S\T < S SX T X . As T is a 7r'-Hall subgroup of T x V, it follows that 

T = S sx T x f](T kV). 

Now, the group T x clearly normalizes the intersection S SX T X n (T x V) = T. Hence 

T x = T. 

Even more, Si < S X T < S SX T X . So 

Sx <s sx Tn(s k?) =s sx . 

Hence if we take t = sx, then (i) and (ii) are both satisfied. To see that t also centralizes S\ 
we observe that S and its subgroup S\ normalize the unique 7r-Hall subgroup V of T x V . So 
the commutator [t,Si] is contained in V . Furthermore, if a E S% then a 1 E 5*, as S± < S. So 
crV E «Si<S* = 5*. But crV = [a, t] E V. Hence [a, t] 6 <S* fl V = 1, and the lemma follows. □ 

We can now prove 
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Theorem 6.12. There exists a n'-Hall subgroup Q of G' such that for every i = 1, . . . , k we have 

T < Q(#M_i, 2 fc) e HahV(G'(/?2i-i,2fc)) (6.13a) 
Q(/3 2 i-i,2fc) < • • (6.13b) 

where T := Q2i-i,2k = Q 2 jfc-i,2fc w case o/ an ewen m, or T := Q21-1 in case of an odd m. 
Furthermore, for every i = 1, . . . , I — 1 we /iaue 

Q(#2i-i,2fc) normalizes Q2i+i- (6.13c) 

Proof. Note that the group Q in this theorem need not be the same as the group Q in Theorem 

una 

Assume that m is even. Then the group Q2k-i,2k fixes a 2 fc as Q2k-i,2k = C(P 2 k in Q^k-i)- 
Thus Proposition 15.1491 implies that Q2fc-i,2fc fixes aL. Hence in the case of an even m we have 
^ = Qlk-l 2k — G' . As we clearly have that Qik—\ik fixes hk—X2ki we conclude that T = 
Q2k-i,2k < G'(P2k-i,2k)- If ^ is odd, then Corollary 15.1501 implies that Q21-1 fixes as it fixes 
a 2 k (see (|5.17e|l ). Hence, in the case of an odd m, we have that T = Q21-1 < C. Furthermore, 
Proposition 15 . 55l implies that T = Q21-1 fixes 02k-i,2k- Therefore, in the case of an odd m, and thus 
in every case, we get that T < G'(@2k-i,2k)- I n view of Table l5~2()al we also get that, independent 
of the type of T, we have 

Ql,2k < Q3,2k < < Q.2k-l,2k < T. (6.14) 

Furthermore, G'(/3 2 i-i,2fc) normalizes Q2i-i,2k, and thus normalizes Q.2r-i,2k = Q2i-i,2k H G 2r -i 
for all r = 1, . . . ,i and all i = l,...,k (see Remark I5.4U|) . Hence G' ((3 2 i-i.2k) fixes the unique 
character (3 2r -i,k of Q 2 r-i,2k that lies under (3 2 i-i.2k (see Proposition I5.55|) . Hence G'(P2i-i,2k) < 
G'^2r~i2k) whenever 1 < r < i < k. This implies that we have the following series of subgroups 

T < G'((52k-i,2k) < G'(/3 2fc _ 3 ,2/0 < • • • < G'(^2 k ) < G', (6.15) 

that is independent of the type of T. So it is clear that there exists a 7r'-Hall subgroup Q of G' 
that satisfies (|6.13aj) for all i = 1, . . . , k. As in the proof of Theorem 16.61 we will use induction on 
i to modify Q so that the rest of the theorem also holds. 

For i = 1 we note that G'{(5i^k) normalizes the groups _P 2 * fc and Q\. Hence it fixes the P 2 * fc - 
Glauberman correspondent f3\ of (5\ : 2k- Thus G'((3i t 2k) < G'(j3\). In addition, we have seen (see 
Remark f6,9|) . that G'(j3\) normalizes Gs{ot2, Pi). So Q{(5\^k) normalizes G^{a2,^\) = Qz^P2- Even 
more, T is a subgroup of Q(/3i i 2fc) and normalizes Q3, as Q 2 k-i and Q21-1 do. Hence Lemma 16. 1 H 
with S = Q(/?i )2 fc), Si = T, T = Q3 and V = P 2 , implies that there exists some a G C(T in P 2 ) 
such that Q(/3i, 2 fc) <J normalizes Q3. As cr € C(T in P2), we get that a also centralizes Q 2 j-i i2 fc for 
alH = 1, . . . , k (see (|6.14(l ). Hence a fixes the characters {5 2 i-\,2k S Irr(Q 2 j-i, 2 A;) fo r all such i.. As 
aeP 2 <G' = G(a* 2k ), we get that a G G'(p 2i -i,2k)- This implies that Q(/3 2 i-'i,2fe) CT = Q fT (/3 2i -i ! 2fc), 
and that Q(/?2«-i,2fc) cr £ Hallvr'^'^i-i^fc)) f or all i = 1, . . . , /s. Thus we can now work with Q a 
in the place of Q and conclude that this 7r'-Hall subgroup of G' not only satisfies ()6.13aj) for every 
i = 1, . . . , k, but also the rest of the theorem for i = 1. 

We will work similarly for the inductive step. So assume that Q has been modified so that it 
satisfies (j6.13a|) for all i = 1, . . . , k and, in addition, satisfies the rest of the theorem for all % < t — 1 
and some t = 1, . . . ,1 — 1. We will show that there is a G'(/3 2 fc_i j2 fc)-conjugate of Q that satisfies 
(J6.13a|) for i = 1, . . . , k and the rest of Theorem 16.121 whenever 1 < i < t. The argument here is 
very similar to the one we gave for the proof of Theorem 16.61 The only important difference is 
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that Pit is not in general a subgroup of G'(/?2j-i,2fc)- So we can't just conjugate Q by an arbitary 
element of P^, or else (|dl3a|) need not hold for that conjugate. But Lemma 1(1111 will solve this 
difficulty as a can be picked from C(T in P2t). 

In view of (|6.15j) and the inductive hypothesis (as Q satisfies (|6.13a|) for all i = 1, . . . , k) we 
have that 

T < Q(/?2t-l,2fc) < Q(#2i-3,2fc) < ■ < Q(/3l,2fe). 

Therefore, Q(P2t-i,2k) normalizes Q21+1 for all i = 1, . . . , t — 1, as Q(/?2i-i,2fc) does. In view of Re- 
marking the group Q fixes the characters a^, a\, ... , o^fc anc ^ normalizes the groups P£ , P| , . . . , P 2 * fc . 
Hence Q(/32i-i,2fc) normalizes the groups i-2i (see (|5. 141(1 ) as well as the product groups P21 ■ ■ ■ ?2k 
(see (|5.140[) ) whenever 1 < i < t. 

Since Q(/?2t-i,2fc) fixes the characters &2i-\,2k and normalizes the groups Q2i-\ and P21 ■ ■ ■ P2/0 
we conclude that it also fixes the P 2 j • ■ ■ p2fc-Glauberman correspondent P21-1 £ I rr (Q2i-i) of 
@2i-i,2k £ Irr( Q 2 i-i,2fc) ; whenever 1 < i < t. Hence Q(/3 2 t-i,2fc) < G"(/?i,... ,/?2t-i)- Therefore, in 
view of (IPb|l . we get that 

G(ftt-i,2*) <G'(/?i,...,/32t-i) <G'(xi,---,X2t). (6-16) 
This, along with the inductive hypothesis and ()6.3b|) . implies that 

Q(^2i-i,2fc) < G"(/3i, . . . , /?2i-i) < G'(xi, • • • ,X2i), (6.17) 

for all i = 1, . . . , t. 

If we collect all the groups that Q(f32t-i,2k) normalizes, and the characters it fixes, we have 

G(ftt-i,2fc) < N(P 2 , . . . ,P 2t , Qi, . . . , Qafr-a in G( Xl , • • • , X2t))- 

Hence Q (/? 2 t- i,2fc) norma lizes the group iV(P 2 , P 2t , Qi, Q2t-i in G 2 t + i(xi, X2t))- In 
view of (|5.91f) and (|5.93|) . the latter group is G^t+i^t = P2t XI Q2t+i- Furthermore, T normal- 
izes Q2t+i- (Note here that, at the last case where t = 1 — 1, the last 7r'-group is Q2t+i = Qzi-i- We 
still have that T normalizes Q2t+i as, if m is even, then Q2t+i = Q21—X = Q2fc-i is normalized by 
Q2k-i,2k = T, while if m is odd, then clearly T = Q21-1 normalizes Q2t+i = Q21-1-) The inductive 
hypothesis implies that T < Q(02t-l,2k)- Also Q(/3 2 i-i,2jfc) normalizes P2t x Q2t+i> while its sub- 
group T normalizes Q2t+i- Therefore Lemma 16 . 1 II applies and provides an element s € C(T in P2j) 
such that Q(/?2t-i,2fc) s normalizes Q 2 t+i. As s £ C(T in Pat), the inclusions (|6.14l) imply that s 
centralizes Q 2 i-i,2fc for alH = l,...,k. Hence s G ^(a^, 02i-i,2k)- Thus 

r < Q(&i-i,2fc) s = Q s (/?2i-i,2fc) and 

Q(#H-i,2k)' 6 HalV(G'(^_i )2fc )), 

whenever 1 < i < k. So Q s satisfies (|6.13a[l for all such i. 

Also Q s (/?2t-i,2fc) normalizes Q2t+i, while for alH = 1, . . . , t — 1 the group P2t normalizes Qzi+i- 
So Q(/?2i-i,2A:) s normalizes Q 2 i+l as <2(/?2i-i,2/c) does and s € P 2 £. Hence <2 S satisfies (|6.13c[) for all 
i = l,...,t. 

Furthermore, as P^ fixes the characters 0%, . . . , /?2t-i, we get 

S s (/?2i-i,2fc) = Q(fa-i,2kY < Q(Ph ■ ■ • ,/?2i-i) s = by $M 

s (/3i,..., foi-i), ass£F a , 
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whenever 1 < i < t. Thus Q s also satisfies ()6.13b|) for all such i. This completes the proof of 
the inductive step, and thus provides a Q € HahV(G') satisfying both ()6.13a|) and ()6.13b|) . for all 
i = 1, . . . , k, along with (|6.13cj) . for all i = 1, . . . , I — 1. 

To complete the proof of the theorem is enough to check that (|6.13b|) also holds for i = k (as 
k < I < k + 1). The argument is exactly the same one we used at the inductive step to prove ()6.16j) . 
So we omit it. □ 

An obvious consequence of Proposition 16.21 and Theorem 16. 121 is 

Corollary 6.18. For all i = 1, . . . ,k we have 

HahV(G' (A,... ,#h_i)) C HalV(G'(/3 2i _i i2fc )). 

We can now introduce the group Q. 

Theorem 6.19. There exists a ir' -subgroup Q of G' = G^a?^) such that 

QeHahV(G'), (6.20a) 
Q(#N-i,2fc) e HalV(G'(/3 2i _ lj2fc )) n Hall 7r /(G'( X i, • • • , X2i-i))n 

HalV(G'( Xl , • • • , Xm)) n HahV(G"(/3i, . . . , /3 2l _i)), (6.20b) 

Q{hi-l,2k) = Q(xi, X2i-i) = Q(xi, X2i) = Q(Pi, 02i-\) and (6.20c) 

Q(xi, • • • , X2i-l) < Q(a 2 , ax), (6.20d) 

/or all i = 1, . . . ,k. In addition, for all i with 1 < i < I — 1 we get 

Q{02i-X,2k) normalizes Q^+l- (6-21) 

Proof. Let Q be any 7r'-group satisfying the conditions in Theorem l6.12l We will show that Q := Q 
is the desired group. 

Clearly Q satisfies (|6.20a[) and (|6.21j) . for alH = 1, . . . , I — 1, as Q is a 7r'-Hall subgroup of G' 
that satisfies (|6.13c|) . Furthermore, ()6.13b|) and (|6.3a|) imply that 

Q0%i-i,3fc) <Q(/9i,...,/3 2 i-i) <Q0%i-i,2fc). 

So Q(/3 2 «-i,2fc) = Q(Px, ■ ■ ■ > Ak-i) whenever 1 < z < This, along with H6.13a|) and Corollary 
I6.18( implies that 

0(#H-i,2fc) = ■ • • ,#w-i) G HaJl w /(G'(/% i _i > 2fc)) n HahV(G'(/?i, . . . ,/3 2i -i)) 

for all i = 1, . . . , k. Which, in view of Corollary 16.101 implies that the group Q satisfies (16. 20b j) . 
According to ()6.3b|) we also get that 

Q(thi-i,2k) = Q(Px,-- -,(hi-x) < Qixx, ■ ■ -,X2i) < Q(xx, ■ ■ ■ ,X2i-x), 

as Q is a subgroup of G'. Since Q(/3 2 j-i, 2 fc) is a 7r'-Hall subgroup of both G'(xxi ■ ■ ■ 5 X2i) an d 
G'(xx, * * * , X2i-i) we have equality everywhere, and (|6.20c|) follows. 

It remains to show that (|6.20d|) also holds for Q. It follows from (|6.20c|) that Q(P2i-x,2k) 
normalizes the groups Q\, . . . , Q21-X an d fixes the characters a^, ■ ■ ■ , ct^u (by Remark 16. 1|) . for all 
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i = 1, . . . , k. So it fixes the Q3, . . . , Q 2 j_i-correspondent a 2 j of a^j, for all j = 1, . . . , i. This implies 
()fi.20ril) . Thus Theorem PTfl holds. □ 

Corollary 6.22. Assume Q satisfies the conditions in Theorem \6.iyi and that 

t G G'({3 2 k-i,2k) n G'(xi, X2k) n G'(P U . . . , /? 2 fe-i). (6.23a) 
In addition, assume that 

t G N(Q 2k+1 in G), (6.23b) 
if m = 21 — 1 = 2k + 1 is odd. Then Q t also satisfies the conditions in Theorem \6.1(A 

Proof. Obviously Q l is a 7r'-Hall subgroup of G' , as t € G'. The fact that (3 2 i-i,2k is the unique 
character of Qn-\,2k that lies under $2k-\,2ki implies that t € G' (f32k-i,2k) fixes 02i-i,2ki f° r all 
i = 1, Hence Q t (P 2 i-i,2k) = Q(P2i-i,2k) , f° r all such z. Furthermore, the definition of t 

implies that 

t g G'(/3 2i _ li2fc ) n G'Oa, . . . , X 2i-i) n G'( X i, . . . ,xw) n G'(ft, . . . ,/3 2i -i), 

for all i = 1, . . . , k. As Q(P2i-i,2k) satisfies (|6.20b|) . we conclude that Q t (P2i-i,2k) = Q(P2i-i,2kY 
also satisfies ()6.20b|) . 

Even more, as t fixes the various characters /3 2 i-i,2fc! Xj> @2i-i, for all i = 1, . . . , k and j = 
1, . . . , 2k, while q6.2Ucj) holds for Q, we get 

Q*(/%i-i,2k) = Q02i-i,2kf = Q(xi, Xat-x)* = Q\xi, X2i-i), 

Q*(Ai-i,2fc) = Q(p2i-i,2kY = Q(xi, ■ ■ ■ , xm)* = Q*(xi, • • , X2i), 

0*(A<-i,2fc) = Q(^-i, 2 fc)* = • • • = • • .,&»). 

Thus Q* satisfies (|6~2T!cT) . 

Also i fixes a^j, for alH = 1, . . . , k, as t G G' = G^a^). Furthermore it normalizes the groups 
Q3, • • • , Q21-1, as it fixes Pi, ... , 02i-i> f° r all such i. Hence t fixes the Q3, . . . , Q 2 j„i-correspondent 
ct2i of «2r Hence 

Q*(Xi! ■ ■ ■ 1 X2i-i) = <2(xi, • • , X2i-l)* < Q(«2, • • • , a 2 i)* = Q\a 2 , a 2i ). 

Thus (I6.20dj) holds for the Q*. 

By hypothesis t normalizes Q 2 fc+i = Q21-1, m the case of an odd m = 21 — 1. Thus i normalizes 
Q 2l -+l, whenever 1 < i < k. Hence (|6.21j) . for Q, implies that Q ((hi-i,2k) = Q{P2i-i,2k) t normalizes 
Qii+i = Q21+I1 for all i = 1, . . . , I — 1. So satisfies (j6.21|) . This completes the proof of the 
corollary. □ 

From now on, we write Q for a 7r'-group that satisfies all the conditions of Theorem 16.191 for a 
fixed system character tower-triangular set. An easy observation that follows from Theorem 16.191 
is 



Corollary 6.24. Assume that the normal series 1 = Go <! • • • <! G 2 fc+i < G for G is fixed (so 

\2k+: 



m = 2k + 1 is odd). Assume also that a character tower {xi G Irr(Gj)}^Q 1 for that series and its 



corresponding triangular set 

{P2i , Q21+1 \0L2i , 02i+l }i=o (6.25a) 
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are fixed. Then the reduced set 

{P2i,Qx-i,Po = Moc2i,(3 2 i-i,a = l} k i=1 (6.25b) 

is a representative of the unique conjugacy class of triangular sets that corresponds to the character 
tower {xi € Irr(Gj)}?^ of the normal series 1 = Go < • • • < G 2 k <! G of G. Furthermore, if the group 
Q is picked so as to satisfy the conditions in Theorem \6.1iA for the fixed character tower {xi}i=o^ 
and its associate triangular set, then the same group satisfies the conditions in Theorem \6.19\ for 
the smaller character tower {xi}f=o an d the reduced triangular set 16. 25b ). 

Proof. The first part of the corollary follows immediately from Remark l5.1251 As far as the group Q 
is concerned, first observe that the triangular sets in (J6.25|l share the group P 2k and its irreducible 
character a* 2k . Thus they also share the group G' = G(a 2k ). Hence if Q was picked to satisfy 
the conditions in Theorem 16.191 for the set Q6.25b ). then Q satisfies both 1)6.20(1 and (|6.21j) for all 
i = 1, ... ,k. But the conditions a q- group should satisfy to be the Q-group for the reduced set 
(|6.25b ). are Q6.2UJI for i = 1, . . . , k and ()6.21|) for i = 1, . . . , k — 1 (since in the reduced case I = k). 
Clearly Q satisfies those. Hence Corollary 16.241 follows. □ 

The following proposition describes the relation between Q((5i,--- ,P2i-i) = Q(P2i-i,2k) and 
Q2i+i,2fc- Note that Qn+ifik fixes a 2 k, normalizes Qi, . . . , Q 2 i-\ (see (|5.17e[> ) and is a subgroup of 
Q2j+i,2k < Q2j+i whenever i < j < k — 1. Hence Proposition 15. 1491 implies 

Remark 6.26. 

Ql,2k < Q2i+l,2k < Q2i+l(«2fc) — G 

whenever 1 < i < k — 1. 

We can now prove 
Proposition 6.27. For all i = 1, . . . , k — 1 we have 

Q(P2i-i,2k) n G 2 i + i = Q(Pi, . . . ,/?2i-i) n G 2 i + i = 

Q{x\i ■■■ i X2i-i) n G 2i+ i = Q(xi, ■ ■ ■ , X2i) n G 2i+ i = Q 2 i+\ }2 k- 

Proof. Since G 2 i+i is a normal subgroup of G, it follows from (I6.2()cl) and (I6.20bj) that 

Q(/?2i-i,2fc) nG 2l+ i = Q{xi, ■ ■ -,X2i) n G 2i+1 e Eall n f(G 2i+1 (al k ,xi,-- ■ ,X2i)), 

whenever i = 1, . . . , k — 1. In view of H6.2Uc|) and (|6.21l) the group Q(P2i-i,2k) = Q(Pi, ■ ■ ■ , /?2i-i) 
normalizes the groups Qi, Q3, . . . , Q 2 i+i- Furthermore, as (|6.20d|) implies, it also normalizes the 
groups P 2 , P4, . . . , P 2 i- Hence 

Q(xi, ■ ■ -,X2i)riG 2i+ i < N(P 2 , . . .,P 2i ,Q 3 , ■ ■ -,Q2i+i in G 2i+ i(a* 2k ,xi, • • -,X2i))- 
Therefore 

QiXi, ■ ■ -,X2i) n G 2i+i G HahV(iY"(P 2 ,.. . ,P 2 i,Qs, ■ ■ .,Q 2 i-i in G 2i+ i(a* 2k , xi, ■ ■ -,X2i)))- 
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According to (|5.91l) and (|5.93|) we have 



N(P 2 , . . .,P 2 i,Q3, ■ • - ,Q2i-i in G 2i+ i(a 2k ,xi, ■ ■ -,X2i)) = 

N(P 2 , . . .,P 2i ,Q 3 , ■ ■ -,Qii-i in G 2 i+i(xi) • • • ,X2i))(a 2k ) 

= G 2i+1 (a 2 , . . . ,a 2 i,/3i, • • • , I3 2i -i)(a* 2k ) = (P 2i x Q 2i+1 )(a 2k ). 

In view of (|5.33j) and Bemark 16,261 we get 

Q2i+i(«2fc) < ^"(-^fc in Q21+1) = C(P 2i+2 ...P 2k in Q 2i +i) = Q 2 i+i,2k < Q2i+i{a 2k ). 
Also, P2i(a 2k ) = P2i, as P 2i < P* k and G Irr(P* fc ). Hence 

Q(Xi> ••• ,X2i) n G 2m G Hall 7r /(P 2 i x Q2i+i,2jfc)- 

Because Q(xi> • • • > X2i) normalizes both Q 2 i+i and P 2 *fc> it also normalizes A r (P 2 * fc in Q 2 i+i). The 
latter equals Q 2 i+i )2 k and is a 7r'-Hall subgroup of P 2 i x Q 2 j+i, 2 fc- From this and the preceding 
statement we conclude that 

Qixii ■ ■ ■ 3 X2i-i) n G 2 j + i = Q(xi, . . . , X2i) n G 2 «+i = Q 2 i+i,2fe- 

This and H6.2Ucj) imply the proposition. □ 



Definition 6.28. For every i = 1, . . . , I we define 

Q2i-i :=Qn G 2 j_i. 

Let G' s denote the group G' s = G s (a 2fc ) for every s = 0, . . . , m. So G[ < G 2 < • • • < G^ is a 
normal series of G', as G s is a normal subgroup of G. Thus Theorem 16,191 implies that 

Q2i-i G HalV(G / 2 j_ 1 ), (6.29a) 
Q2i-l(/%-i,2fc) G Hall 7r /(G 2 j_ 1 (/3 2: ,-i i2 A : ))ri 
HaM<4-i(Xi> • • • ,X2i)) n HaM^M-iCxi. • • -3X2,-1)) n Hall 7r /(G / 2i „ 1 (/3i, . . . ,/%~i)), (6.29b) 
and Q 2i -i(xi, ■ ■ -,X2j-i) = Q2i-i(xi, ■ ■ ■ ,X2j) = Q2i-i{Pi, ■ ■ -,/hj-i) = Q2i-i(Ay-i,2fc)> 

(6.29c) 

whenever 1 < i, j < k. Also, for all i = 1, . . . , k and all j = 1, — 1 we have 

Q2i-l(#2j-l,2fc) normalizes Q 2 j+i- (6.30) 
Furthermore, for all i = 1, . . . , k — 1, Proposition 16.271 implies that 

Q2*+l(^2i-l,2fc) = Q2«+l,2fc- (6.31) 

As Q 2i -i(xi, ■ ■ -,X2j+i) < Qzi-i(xu ■ ■ -,X2j-i), equation (j6.29cj) implies that 

Q2i-l(/%+l,2fc) < Q2i-l(P2j-l,2k), (6.32) 
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whenever 1 < i < k and 1 < j < k. Furthermore, for all i = 1, . . . , k — 1 we have that 

Q2i-l{hi-l,2k) = Q(/?2i-l,2fc) H G 2 j_l 

= Q(/?2i-l,2fc) (~l G2i+1 PI (?2i-l 

= Q2i+i,2k n G 2 j_i by Proposition 16,271 

= Q2i-l,2k- 

In addition, ()6.32j) for i = k and j = k - 1 implies that Q2k-i{P2k-i,2k) < Q2k-i(P2k-3,2k)- The 
latter group equals Q2k-i,2k, according to (|6.31jl for « = k — 1. Hence Q2fc-i(/?2fc-i,2fc) < Q2k-i,2k- 
We obviously have that Q2k-i,2k is a subgroup of G 2 fc-i(^2fc~i), (as C;2fc-i,2fc fixes a 2fc ). But 
Q2k-i(P2k-i,2k) is a 7r'-Hall subgroup of G 2 fc-i(/^2fe-i) (see (j6,29jl for i = j = k). Therefore, 
Q2k-i(P2k-i,2k) = Q2k~i,2k- So we conclude that 

Q2i-l(/?2i-l,2fc) = Q2i-l,2k, (6.33) 

for all z = 1, . . . , k. We remark here that the the group Q\ is an old familiar, as Qi G Hall 7r '(G' 1 ), 
while G[ = Gi(a* 2k ) = Qi(a 2k ) = Qi^k- Hence 

Qi = Qi,2k = G[. (6.34) 

We also have 

Proposition 6.35. 

Q 2 i-1 G HahV(iV(P 2 * fc m Gm-i(<4_ 2 ))) 
Q2i-i(/?2i-i,2fc) e Hall 7r /(iV(P 2 * fc in G 2i _i(a 2i _ 2 , /?2i-i,2fc))) 

/or all i = 1, ■ ■ ■ ,k. 

Proof. Let if be any subgroup of N(P 2k in G 2 i-i(a 2i _ 2 )). Then if normalizes P 2k and thus 
[P* fc , H] < P* k . Also, [P* fe , H] < [P; k , G 2i -i] < G 2i -x, as P* k normalizes G 2i _i for aU i = 1, • • • , k. 
This, along with the fact that G2i-i/G2i-2 is a 7r'-group, implies that 

[ P 2k> H] — ^2*fc n ^2i-l = ^4 n G 2 j_2 = ^-2" 

W conclude that H centralizes the factor group P 2k jP2i-2- ^ i R addition, if is a 7r'-subgroup, 
then it fixes all the irreducible characters of P 2k lying above ot 2i _ 2 , as it fixes cx 2i _ 2 and centralizes 
P 2 * fc /P 2 *i-2 (see Problem 13.13 in ^U). Thus iif fixes a 2k , and so is contained in G' 2i _ 1 = G2i-i(a 2k ). 
Furthermore, 

G 2i-i = G2i-i{a* 2k ) = G 2i _i(a 2 , . . .,a* 2k ) < N(P^ k in G 2i _i(a^_ 2 )). 

Applying the above argument to any H G Hall 7r '(A r (P 2fc in G 2 j_i(a! 2 £_ 2 ))), w e see that H < 
G' 2i _i ^ N ( P 2k in G ? 2i_i(Q2i_ 2 ))- So we get that 

HahV(iV(P4 in G 2 i_i(a^_ 2 ))) = Hall 7r /(G / 2i _ 1 ). 
Similarly, applying the same arguments to any H G Hall 7r /(A r (P 2fc in G 2 i_i(a 2 i- 2 ))C#2i-i,2ifc))> we 



= Hall 7r /(A r (P 2fe in G 2 j(a 2i _ 2 ))) and 
= HahV(iY(P 2 * fe in G 2i (a^_ 2 ,/3 2i _ 1)2it ))) 
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see that H < G^^fei-i^k) < N(P£ k in G 2 i-i(a2^_ 2 ))(/3 2 i-i, 2 fc)- So we have that 
HalV(iV(P* fc in G 2 i-i(^- 2 ))(^2i-i )2 ifc)) = HalL T ,(G 2i _ 1 (^ 2i _ 1)2ifc )). 

This, along with ()6.29aj) and H6.29b|) . implies that Q 2 i-i and Q 2 i-i{f3 2 i-i i2 k) are vr'-Hall subgroups of 
N(P* k in G 2 j_i(a2j_ 2 )) and N(P* k in G 2 ^-i(a 2 i- 2 > /%i-i, 2 fc)), respectively. The rest of the propo- 
sition is obvious, as G 2 i/G 2 i-\ is a 7r-group. □ 



Lemma 6.36. Let T be any subgroup of N{P 2k in G). Then T normalizes P 2 * f or all i = 0,1, k. 
Furthermore, 

N(Q l ,Q 3 , Q 2t -i in TP* ) = N(Q 1 , Q 3 ,..., Q 2t -i in TP* t _ 2 )P 2t P 2t+2 . . . P 2i , (6.37a) 
whenever 1 < t < i < k, and 

N(Q 1 , Q 3 ,..., Q 2t _! in TP* t _ 2 ) = JV(Q»_i in iV(Qi, Q 3 , . . . , Q 2t _ 3 m TP*_ 4 )P 2t _ 2 ), (6.37b) 
/or all t = 2,3, ... ,k. 

Proof. We first observe that, as T normalizes both P 2fc and G 2 j, it also normalizes P 2 * = P 2i fl G 2i 
for all i = 0, 1, . . . , k. Thus TP 2 * is a group. 

Let i = 1, . . . ,k be fixed. We will first prove (|6.37a|) using induction on t. In the case that 
t = 1, we clearly have that N(Qi in TP 2 *) = TP 2 * = iV((5i in T)P 2 * , as Qi is a normal subgroup 
of G. Thus (|6.37a|) holds (for all i = 1, . . . , k) when t = 1. 

Now assume that ()6.37a|) holds for all values of t with t < s (for our fixed i), for some s = 
2,...,i. We will prove that it also holds for t = s. By the inductive hypothesis for t = s — 
1 we have N(Qi, Q 2s - 3 in TP* ) = N(Q U . . . , Q 2s - 3 in TP* s _ 4 )P 2s „ 2 P 2s . . . P 2i . Furthermore, 
N(Qi, Q 2s - 3 , Q 2s -i in TP* ) = 7V(Q 2s _i in N(Q h . . . , Q 2s __ 3 m TP*)). This, along with the 
inductive hypothesis, implies that 

N{Q l ,...,Q 2s ^ 3 ,Q 2s - l in TP 2 *) = 

N(Q 2s ^ in N(Qi, Q 2s „ 3 m TP^ s _ 4 )P 2s . 2 P 2s . . . P 2i ). (6.38) 

According to ()5.10b|) the groups P 2s , P 2s + 2 , ■ ■ ■ , P 2 i normalize Q 2s -\. Furthermore, P 2s - 2 nor- 
malizes the groups Q\, . . . , Q 2s - 3 . Therefore we get that N(Qi, Q 2s - 3 in TP 2s _ 4 )P 2s _ 2 = 
N(Qi, . . . , Q 2s - 3 in TP 2 * s _ 4 P 2s _ 2 ). Hence, in view of (|6.38|) . we get 

N(Q U Q 2s _ 3 , Q 2s -i in TP* ) = iV(Q 2s -i in N(Q X , Q 2s _ 3 in TP* s „ A )P 2s „ 2 P 2s . . . P 2i ) = 
N{Q 2s ^ in N(Qx, Q 2s _ 3 in TP 2 * s _ 4 )P 2s _ 2 )P 2s . . . P 2l = 

N(Qi, . . . , Q 2s - 3 , Q 2s -i in TP 2s _ 2 )P 2s . . . P 2 «. 

This completes the proof for the inductive step, and therefore for (|6.37a|) . 

For the second equation of the lemma note that, according to ()5.10b|) . the group P 2 t~ 2 normalizes 
the 7r'-groups Qi,Q 3 , ■ ■ ■ , Q 2 t~3 whenever t = 2, . . . , k. Therefore we have that 

N(Q 1: Q 2t _ 3 in TP 2 *_ 2 ) = N(Qx, Q 2t __ 3 in TP 2 * t _ 4 )P 2t _ 2 . 
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So 



N(Q 1 ,...,Q 2t - 3 ,Q 2t -i m TP 2 *_ 2 ) 

= N(Q 2t -i in N(Qi, . . . , Q 2t -3 in TP* t _ 2 )) = N{Q 2t -x in N(Q U Q 2t -3 in TP 2 * M )^_ 2 ). 
This completes the proof of ()6.37b|) . Hence Lemma 16.361 is proved. □ 

If the T that appears in Lemma 16.361 fixes fti_i 2&j f° r some i = 1, . . . , k, then we can prove 

Lemma 6.39. If T is any subgroup of N{P 2k in G(ftj_ 1 2 k))> f or some i = l,...,k 3 then T 
normalizes P 2i _ 2 , and N(Qi,Q 3 , . . . , Q 2t -i in TP 2i _ 2 ) /ixes ft, ft, . . . , ftt-i, /or all t = 1, . . . ,i. 

Proof. We have already seen in Lemma 16.361 that T normalizes P 2 j_ 2 . So TP 2 *i-2 i s a group. 
To prove the rest of the lemma, i.e., that 

N(Qi,Q 3 ,...,Q 2t -i inTP&_ 2 )<G(pi,...,fa-i), (6.40) 

for all t = 1, . . . , i, we will use induction on t. 

For t = 1 it is enough to show that TP 2i _ 2 = N(Q\ in TP 2i _ 2 ) fixes ft. According to Remark 
15.551 the irreducible character ftj-i,2fc is the only character of Q 2 j-i,2k lying under /?2i— i,2fc 5 for all 
j = 1, . . . ,i. Therefore, T fixes ftj_i, 2 fc, as it fixes foi-ifik an d normalizes Q 2 j-i,2k = Q 2 i-i )2 k <~l 
G 2 j-\. Hence, T fixes ft,2fc) and normalizes Qi as well as P 2k . So it fixes the unique P 2fc -Glauberman 
correspondent ft G Irr(Qi) of ft^fc- Furthermore, P 2i _ 2 fixes ft, according to 1)5.1 7c j) and the 
definition (|5.131j) of P 2 *_ 2 - Hence, TP 2 *_ 2 fixes ft, and (|OUj) is proved for f = 1. 

We assume that (|6.40|) holds for t = 1, . . . , s — 1, and some s = 2, . . . , i. We will prove it 
also holds for t = s. We need to show that N(Qi, Q 3 , . . . , Q 2s -i in TP 2i _ 2 ) fixes the characters 
ft , ft, ... , fts-i- By induction for £ = s — 1 we have that 

N{Q U Q 3 , . . . ,Q 2s _ 3 in TP*_ 2 ) < G(ft,ft, . . . ,ft s _ 3 ). 

As N(Q 1 ,Q 3 , . . . ,Q 2s -3,Q2s-i in T? 2 *_ 2 ) < iV(Qi, Q 3 , Q 2s _ 3 in TP^_ 2 ), we conclude that 
N(Qi,Q 3 , . . . , Q 2s -i in PP 2 *_ 2 ) fi xes ft 5 ft, • • • , fts-3- Hence it is enough to show it fixes ft s _i. 
By (|6.37a|) . we have 

N(Q!,Q a , Q 2s _i in TP 2 *_ 2 ) = N(Q X ,Q 3 , . . . , Q 2s _i in TP 2 * s _ 2 )P 2s • • • P 2l _ 2 , 

where, by convention, we assume that, in the case s = i, we have P 2s • • • P 2s - 2 = 1. So in that case 
the equation holds trivially. 

According to (|5.17c|) . the groups P 2s , . . . , P 2 j_ 2 fix ft s _i. Hence it is enough to show that the 
group N(Qi, Q 3 ,..., Qis-i in TP 2 * S _ 2 ) fixes ft s -i- 

As N(Qi, Q 3 , . . . , Q 2s -i in TP 2s _ 2 ) normalizes both P 2k and Qi, . . . , Q 2s -i, it normalizes the 
product group P 2s ■ ■ ■ P 2 k = N(Qi, . . . , Q 2s -i in P 2k ) (see (|5.14U|l ). Therefore it also normalizes 
Q2s-\,2k = N(P 2s ■ ■ ■ P 2k in Q 2s -i). Let a G N(Q 1 ,Q 3 , . . . , Q 2s -i in TP 2 * S _ 2 ). Then cr = r ■ p 2s _ 2 
where t € T and p 2s _ 2 G P 2s - 2 - As t G T and T < G(fti-i,2fc) < G(/3 2s _i j2 fc), we have 
that r normalizes Q 2s -i, 2 k- Since a also normalizes Q 2s -i, 2 fc, so does p 2s - 2 - Hence p 2s _ 2 G 
N(Q 2s -i,2k in P 2s _ 2 ) = C(Q 2s -i,2fc in P 2s _ 2 )- So p 2s _ 2 fixes 02s-l,2k- As T fixes ft s -i, 2 fc, we con- 
clude that o" does as well. Therefore, N(Qi, Q 3 , . . . , Q 2s -i in TP 2s _ 2 ) fixes ft s _i j2 fc, and normalizes 
both Q 2s _i and P 2s ■ ■ ■ P 2 k- Hence it also fixes the P 2s • • • P 2 fc-Glauberman correspondent ft s -i of 
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fhs-i,ik G Irr(Q 2s -i,2fc)- So 

iV(Qi, Q 3 , . . . , Q 2s -i m rP*_ 2 ) < G 2i ((3 t , (3 2s ^), 
which completes the inductive proof of (j6.40j) for all t = 1, . . . , i. Thus Lemma 16.391 holds. □ 

Lemma 6.41. IfV is any ir-subgroup of N^P^u in G(ci! 2 j_ 2 , /3 2 j— 1 2jfc))> f or some i = 1, . . . , k, then 
V normalizes P 2t , for all t = 0, 1, . . . , k. Furthermore, 

N(Qi,Q 3 , Q 2t -i in V ■ P 2 * f _ 2 ) • Pu-2 = N(Q 1} Q 3 , . . . , Q 2t - 3 in V ■ P| t _ 4 )P 2t - 2 , (6-42) 
whenever 2 < t < i. 

Proof. As P normalizes P 2fc , it also normalizes P^ = P 2fc H G 2 t for all i = 0, 1, . . . , k. 

To prove ()6.42[) we will first do the case t = 2 of the equation, even though it follows from 
the general case, just to show the argument (which is nothing else but a Frattini argument) in its 
easiest form. According to Lemma 16.391 for V in the place of T, and for t and i there both equal 
to 1, he character 0\ is fixed by V. Obviously V fixes a 2 = a 2 , as i > t = 2 and V fixes d* 2i __ 2 ■ 
Therefore it normalizes G^{a 2 , (3i) = Q3 x P 2 . Hence P(Q3 K P2) is a group, with Q3 x P 2 as a 
normal subgroup. Furthermore, all the vr'-Hall subgroups of Q3 x P 2 are the P2-conjugates of Q3. 
So the group VP 2 permutes these conjugates among themselves with P 2 < VP 2 acting transitively. 
Therefore, a Frattini type argument implies that 

VP 2 = N(Q 3 in VP 2 )P 2 = N(Qx,Q 3 in PP 2 *)P 2 . (6.43) 

Clearly N(Qi in PP *)P 2 = PP 2 , as Qi is normal in G and P * = 1. Thus (IH^I is proved for t = 2. 

In the general case, with t > 3, we can apply Lemma 16.391 with the present t — 1 as both 
i and i there. We get that N(Qi,Q 3 , . . . ,Q 2 t-3 in V ■ P 2 *f„ 4 ) fixes (3\, . . . , (3 2 t- 3 . It also fixes 
a 2 , . . . , a 2t _ 2 , as V < G(ot2 i _ 2 ) and P 2t _ 2 do. In view of Proposition 15.1491 we conclude that 
N{Qi,Q 3 , Q 2t -3 in V ■ P 2 *t_4) fixes a 2 , . . . , a 2t _ 2 . Therefore N(Q 1 ,Q 3 , Q 2t - 3 in P • P 2 * f _ 4 ) 
normalizes G 2 t_i(/?i, . . . , (3 2t - 3 , a 2 , . . . , a 2t - 2 ), which equals Q 2t -i X P 2 t- 2 by ()5.91j) and (|5.93j) . 
Therefore, N(Q 1 ,Q 3 , . . . , Q 2t _ 3 in P • P 2 * t _4) • (Q2t-l K P2t-2) is a group with Q 2 t_i x P 2t _ 2 as a 
normal subgroup. As all the 7r'-Hall subgroups of Q 2 t~i x P 2 £_ 2 are P 2 i_ 2 -conjugates of Q 2 t~i, the 
group N(Qi, Q 3 , . . . , Q 2 t- 3 in P • P 2t _ 4 ) • P 2 t- 2 permutes these conjugates among themselves, while 
its subgroup P 2 t- 2 acts transitively on them. So a Frattini type argument implies that 



N(Qx,Q 3 , . . . , Q 24 - 3 in V ■ P 2 * t _ 4 ) • P 2i _ 2 = 

AT(Q 2t _i in N(Q!,Q 3 , Q 2t „ 3 in P • P 2 *_ 4 ) • P 2t - 2 ) ■ 

According to ()6.37b|) this last group equals N(Q±, Q 3 , ■ • • , Q 2 t-i m 'Pit-i- This completes 

the proof of Lemma 16.421 □ 

Proposition 6.44. For all i = 1, . . . , k, the group P 2 j(/3 2 i-i, 2 fc) is the unique normal ir-Hall sub- 
group of the normalizer A r (P 2 * fc in (^(a^^, /?2i— 1,2/s))- 

Proof. Let P 2 , be any 7r-Hall subgroup of A r (P 2 * fc in G 2 j(a 2 j_ 2 , /?2i-i,2fc))> f° r some fixed i = 1, . . . , k. 
P 2i (/3 2i -i )2 k) is a 7r-subgroup of N(P 2k in G 2i (o; 2i _ 2 , /3 2 i-i, 2 fc)), as it is contained in G 2i n P 2fc and 
fixes ce 2 j_ 2 - Furthermore, P 2 * (/3 2 i-i,2fc) is a normal 7r-subgroup of N(P 2 * k in G 2 j(a 2i _ 2 , /?2i— i,2fc)) ; 
and thus is contained in every 7r-Hall subgroup of the latter group. Hence 

P 2 Mi-i,2k) < V 2i . (6.45) 
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The group P 2i fixes (3 2 i-i,2k G Irr(C(P 2 j, • • • , P-ik in Q 2 i-i)), and is contained in P 2 *. So we 
get that P 2i < P 2 * (/9 2 i-i,2fc) < According to (pTTObl the 7r-group P 2 j normalizes the 7r'-groups 
Qi, ■ ■ -yQii-i- So P 2i < N(Qt,Q 3 , . . .,Q2i-i in Vii) < N(Qi,Q 3 , . . . ,Q 2i -i in Vn-P 2i _ 2 ). Lemma 
16.391 for T = "P 2 j and t = i, implies that 

P2i<N(Q l ,Q 3 ,...,Q 2i -i inP 2i -P 2 *_ 2 ) <G 2l (A,..., /3 2i _i). (6.46a) 

Furthermore, V 2 iP 2i _ 2 fixes a 2 j_ 2 and normalizes Pg- for all j = 1, ■ • • ,k. Hence it also fixes 
the unique character a^j of P^. lying under a 2i _ 2 , whenever 1 < j < i — 1. As the group 
N{Q\, Q 3 , . . . , Q 2 i-x in P 2 j • P 2 *_ 2 ) normalizes Qi, Q 3 , . . . , Q 2 i-i, it also normalizes the groups 
P 2 j = N(Q^j_i in P 2 j), for all j = 1, 2, . . . , i — 1, as well as P 2 j. Hence, according to Proposition 
MM we get N(Qi,Q 3 , • • • , Q 2i _i in P 2 , • P^_ 2 ){a 2j ) = N(Q 1 ,Q 3 , • • • , Q 2i _! in P 2 , • P 2 *_ 2 )(" 2j )- 
This implies that 

N(Qi,Q 3 , • • • , Q 2 i-i in V 2i ■ P 2 *_ 2 ) fixes «2j (6.46b) 

for all j = 1, . . . ,i — 1. Similarly we can see that for all j and t with 1 < j < t < i we have 
N(Q 1: Q 3 , . . . , Q 2t _i in V 2i ■ P^ 2 )(a 2j ) = N(Q h Q 3 ,..., Q 2t -i in V 2l ■ P^ 2 )(a* 2j ). Hence 

N(Qi,Q 3 , • • • , Q 2t -i in P 2i • P 2 V 2 ) fixes a 2j , (6.47) 

whenever 1 < j < t < i. 

The inclusions (|6.46aj) . along with (|6.46b|) . (|53T|) and (|532^l . imply that 

P2i < N(Qi,Q 3 , . . .,Q 2i -i in V 2i ■ P 2 *_2) < G 2i {a 2 , . . . a 2i - 2 ,Pi, . . . (3 2i -i) = P 2i x Qu-\. 

Since N(Qi,Q 3 , . . . , Q 2 i_i in P 2i • P 2 *_ 2 ) is a 7r-group, and P 2i is a 7r-Hall subgroup of P 2i ix Q 2 i-i, 
it follows that 

P 2i = N(Q h Q 3 , • • • , Q 2j _! in P 2i • P 2 *_ 2 ). (6.48) 

To finish the proof of Proposition l6~Hl we only need to show, according to (|6.45|) . that V 2 i < P 2ii . 
We actually have the stronger equality 



Pli = V 2i P^ 2 . (6.49) 
To prove (|6.49l) we will use Lemma 16.411 with Vn in the place of V . Indeed, 



— P2iP2i-2P2i- 


4 • • • P 2 






= N(Q 1 ,Q 3 ,.. 


• , Q2i-i in V 2 i ■ P 2i _ 2 )P 2 i- 2 P 2 i-i ■ ■ 


•P 2 


(by ) 


= N(Q 1: Q 3 ,.. 


■ > Q21-Z in V 2 i ■ P 2i _^)P 2 i- 2 P 2 i~A ■ ■ 


•P 2 


(by (jlTl2l for t = i) 


= N(Q U Q 3 ,.. 


■ 1 Q2i-3 in V 2 i ■ P 2 i-4)P 2 i-4:P2i-6 ■ • 


• P2P2i-2 




= N(Q 1: Q 3 ,.. 


• > Q2i-5 in V 2 i ■ P 2i _ 6 )P 2 i-QP 2 i-8 ■ • 


• P2P2i-2P2i-4 


(by (|Q2l for t = i- 


= --- = N(Q 1 , 


Qs, Q5 in V 2i ■ Pl)PiP 2 P 2i - 2 P 2i -i ■ 


••P 8 P 6 




= N(Q 1 ,Q 3 in 


P2i ■ P 2 )PlP2P2i-2P2i-4 - ' • P8-P6 




(by for t = 3) 


= N(Q 1 ,Q 3 in 


P2i ■ P 2 )P2P2i-2P2i-A ' ' ' P&PqPa 







= V 2i P 2 P 2i - 2 P 2i -a ■ ■ ■ P 6 P 4 (by for f = 2) 

= P2iP2i-2- 

Hence (|6.49[) holds, and Proposition 16.441 is proved. □ 
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We finish this section with a complete characterization of N(P£ k in (^(o^^, fhi-i,2k))- 
Theorem 6.50. For every i = 1, . . . , k we have 

N(P2 k in G 2 i(a2i_2,/?2i-l,2fc)) = f^iC&t-l^Jfe) X Q2i-l(!32i-l,2k) = ^(Ai-l^fc) X Q2i-l,2k- 

Proof. This follows easily from Proposition 16.351 Proposition 16.441 and equation (|6.33j) . □ 

6.2 The irreducible characters of Q2i-i- 

We are now able to define irreducible characters 02i-i of Q2i-i, for alH = 1, ■ ■ ■ , k, closely related 
to the /?2i— i € Irr(Q2i-i)- In fact, we will prove 

Proposition 6.51. For every i = 1, . . . , k we write foi-i for the character P^i-i \k °1 Q2i— 1 induced 
by lhi-i,2k £ Irr(Q2i-i,2fc)- Then /3 2 i-l ^es in Irr(Q 2 i-l \lhi-i,2k), while 0\ = f3i t2 k- 

Proof. Let i = 1, . . . , k be fixed. For any subgroup H of G containing Q2i-i,2fc; we write 2 fc 
for the induced character (P2i—i,2k) H °f We will first prove that, for all j = 1, . . . , i, we have 

&-?Jk >i ~ 1,ah) G Irr(Q 2i -i(/3 2i -i,2A ; )|^-i,2fc,/?2i-3 ) 2fc, • • • ,/3i, 2 fc). (6-52) 

For the proof of (|6.52|) we will use induction on i — j = 0, . . . , i — 1. 

We treat the case where i = 1 separately. Let i = j = 1. Then, according to (|6.34|) . we have 
that Qi = Qi^k- Therefore 

h =A,2* = (6-53) 

is an irreducible character of Q\ = Q\ y 2k- So equation (|6.52[) . as well as Proposition 16.511 holds 
trivially when % = j = 1. 

For any i > 1 the equalities (|6.31|) and (|6.33|) . imply that 

Q2i-l,2k = Q2i-l{hi-l,2k) = Q2i-l{fai-Z,2k) ■ (6.54) 

This, along with the inclusion in (|6.32|1 . implies that we can form a series 

Ql,2k < Q3,2fc < ' ' ' < Q2i-3,2k < Q2i-l,2k = Q2i-l{(^2i-l,2k) = 

Q2i-l(/?2i-3,2fc) < Q2i-l(/?2i-5,2fe) < ' ' ' < Q2i-l(#L,2fc) < Q^-l (6-55) 

of subgroups of Q2%-\- Even more, ()6.3U|) . along with the fact that Q 2 j_i < C' normalizes P^, 
implies that 

Q2i-i(/%-3,2fc) normalizes Q 2 j-i,2k = N(P% k in Q 2 j-i), (6.56) 

for any j = 2, . . . , i. 

If i - j = 0, i.e., i = j, then Q2i-i(/%-i,2fc) = Q2i-i(/?2i-i,2fc) = Q2i-i,2k by (|6.54j). Thus 

/ 3 2i-i,2 ( f 2j ~ 1 ' 2fc) = 02i-i,2k G Irr(Q 2i _i j2 fe) = Irr(Q2i -i(/%-i, 2fc))- Furthermore, /3 2 i-i,2fc lies above 
P2i~3,2k, • • • j /3i,2fc, as we can see in Diagram (I5.20bl) . Hence (|6~52l holds in the case that i — j = 0. 

As Q2i-iC02i-3,2A;) = Q2i-i,2k by (|6.54f) . we also get that foi-ipk = @2i-iw*~ - Hence (|6.52jl 
also holds for j = i — 1. 
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For the inductive step it is enough to prove that, if Q6.52JI holds for some j = 2, . . . ,i — 1, then 
it also holds for j — 1 (as we induct on i — j). So assume that (jfi.52j) holds for j. It suffices to show 
that 

/^-l,2*f 2j 3 ' 2fc ' ) G ^ T1;: (Q2i-l(02j-3,2k)\02i-l,2k, 02i-3,2k, ' ' ' , 01,2k)- 

It follows from (jfi.55|) that Q2j-X,2k < Q2i-l(02j-l,2k) < <22i-i(/32j-3,2fc)> where Q2j-l,2fc is a normal 
subgroup of Q2i-i(P>2j-3,2k), by (|6.56j) . We clearly have that Q2i-l(/%-i,2fc) equals the group 
Q2i-i(02j~3,2k){02j-i,2k) ■ Furthermore, by the inductive hypothesis we know that /^^T^jfe -1 
is an irreducible character of Q2i-i(02j-i,2k) that lies above 02j-i,2k- So Clifford's theory can be 
applied to the normal group Q2j-i,2k of Q2i-i(02j-3,2k), the character 02j-i,2k G Irr(Q 2 j-i,2ft) ! 
the stabilizer Q2i-i(02j-l,2k) of that character in Q2i-i(02j-3,2k), and the irreducible character 

$K-l2k _1 ' °^ Q2i-i(Ay-i,2fc) that lies above 02j-i,2k- Therefore we conclude that = 

(p2^2k 2j ~ 1 ' 2k) )^ 2l ~ li/32j ~ 3 - 2k) is an irreducible character of Qai-l(#y-3,2k)- Furthermore, it lies 
above 02%-i,2k, an d thus also lies above 02i-3,2k, ■ ■ ■ , /3i,2fe- This completes the proof of the inductive 
step, hence (|6.52|) holds for all i = 1, . . . , k and j = 1, . . . , i. 

To complete the proof of the proposition, we note that, for any fixed i = l,...,k, equation 

(|6.52jl for j = 1, implies that ^f 1 £ ^{Q2i-i{0i,2k)\0i,2k) ■ Furthermore, Q2i-i normalizes 

Qi,2k = N{P2 k in Qi). Thus Clifford's theory, applied to the groups Qi^k <! Q2i-i, implies that 

021-12^ induces an irreducible character of Q^i-i , i.e., 

02i-l = 0? 2 X2k = O&vfr^) *- 1 e Irr(Q 2i -i|/3 2 i-i,2 fc ). 
Hence Proposition 16.511 is proved. □ 



The way 02i-i is picked implies 

Corollary 6.57. If i = 1, . . . , k, then any subgroup of G that normalizes Q 2 j— i and fixes 02i—i,2k 
also fixes 02i-i- Furthermore, any subgroup of G that fixes 02i-i and 02i-3,2k also fixes 02%-\,2k- 

Proof. The first statement is obvious, since 02%— l = 02i-\ 1 ■ 

The character 02i-i is obtained from 02%-i,2k using a series of characters 

a oQ2i— lCAsi-l.Sfc) ff}li-\{fili-Z,1k) r,Q2i-l(02i-5,2k) 

P2i-\,2k — H2i-l,2k ~ "2i-l,2fc > P2i-l,2k ' 

oQ2i-l(^2i-7,2fc) oQ2i-l(Pl,2k) nQli-\ _ a 

P2i-l,2k ' ' ' ' ' P2i-l,2k ' ^2i-l,2fe ~~ P2i-1> 

each obtained from the preceding one using Clifford theory for the characters 

02i-5,2k , 02i-7,2k > • • • j /?3,2A; ,01,2k, 

in that order. Since G(02i-3,2k) fixes the characters 0i,2k, 03,2k, ■ ■ ■ , 02i-3,2k, Clifford theory implies 
the rest of the proof. □ 
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6.3 7r-Hall subgroups of NiP^Q^i-x in G^iio^i-^i))'- the groups Pn 

The following two general lemmas, along with Lemmas 16 . 1 1 1 and 16 , 441 will help us pick "nice" 7r-Hall 
subgroups P 2 i of N(P^ k ,Q 2 i-i in G' 2i ). 

Lemma 6.58. Assume H is a finite ir-separable group. Let N = N\ > iV2 > • • • > N r be a series 
of normal it' -subgroups of H , for some integer r > 1. Let 6% be an irreducible character of N, 
for each i = 1, ■ • • ,r, such that 6 \ € Irr(iVj|0j-|-i, ^4.2, ■ • ■ ,6 r ). Then H{6\) > H {61,62) > ••• > 
H{6\, . . . , # r ) and i/ie index \H{6\) : H{6\, . . . , r )| is i/ie it' -number \N : N{6\, . . . , 6 r )\. Hence any 
ir-Hall subgroup P of H{6\, . . . ,6 r ) is also a ir-Hall subgroup of H{6±, . . . ,&i), for each i = 1, . . . ,r. 

Proof. For every i = l,...,r — 1 the group H{6\, . . . ,6j) has as normal subgroups the groups 
Ni > Ni+i, and fixes the character 6i G Irr(iVj). Hence it permutes among themselves all the 
irreducible characters of N + i that lie under 6i. But this set of irreducible characters is precisely 
the iVj-conjugacy class of 6i + \ by Clifford's theory. So 

H{6\, ... ,6i) = H{&\, ... ,6i, 6i + i)N. 

Therefore, 

\H{6 1 ,...,6 i ):H{9 1 ,...,6 i ,6 i+ i)\ = \N t : N{6 l+l )\. 

A similar argument with N in the place of PL shows that \N{6\, . . . ,6i) : N{6\, . . . ,6i, = \N : 

N{6 i+l )\. Hence 

\H{6 1 ,...,6 i ):H{6 u ...,6 i ,6 i+1 )\ = \N{6x, ... A) ■ N{6 X , ... AA+x)\, 
for all i = 1, . . . , 1 — 1. This implies that 

r-l 

\H{6 1 ):H{6 1 ,...,6 r )\ = JJ \H{6 U ...,6i): H{6 X , ...,6 h ^+i)l = 

r-l 

Y[\N{6 1 ,...,6i):N{6 1 ,...,6 t ,6 i+1 )\ = \N{6x) : N{6 h . . . ,6 r )\. 

i=l 

Thus the lemma holds. □ 

The following is similar to Lemma 16.111 

Lemma 6.59. Assume a finite group N is the semidirect product N = P k H of its ir-Hall subgroup 
P with its normal n' -Hall subgroup H. Assume further that P is a subgroup of P, and that V is 
any ir-group of automorphisms of N that normalizes P. Then there exists t E H such that the 
following conditions are satisfied: 

(i) V normalizes P l 

(ii) P < P* 

(Hi) t centralizes P. 

Proof. Since V normalizes N, we can form the external semi-direct product product NV = N x V. 
Furthermore, as V normalizes P, the 7r-group PV is a subgroup of NV, and thus normalizes N. 
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Hence PV normalizes a 7r-Hall subgroup P* of N, for some t G H. Therefore V, as well as P, 
normalizes P t . But P is a subgroup of N. so the only way it can normalize the Hall subgroup P* 
is to be contained in P t . Or, equivalently, (P)* < P. Thus s _1 s* € P whenever s € P. But 
P < P normalizes P. Hence s _1 s* = [s, is also an element of P. As H n P = 1, we conclude 
that = 1, for all s £ P. This implies that i , and thus i, centralizes P. So the lemma 

holds. □ 

Lemma 6.60. Let P 2 \ be a ir-Hall subgroup of N(P 2k , Q%-\ in G 2 j (^21-2))? w here i = 1, • • ■ , k. 
Then 

N(P^ k ,Q 2 i-i m G 2l (a* 2i _ 2 )) = P 2i x Q 2 i-i- (6.61) 

Furthermore, 

N(P* k in G^a^sA ■ ■ ■ 0Zi-l)) = W(Qai-l in N(P* k in G 2i (a 2l _ 2 , (3 2i -i, 2 k))), (6.62) 
whenever i = 1, . . . , k. 

Proof. According to Proposition l6.35l the group Q 2 i-x is a 7r'-Hall subgroup of N(P 2k in G 2 j (al^))- 
Hence 

N(P^ k ,Q 2i -i in G 2i (c4_ 2 )) = P 2i x Q 2 i-i- 

For the second part of the lemma note that, for i = 1 we obviously have N(P 2k in G 2 («q, /3i)) = 
N(Qi in N(P 2k in G 2 (o!o, /3i,2fc)))> as Qq = 1 and /3i = /?i, 2 fc, by Proposition E3U 

For any t,i with 1 < t < i, the group N(Q 2 i-i in N{P 2k in G2i(a 2i _ 2 , /?2i-i,2ifc))) normalizes 
<?2t-i = Q2i-inG 2t _i and fixes 2t -x,2k, as fot-i,2k is the unique character of Q 2 t-i,2fc = Q2i-i,2fcn 
G 2t _i that lies under /?2i-i,2i:- So N(Q 2 i-i in N(P 2k in G 2 j(a 2i _ 2 , /3 2 j-i, 2 fc))) fixes the characters 
$21-1 by Corollary 16.571 Hence 

iV(Q M _i in A^(P 2 * fc in G 2i (a^_ 2 , /3 2 i-i,2fc))) < N(P* k in G 2i (c4_ 2 , A, • • • hi-l))- 

For the other inclusion, we use Corollary 16.571 again, but in a recursive way. We saw above that 
the group N(P* k in Gm(/9i)) = A r (P 2fc m G 2i K,/3i)) fixes 1>2k . Hence, iV(P* fe in G 2i 0ij 3 )) 
normalizes the group Q3(Pi j2 k)- In view of (|6.31|) the last group equals Qs j2 k- Thus Corollary 
16.571 implies that N{P 2k in G 2 {j3\, (5^)) fixes /33 i2 fc, as it fixes /3 3 and /3i )2 fc, and normalizes Q 3j2 fc. 
Similarly, we get that N(P* k in G 2i 0i, (3 3 , (3 5 )) normalizes Q<s(f3^ 2 k) = <5s,2fc, and fixes both /3 3j2 fc 
and Thus it also fixes /?5 j2 fc, by Corollary 16.571 

We continue in this way. So after i — 1 steps we have that N(P 2k in G 2 i{(3\, /3 3 , . . . , /32r— 3) ) fixes 
/?2i-3,2fc- Hence the group N(P* k in G 2 (/?i, /3 3 , . . . , foi-i)) normalizes Q 2 i-i(02i-3, 2 k) = Q 2 i-3, 2 k, 
by (|6.<31j) . and fixes both /3 2 i_ 3i2 fc and $2i-i- Therefore Corollary 16.571 implies that it fixes /3 2 i-i,2fc, 
i.e., 

N(P* k in G 2i {a* 2i _ 2 ,p x ,fo,---,P2i-i)) < N(Q 2i ^ in N(P* k in G 2i (a^_ 2 , /3 2i _ lj2fc ))). 
This completes the proof of the lemma. □ 

Let i = l,...,k. According to Theorem 16.501 the group N(P 2k in G 2 j(a 2i _ 2 , /3 2 j-i, 2 fc)) equals 
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P 2i (P 2 i-i, 2 k) x Q2i-i(#2i-i,2fc)- Tnis , alon § with 16.61j) an d <|6.62|> . implies that 
N(P* k in G 2i (a^_ 2 ,3ir-- ,0x-i)) 

= N(Q X -i in iV(P* fc in G 2i (a^_ 2 , /3 2 i-l s 2vfe))) by (|M2J) 

= N(Q2i-i in i^(/%i-i,2fc) x Qai-i(/%i-i,2k) by Theorem EM 

= N(Q 2i -l in P%i(02i-l,2k)) x Q2i-l(#2i-l,2&) as Q2i-l(#2i-l,2jfc) < Q2i-1 

= iV(Q 2 *-i in P 2 * (/3 2l _i, 2fc )) x Q 2 i-i,2fc- by (Q. 

Hence 

AT(P* fe in G 2i (c4_ 2 A • • • J 2i -i)) = N(Q 2i -i in P* (/? 2 i-i,2fc)) x Q 2i _i )2 fe, (6.63) 
for all i = 1, . . . , k. 

The following proposition implies the existence of a "good" family of groups P 2 j, that permit 
us to use Theorem 14. 241 on the groups Q 2 i~i,Q and P 2 j, for i = 1, . . . , k. 

Proposition 6.64. There exist n-groups P 2 j ; for i = 1, . . . ,k, such that the following conditions 
are satisfied: 

P 2l E Hall, (iV(P| fc , Q 2j _! in G 2i {a* 2i _ 2 ))) , (6.65a) 
P 2i 0xJ 3 , . . . ,#k_i) = N(Q 2 i-i in P^C%i_i f 2fc)) 
6 Han^(iV(P 2 * fc ,Q 2 i-i m G 2i «_ 2 , A, • • . ,/Sk-i))), (6.65b) 
and P 2 i normalizes P 2 j, (6.65c) 

for all i = 1,2, ... ,k and all j = 1, 2, . . . , i. Furthermore, any such P 2 i satisfy 

P2i(/?l>/%, . . . ,/?2i-l) = P2i(P2j-l, 02j+l, ■ ■ • , fai-l) = P2i(/?2i-l) 

€ Hall^(iV(P* fc ,Q 2i _ 1 in G 2i (c4_ 2 , . . (6.66) 

whenever 1 < j < i < fc. 

Proof. In view of (|6.63j) the only Hall 7r-subgroup of iV(P 2 * fc , Q 2 i-\ in G 2 j(a 2i _ 2 , ^3, . . . , /3 2 i_i)) 
is iV(Q 2 i_i in P 2 *(/3 2i _i ]2fe )). As N(P* k ,Q 2i ^ 1 in G 2i (a 2i _ 2 , ft, /3 3 , . . . , /3 2 i-i)) is a subgroup of 
iV(P 2fc , Qn-\ in G 2 i(a 2i _ 2 )), we can certainly find P 2 j satisfying (|6.65b .b) for i = 1, 2, . . . , k. We 
shall modify these P 2 j so as to obtain new subgroups satisfying (J6.65c|) as well as (|6.65b .b). 

We first note that, whenever 1 < t < i < k, the subgroup P 2 * normalizes P 2t , while P 2i {f3 2 i-i, 2 k) 
fixes {3 2t -i, 2 k by Proposition [1x55] As Q 2t ~i = Qn-\ nGa-i, we get that iV(Q 2 i_i in P 2i {f3 2i _i >2k )) 
normalizes N(Q 2t -\ in P 2t (/3 2 t_i )2 fc)). By (|6.65b|) this is equivalent to 

P2i0i,@3, ■ ■ -,$2i-i) normalizes P 2t 0i,(3 3 , . . .,(3 2t -i) (6.67) 
whenever 1 < t < i < k. 

By Q6.61JI we have N{P^ k , Q 2 i-i m G 2 j(a 2i _ 2 )) = P 2 j x Q 2 j-i, for each i = l,...,k. Also 
iV(P 2fe ,Q 2 i_i in G 2 j(a 2i _ 2 )) normalizes both P 2t = P 2A , n G 2 t (by Proposition I5.132 - ]) and Q 2 t-i = 
Q 2 i-i fl G 2 j_i (by Definition 16.28)) . whenever 1 < t < i < k. So it fixes the unique character 
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a 2t-2 £ I rr (-f2t-2) ly m S under a 2i _ 2 ( see Proposition 15. 15^|) . Hence it normalizes G 2 t{oL 2t _ 2 ). ^° 
N(P 2 * k ,Q2i-i in G ! 2<(c^ i _2)) normalizes N(P* k ,Q 2t -i in £2* (0^-2))' i- e -> 

-p2i x Qii-x normalizes P 2t x Qm-i, (6.68) 

whenever 1 < i < i < fc. 

We are going to modify the P 2 i so that they satisfy 

P2i($i, $3, foi-i) normalizes P 2t (6.69) 

whenever 1 < t < i < k, as well as (|6.65fa .b). For this we will use reverse induction on t, starting 
with t = k and working down. The group P 2k requires no modification, since the only possible % 
satisfying k<i<k is i = k, and the subgroup P2k(Pi, $3, ■ ■ ■ , (hk-i) certainly normalizes P 2 k- 
For the inductive step assume that P 2 fc> ^2fc-2j • • • > -P2s+2j for some integer s = 1, 2, . . . , k — 1, 
have already been modified so that (|6,69|) holds whenever s < t < i < k, and (|6.65h .b) hold for all 
i = 1,2, ... ,k. We want to modify P 2s so that (|6.65b .b) still hold for i = s, while (|6,69|) with t = s 
holds for all i = s, s + 1, . . . , k. 

According to (|6.67f) the product 

Tf+i = Pzkifiu ■ ■ ■ ,{hk-i) ■ P2k-2(Pi, ■ ■ • , fak-3) ■ ■ ■ Ptt+zifiu ■ ■ ■ j/fei+l) 

forms a 7r-group, whenever 1 < t < k — 1. Each factor P%iifi\, ■ ■ ■ , $2i-l), for i = s + l, s + 2, . . . , fc, in 
this product is contained in P 2 i ix Q21-1, and hence normalizes P 2s ix Q 2s -i by (|6.68|) . That factor 
also normalizes P 2s (Pi, $3, ■ ■ ■ , (hs-i) by (|6.67j) . Thus T s+ i acts on P 2s x Q 2s -i and normalizes 
the subgroup P 2s {f5\, $3, . . . , f3 2s -i) of P 2s . Therefore we can apply Lemma 16.591 to the groups 
T s+ i, P 2s (Pi, . . . , P2S-1) and P 2s k Q 2s ~i to get an element t G Q2S-1 such that 

(P 2s f G Hall 7r (P 2s x Q 2s _i) is normalized by T s+ \ (6.70a) 

and 

P 2s 0l, ■ ■ ■ , fos-i) < {hsf- (6.70b) 

Obviously the group (P2 S )* satisfies (|6.65a|) for i = s, as Q 2s -± < N(P 2k ,Q 2s ^i in G 2s (a 2s _ 2 )). 
Furthermore, as P 2s {f5\, . . . ,/?2s-i) satisfies (|6.65b|) for i = s, the inclusion (|6.70b|) implies that 

{hs)*0i, ■ ■ .,$2.-1) = hs0i, ■ ■ .,$2.-1). (6.71) 

Therefore, {P2s) t satisfies (|6.65fa .b) for i = s. In addition, (j(170aj) implies that P 2 i(/3i, . . . , (h,i-i) 
normalizes {P2s) t whenever i = s + 1, . . . ,k. Hence we can work with (P2 S )* in the place of P 2s . 
The new group P2i satisfies (|6.69j) whenever s < t < i < k. 

At this point we have shown that we can find the groups P 2 i that satisfy (|6.65b .b) as well as 
()6.69j) whenever 1 < t < i < k. These groups can be modified further to satisfy, in addition, 
(|6.65c|) . Indeed, according to (|6.68|) . we get that P 2 k < P 2 k x Q2k-3 normalizes P2/C-2 X Q2k-3 while 
P2k($ii ■ ■ ■ )/^2fc-i) normalizes P 2 k-2 by (|6.69|) . Therefore, Lemma 16.111 with tt' in the place of tt, 
implies that there exists £2*1-3 € Q2fc-3 such that 

P 2 l k ~ 3 normalizes P2fc-2 
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and 

Pik0i, ikk-l) < P2k~ 3 - 
In view of (|6.65b|) (for P2k ) this inclusion implies that 

P 2k 0l, . . .,02k-l) = P$k- a 01, ■ ■ ■,&*-!)■ 

The above equation permits us to work with P 2k k ~ 3 lu t ne place of P 2 fc- Then P 2 k satisfies (|6.65b .b) 
and (|6,69|) . and normalizes P%k-1- 

Now the product P2kPik-i forms a group that normalizes the unique 7r'-Hail subgroup Q 2 k-5 
of P 2 k-i x Q2k-5, and has Tk-i as a subgroup. Furthermore, P 2k P2k-2 x Q2k-5 normalizes P2k-i x 
Q 2 k-5, while T fc _i n ormalizes P 2 fc-4, as P 2k 0i, ■ ■ -,^2k-i) and P 2 k-20i, ■ ■ -,ihk-3) do by l|6.69|). 
Hence Lemma 16.111 with 7r' in the place of tt, implies that we can find an element t2fc-5 € Q2/C-5 
such that 

{P2kP2k-2) t2k -'° normalizes P 2 fc-4 



and 



T 1 <^ p*2fc-5 p*2fe-5 

*2fc - r 2fc-2 ■ 



Also £2/0-5 centralizes Xfe_i, and thus centralizes both P 2 k0i, ■ ■ ■ 1 $ik-i) and P2k-20ii • • • , fak-s)- 
Therefore P 2 k0i, ■ ■ ■ , fhk-i) and P 2 k-20: 
tively. So, in view of (|6.65b|) . we get that 



Therefore P^kiPi, ■ ■ ■ ,{hk-l) and Bzk-zith, ■ ■ ■ ,Piks) are subgroups of P^f 5 and P l 2k k _ 2 respeo 



Plk(Pl, ■ ■ ■ >02k-l) — P2I 5 (^!' • • • > Aift-i) 

and 

?2k-20l, ■■■ , filks) = P^k-2 (#L, • • • , filks)- 

Hence we can replace P^k and -P2fc-2 by P 2 2 k ~ 5 and P l 2k Z 2 respectively. Then Q6.65fa .bl and Q6.69JI 
are satisfied by the newly modified groups ?2 k and P 2 fc-2- Furthermore, i-^fc normalizes both ?2 k -2 
and P2 k -i, while i"2fc-2 normalizes P 2 fc-4- 

We continue similarly. At every step the product P2fc^2fc-2 ' ' ' Pit of the modified groups 
P 2 i, for 2 < t < i < k, contains Tf. Even more, Tt is a subgroup that normalizes P2t-2 while 
PikPik— 2 • • • Pit * Qit-3 normalizes P2t-2 Qn-3- So Lemma 16.111 implies the existence of an 
element t 2 t-3 G Q2t-3 such that, if we replace P2fc and i^t by P 2k ~ A and P 2 l k ~ 3 respectively, the 
new groups satisfy (|6.65h .b) and (|6.69j) for i = k, k — 1, . . . , i — 1, while P21 normalizes P%j whenever 
k>i>j>t-l. 

This process stops when we reach t = 2. This proves that we can pick the groups P21 to satisfy 
(|6.65h .b.c). The additional property (|6.66j) follows from l|6.65b|) and Lemma \n. 581 This completes 
the proof of Proposition 16.641 □ 

A useful property of the groups P21 is given in 
Corollary 6.72. For every i = 1, . . . , k we have that 

Pii0ii-l) = Pii0i, ■ ■ -02i-i) = C(Qzi-i in P 2i ) and (6.73a) 

Pii0u-i) = C{Q 2i -i in P 2 *). (6.73b) 
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Proof. According to (|6.66f) and (|6.65b|) we get that 

= Pxilh, ■ ■ • = N{Q 2i -i in P 2 *(^_i, 2fe )). 

In view of Corollary 16.571 the group N(Q2i-i in P 2 j(/3 2 i-i,2&)) fixes $2i-i, as it normalizes Q21-1 
and fixes /?2i-i,2fc- Thus 

hi02i-i) = N(Q 2 i-i in P 2 *(/3 2i -i,2fe)) < N(Q 2i -i in P^0 2i -i)). (6.74) 

But Q 2 i-i < Q < G 1 = G(a* 2k ). Thus Q 2 i-i normalizes P 2i , as Q does. We conclude that 
Q 2 i-i normalizes N(Q 2 i-i in P 2 * (/?2i-i))- As the latter p-group also normalizes the p'-group Q 2 i-i, 
we get that Q 2 i-i centralizes N(Q2i-i in P 2 * ($2i-i))- Hence Q2i-\ also centralizes P%i(fh.i-i) < 
N(Q2i-i m P 2 * (/?2i-i))- Therefore, P2i(/3 2 i_i) < C(Q 2 i-l i n P2i)- As the other inclusion is obvious, 
we conclude that P 2 i(/32i-i) = C(Q2i-i in P21). Hence ljfi.7Hajl holds 

Furthermore, the fact that Q2i-i normalizes P 2 * (/? 2 i-i) implies that N(Q2i-i in P 2 * (/?2i-i)) = 
C(Q 2 i-l in P 2 i(/3 2 i-l))- Hence we have that 

ffe(#K-l) = in P 2 *(/3 2 i-i,2Jfc)) 

< N(Q 2i -i in P^&i-i)) by (jHH 
= C(Q 2i _i in P 2 * (/3 2 i-i)) 

< C(Q 2i _! in P 2 *) 

= C(Q 2 i-l in P 2 * (/?2i-i,2fc)) as &2i-\,ik G Irr(Q 2i _i i2 fc) 

and Q 2 i-i,2k < Q21-1 

< N(Q 2i -i in P* (&j_i, 2fc )) 

= P2i02i-l). 

So P2i02i-i) = C(Q 2 i-i in P 2 *j), and ()6.73b|) holds. This completes the proof of the corollary. □ 
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6.4 Triangular sets for G' = G{a* 2k ) 

For the following two sections we are going to keep fixed the groups P 2i , along with their characters 
«2j- Even though these groups and characters come from a specific triangular set of (|5.2[) . we will 
forget this triangular set and treat the P 2i independently. Furthermore, we make the following 
assumption 

m = 2k is even. (6.75) 

We have already seen that the groups G' s , defined as G' s = G s (a 2k ) = G' n G s whenever 
1 < s < m = 2k, form a series 

l = G' <G[<---< G^_! < G' 2k < G'. (6.76) 

This is a series of normal subgroups of G', as the series 1)5.2)1 is such for G. 



6.4.1 From G to G' 

The goal of this section is to create a triangular set for the series (j6.76|) . related to the triangular 
set {Q21-1, P2i\@2i-i} ®-2i\i=\- We remark that the latter is a triangular set for normal series 

1 = G < G x < ■ ■ ■ < G 2k -i < G 2k < G, (6.77) 

that is, ()5.2)) for m = 2k. As we will see, these two triangular sets are so close related that one 
determines the other uniquely, up to conjugation. 

To create such a set, we first need to give groups and characters that satisfy 1)5.1 7|) for the 
series 1)6.76)1 . For the 7r'-groups and characters we pick the groups Q2i-i,2k f° r every i = 1, . . . , k, 
along with their irreducible characters $21— i2fc- in view of Remark 16.261 we have that Q2i—i,2k 
is a subgroup of G', and thus a subgroup of G' 2i _i = G' fl G 2 i~\ (as Q2i-i,2& — G 2 i-i), for all 
i = 1, . . . , k. We define 

Q'2i-i '■= Q2i-i,2k and 2i _ x = 02i-i,2k, (6.78a) 

and 

P^ = 1 and P' 2i := (Jhi-l,2k), (6.78b) 

whenever i = 1, . . . , k. Note that 

Lemma 6.79. For every i = 1, . . . , k we have 



P 2i - P 2i(P'2i-l) - P2*i{P2i-l,2k) - 

N(Q 2i -i,2k m P&) = N{Q' 2i _ x in P*) = G(Q 2 ,_ lj2fc in P*) = C(Q / 2i _ 1 in P* ) = 

C{Ql } 2ki Qs,2k, ■ ■ ■ 1 Q2i-l,2k i n P^i)- 

Furthermore, 

P 2i is the unique ir-Hall subgroup of N(P 2k in G 2 i(a 2i _ 2 , (3 2 i-i :2 k))- 

Proof. Let i = 1, . . . , k be fixed. Obviously P 2 * (/?2i-i,2fc) < N(Q 2 i-i t 2k in ^2i)- Als o Q/2i- i,2fc = 
C{P 2 i, . . . , P 2 fc in Q21-1) normalizes P 2 , . . . , P2«-2, as it is a subgroup of Q 2 i-l (see ()5.17e)l ). and 
centralizes P 2 j. Hence the 7r'-group Q2%-\,2k normalizes the 7r-group P 2 * . Therefore 

N{Q 2i -i,2k in P 2 * ) = G(g 2i _ li2fc in P 2 * ) < P 2 * (/? 2i _i, 2fe ). 
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So 

PL = f 2 *(/32i-i,2fc) = N(Q 2i „ lt2k in P 2 *) = C{Q 2i -i,2k m P 2 *). 

The fact that C(Q' 2i _ 1 in P 2 *) = C(Qi^k,Q3,2k, ■ ■ ■ ,Q2i-i,2k in P 2 *) follows easily from the fact 
(see (|5.40jl ) that Q 2 t-i,2k is a subgroup (actually normal) of Q 2 i-i,2k whenever 1 < t < i. 

The rest of the lemma follows from (|6.78a|) and Proposition 16.441 □ 

What about irreducible characters a' 2i of P 2i ? Well, there is a straightforward way to pick those 
characters. To see this, note that Q 2 i-i = Q2i-i,2k fixes the character a 2i of P 2 * . Indeed, Q 2 i-i,2k 
fixes a 2k ( as ^ i s a subgroup of G') and normalizes P 2 * = G 2 j n P 2 * fc . Hence it fixes the unique 
character a 2i of P 2i that lies under a 2k (see Proposition 15.153)) , As P 2i = C(Q 2 j-i2fc hi P 2 {) = 
^ in P 2 * ), we can make the 

Definition 6.80. For every i = l,...,k, the character a' 2i G Irr(P 2i ) is the Q^^-Glauberman 
correspondent of a 2i £ Irr(P 2 * ). We also set a' Q := 1 € Irr(Pg). 

Now we can show 

Theorem 6.81. The set 

{Q[, . . . , Q' 2 k-1, Pqi P 2 i--- , -f^fcl/^l) ■ ■ ■ ) 02k-\i a 0i a> 2i ■ ■ ■ i a 2k}, (6.82) 

given by ()6.78|) and Definition \6.8(A is a triangular set for (|6.76j) . 

Proof. It is enough to check that (|6.82j) satisfies (|5.17|) . It obviously satisfies (j5.17aj) . According to 
(IP41 we have that Q[ = Q 1;2k = G[. Hence (15.1 7b|l holds for the set (fft~32jl . 

By Lemma fo. 79! the group P 2i centralizes Q' 2i _i = Q2i-i,2k, for all i = 1, . . . , k. Therefore the 
group that we would write as Q 2 i-i 2% ( see (EmO is Q 2 j-i itself. Furthermore, the P 2r Glauberman 
correspondent of /3 2i _ 1 is the same character f3' 2i _ 1 , whenever 1 < i < k. Therefore the character 
that we would write as /3 2 j_i 2 i (see Definition 15.22(1 is nothing else but the character ^i— l- ^c- 
cording to (|5.4(J() and (|5.51f) the groups Q 2 j-i = Q2i~i,2k an d their characters (3' 2i _i = $2i-\,2k line 
up. That is, we have a series of normal subgroups 

Q'i < Q' 3 < ■ • • < Q'2k- 3 < Qak-i 

along with their characters 

Pi, Pz, ■ ■ ■ , @2k-3 , P*2k-l 

that lie one under the other. Actually, by Proposition 15.551 the unique character of Q' 2 j_\ that lies 
under (3' 2i _ 1 is /3 2j _i, whenever 1 < j < i < k. Hence the characters f3' 2i _ l satisfy <f5.X7"ff> in the 
definition of a triangular set. 

The group P 2i 2i+1 , defined as P 2i 2i+l = C(Q' 2i+l in P 2i ) (see (15.14(1 ). satisfies 

p 2i,2i+i = C(Q 2 i+l,2fc in P 2i ) = C(Q 2i+ i ;2k in C(Q 2 i-i,2k in P 2 *)) = 

C(Q 2l+ i, 2k in P 2 *) = C(Q' 2i+1 in P 2 *), 

whenever 1 < i < k — 1. But Q 2 j +1 = Q2i+i,2k normalizes P 2i , and fixes its irreducible character 
a 2i , as it fixes a 2k . Hence the Q 2i+1 -Glauberman correspondent of a' 2i is the Q 2i+1 -Glauberman 
correspondent of a 2i , as a' 2i is the <5 2i _ 1 -Glauberman correspondent of a 2i , and Q' 2i _i <! Q' 2 i+i- This 
implies that the character a 2i2i+1 € Irr(P 2 - 2i+1 ), defined as the Q' 2i+ i- Glauber man correspondent 
of a 2i (see Definition I5.49|) . is the Q 2i+1 -Glauberman correspondent of a 2i € Irr(P 2 *), for all i = 
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1, . . . , k — 1. Furthermore, a 2i+2 is the Q 2 j +1 -Glauberman correspondent of a 2i+2 . As a 2i+2 ^ es 
above a 2i we conclude that the same holds for their <3 2i+1 -Glauberman correspondents. Thus 
a' 2i+2 € ^(^21+2) li es aDOve a 2i 2i+i e Irr(i 3 2i 2i+i) whenever 1 < i < A; — 1. We obviously have 
that a' 2 € irr(P 2 ) lies above 1 = a' 01 £ Irr(Pg). Hence the characters a 2i satisfy (|5.17d|l . 

To complete the proof of the theorem, it remains to show that the set (j6.82j) also satisfies ()5. 17cj) 
and (|5.17e|) . 

According to (|6.29b|) . (|6.29c|) and (|6~3T|) we get that 

Q21-I = Q2i-l,2k = Q2i-l(/?2i-3,2fc) G HahV (G^i-l (o^jfc, /32i-3,2fc))j (6.83) 

for all i = l,...,k. Furthermore, as Q 2 i-i = Q2i—l,2k fixes a 2(fc ^ a ^ so fixes a 2j f° r an i = 
1,... ,k, by Remark 16.11 In view of Proposition 15.551 it also fixes ftij-i = 02j-i,2k f° r a ll J 

1 / 1 . Thus Q' 2i _i normalizes the groups Q27-1 an d fixes a 2 j. This implies that Q' 2i _\ also 

fixes the <5 2 j_i"Glauberman correspondent a 2 j of a 2 j whenever 1 < j < i — 1. Hence Q 2 i-i — 
G ! 2i-i(Q! 2 j t , . . . , /3 2i _ 3 , a 2 , • • • , 0^-2)- (We a ctually have even more as Q 2 i-i fixes a 2i and /3 2 i_i 
for all i = 1, . . . , k, but we don't need it here.) This, along with (|6.83|) and the fact that 

G2i-i(a 2k , a 2 , . . . ,a 2i _ 2 ,[3[, . . . , /? 2i _ 3 ) < G 2 i(a 2k , /? 2i „ 3 ) = G2i(a 2k , /32i-3,2fc), 

implies that 

Q f 2i-1 ^ Hall 7r /(G ! 2i_l(Q!2 S; ,Q!2, . . . ,a' 2i _ 2 ,[3[, . . . ,/3 2 i-3)) = 

Hall 7r ,(G 2i _ 1 (a 2 , • • • , « 2l -2, . . . , &_ 3 )), (6.84) 

whenever i = 1, . . . , k. Hence (|5.17ep holds for the 7r'-groups Q' 2i _\- 

As for the 7r-groups, we first note that, in view of Lemma 16.791 for every i = 1, . . . , k the group 
P 2i centralizes Q[ = Qi^k, ■ ■ ■ )Q2i-i = Q2i-i,2k, a nd thus fixes their characters (3[, . . . , f$' 2 i-\- ^ 
also fixes the characters a 2 , . . . , a 2i _ 2 , as — ^2i- Therefore it also fixes the Q^^-Glauberman 
correspondent a' 2 j of a 2 j, for all j = 1, . . . , i. Hence 

Hi = PU&i-i) < G 2l (a* 2k ,a' 2 , . . .,a' 2i _ 2 ,(3[, . . .,^_ x ) < 

N(Pl k in G 2i (a* 2i _ 2 , (6.85) 

Proposition 16.441 implies that P 2i = P 2i (/?2i— i,2fc) is the unique 7r-Hall subgroup of the group 
N(P 2k in G2i(a 2i _ 2 , /?2i-i.2fc))- This, along with (|6.85[) . implies that P 2i is a 7r-Hall subgroup of 
(?2j(a! 2fc , a' 2 , . . . , a' 2i _ 2 , ■ ■ ■ , /?2i-i)j whenever 1 < i < k. As G2i(a 2k ) = G' 2i , we conclude that 
(|5.17ef) holds for the groups P 2i . Hence Theorem 16.811 is proved. □ 

For the triangular set (|6.82j) we can define, as it was described in Section ESl the groups (P 2i )* ■= 
P 2 ■ P4 ■ • • P 2i , along with their irreducible characters (a' 2i )* (see Definition 15. 147)) . whenever 1 < 
i < k. Then it is easy to show that 

Proposition 6.86. 

for every i = l,...,k. 

Proof. In view of ()6.78j) . it is clear that P 2i < P 2 * for all « = 1, . . . , k. As P 2j - < P 2 *, whenever 
1 < j < i, we conclude that (P 2i )* is a subgroup of P 2i , whenever 1 < % < k. 
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For the other inclusion, note that, according to Lemma fo. 791 P 2i = C(Q2i-i,2fc in P^i)- But P^i 
is a subgroup of P 2 * and centralizes Q2i-i,2k (see (|5.23aj) ). Hence P 2 j < C(Q 2 i-i,2fc in P 2 * ) = p Li 
whenever 1 < i < k. Therefore, 



Hence P 2 * = (i* )*. □ 



6.4.2 From G' to G 

Now assume that a triangular set for G is given. It would be nice if we could pass to a triangular 
set of G in a "reverse " way to that described in the previous section. This would not only show 
a path to pass from triangular sets of G to G and vice versa, but also, as Theorem 15.61 suggests, 
a path to pass from character towers of (|6.77|) to character towers of (|6.76j) and vice versa. We 
couldn't hope that this would work with every triangular set of G , as, after all, the triangular set 
that we got in the previous section has a very specific type. That type we try to reproduce in 
Property 16.891 that follows. In addition, we need an extra asumption for the set of primes n. We 
assume that 

7r = {p} consists of one prime only. (6.87) 

So the various 7r-Hall subgroups become p-Sylow subgroups, while the 7r'-Hall become p'-Hall. 
Now assume that 

{Q«-i,^l/&-i,«2i}ii (6.88a) 
is a triangular set for (|6.76|) . while Q' is any p'-subgroup of G satisfying 

Q'm-i < Q' < G'(a' 2 , . . . , a' 2k , . . . , (6.88b) 

whenever 1 < i < k. Note that Q 2 jfc-i wor i cs f° r Q' ■ Furthermore, we assume that the set (|6.88a(l 
satisfies the following property 

Property 6.89. For every i = 1, . . . , k we have 

PL = N(Q' 2i ^ in P 2 * ) = C(Q 2i _ 1 in P 2 *) = P^PL-i)- (6.90a) 

In addition, 

P 2i is the unique p-Sylow subgroup of N(P 2k in G2i(a 2i _ 2 , /? 2i _ 1 )). (6.90b) 

Furthermore, 

a 2i € Irr(P 2i ) is the Q' 2i _ 1 -Glauberman correspondent of a 2i G Irr(P 2 *). (6.90c) 

We remark that, as the p'-group Q' 2i normalizes the p-group P 2 * = P 2k D G 2 i, we necessarily 
have that 

N (Q f 2i-i in P 2 *i) = C(Q' 2 i-i ^ P$i) = PlMi-i), 

for alii = 1, . . . , k. Thus equation (|6.9()a[) is equivalent to P 2i = P^C^i-i)- 

Lets see some of the conditions Property 16.891 implies for the triangular set (|6.88a|) . Recall 
that, for all i = 1, . . . , k, the groups Q' 2i _ lt2k are defined as Q' 2i _ X 2k = C(P 2i , . . . , P' 2k in Q' 2i _^) = 
C(P' 2i ■ ■ ■ P' 2k in Q' 2i _i) (see ()5.23ap ). Furthermore, for all i = 1, . . . , k, the character (3' 2i _ 1 2k is the 
P 2i ■ ■ ■ P' 2k - Glauber man correspondent of (3' 2i _ 1 2k , by Definition 15.491 
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Lemma 6.91. For every i = l,...,k we have that Q' 2i _i 2k = ^2i-l while &2i-\2k = @2i-i- 
Therefore we get 

Q'l < Q' 3 < ■"< Q' 2 k-i < Q 'while 

#y-l G Irr (Q 2 j-il/%-3) whenever 2<j<k. 
Furthermore, whenever 1 < j < i < k we get 



(6.92) 



Q2i-M j -i) = Q , 2i-i, (6.93a) 



while 



Q[ = G\ = G x {a* 2h ) = N{P; k in Gi) = C(P 2 * fe in G 1 ), (6.93b) 
P' 2 = P 2 * = P 2 , (6.93c) 
^ = PZMi-i) = P2M, 02i-i) = C(Qi, . . . , Q' 2l _! in P 2 * ). (6.93d) 

Proof. According to Property 16.891 the group P 2i centralizes Q 2 i-i> f° r eacn i = 1, ■ ■ ■ ,k.. As 
Q 2 i-i 2i := ^(^21 ^ n Q^j-i) ( see <|5.23a|l ). we conclude that Q' 2i _i 2i = Q 2 i-i- But, according to 
(tPBl . the group Q 2 j_i 2 j is a normal subgroup of Q' 2 i^\ whenever 1 < i < A; — 1. Thus Q 2 j_i f^Q^j+i 
for all such i and the first part of ()6.92[) is proved. 

As P 2i centralizes Q' 2i _i and Q' 2 j-i <! Q'2i-i-> we conclude that P 2i centralizes Q' 2 j-\ whenever 
1 < j < i < k. Thus P' 2i = C{Qfn_ x in P*.) = C(Q[, Q' 2i _ x in P*). Even more, as Q' 2j _ 1>2i = 
C(P 2 j, . . . ,P 2i in Q 2 j_i) (see (j5.23aj) ). we get that Q 2 j_i j2 j = Q f 2j-i whenever 1 < j < i < k. Thus 
@2j-i 2i = 02j-l- This, along with (|5.51f) . implies that /3 2j _i lies above /3 2 j_ 3 whenever 2 < j < k. 
Hence the rest of (|6.92|) holds. 

Furthermore, as P' 2 j_i 2k = @2j-n Proposition 15.551 for the t,j, i there equal to i,k,j here, 
implies that <2 2i _i i2fc (/? 2 .,_i) = Q 2 j_i j2 fc- Equation (|6.93aj) holds, as Q 2i _ 12k = Q' 2 i-v 

The set (|6.88aj) is a triangular set of (|6.76j) . Hence, (see (|5.17b|0 . 



Q\ = G\ = Gi(a 



2k ) 



Therefore, Q\ = N{P 2k in G\) = C{P 2k in G\), as the p-group P 2k normalizes the p'-group G\. 
So (|6.93b|) holds. Furthermore, we get that P 2 = P 2 * centralizes Q[. This implies that P 2 = 
C(Qi in P 2 *) = P 2 * = P 2 . Thus (l6~McT) holds. 

It remains to show that (|6.93d|) holds. As P 2i centralizes Q' : , . . . , Q 2 i-l' anc ^ ^ s a subgroup of 
P 2 * , we obviously have that i* < C(Q' l5 . . . , in P* ) < P* . . . , /^J < P^Mi-i)- B ^ 

P 2 i((3' 2i _i) = P 2i - This completes the proof of the lemma. □ 

For each i = 1, . . . , k, let (P 2 J* be the product group (P 2i )* = P 2 ■ ■ ■ P 2i , and (a' 2i )* its irre- 
ducible character that we get (see Definition I5.147j) from the triangular set ()6.88aj) . Then 

Lemma 6.94. For every i = 1, . . . , k, 

(PiiT = P2i- 

Proof. We will use induction on i. Equation (|6.93c|) verifies the i = 1 case. Assume the lemma 
is true for all i = 1, . . . , n — 1, where n = 2,3, ... ,k. We will prove it also holds for i = n. The 
group Q' 2n _i normalizes P 2 * for all i = 1, . . . , k (as it normalizes P 2k ). Thus Q' 2n _\ x P 2n is a 
group. Furthermore, the semi-direct product Q' 2n _\ x P 2n __ 2 is a normal subgroup of Q 2n _i x P 2n , 
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as Q' 2 „_i x P£n-2 = ^2n-i n (Q 2n __i ix -P 2n )- Hence Frattini's argument implies that 

According to the inductive hypothesis P 2n _ 2 = (Hn-2)*- Even more, in view of (|6.90a[) we get 
that P 2n = N{Q' 2n _i in P 2 * n ). So we conclude that 

P2n = N(Q 2n _i in P 2n ) ■ P£ n -2 = P2n{P2n-2)* = {P2nY ■ 

This completes the proof of the inductive step. Thus Lemma 16.941 holds . □ 
We can now prove 



Theorem 6.95. Assume that the triangular set ()6.88aj) for the series Q6.76JI satisfies Property[ 
while (|6.88b|) holds for a subgroup Q' of G' . Then there exists a collection of groups and characters 

{PS, Q^P^a^, ofoU, (6-96) 

with the following properties: 

Q' normalizes Q 2i _i, (6.97a) 
Q'%-1 = Qx-i(<4k) = N{N{Ql,Ql, ■ ■ m P 2 * fe ) in Q^) = 

C(N(Ql Q%,..., (?2i_i m P£ k ) in Q v 2i ^) = N(P; k in Q^), (6.97b) 

02i-l e I rr (Q2i-l) N(Q\, Q3, . . . , Q^i-i in P 2k )-Glauberman correspondent of 2i _i, 

(6.97c) 

^ = iV(Q?, Q3, . . . , QSi-i in Hi) = N{Qi, Q3, ■ ■ ■ , in P 2 * ), (6.97d) 

a 2 = a 2 6 Irr(P2 )i while for i > 1 
a 2i £ Irr(P 2 J zs i/ie Q3, . . . , Q 2 i-l" correspondent of a 2i , (6.97e) 

: = Gi, while for i > 2 
Q V 2i-\ e Hall p /(G 2 i_i(a 2 ,...,a 2 j_ 2 , /?!,..., /3 2i _ 3 )), (6.97f) 
Pq := 1 Q o := 1' w/iiZe for i>l 
P v 2i e Syl p (G 2i K, a v 2 ,..., a&_ 2 ,fi, ^ x )), (6.97g) 
Hj = Pa ■ H • -P4 ■ • " P V 2i-2-N{Q\, Q3,..., QSi-i in P£), (6.97h) 
^2* =^2 -^4 (6-97i) 

whenever 1 < i < j < k. In (|6.97e(l . i/ie Qi? • • • > QW—x' correspondent refers to the correspondence 
described in Lemma \5.14^\ and Theorem \5.14^[ 

To prove the above theorem we will need the following easy lemma 

Lemma 6.98. Assume that T, S, Tq are p-subgroups of a finite group H such that T normalizes S 
while Tq < T n S. Assume further that Tq = N(T in S). Then Tq = S. 

Proof. The group TS is a p-group and thus nilpotent. Hence, if T is a proper subgroup of TS, 
then we should have that N(T in TS) > T. 

But N(T in TS) = T ■ N(T in S) = T ■ Tq. As T < T we conclude that N(T in TS) = T. 
Hence T = TS and thus S <T. Therefore we have that S = N(T in S) = Tq. □ 
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Proof of Theorem \6. 95i We define Pq := 1 and Oq := 1, so that the trivial part of ( |6.97gD holds. 
We will prove theorem using induction on i. Assume that i = 1. For Q\ we take Q\ = G\. Hence 
the first part of (|6.97f|) holds. According to (|6.93b|) we have that 

Q'l = QiKJ = N{P* k in Q\) = C(P; k in Q\). 

As Q\ = G\ < G we get that N(Q'( in P 2k ) = P^ and that Q' normalizes Q\. Hence Q\ satisfies 
dnHTb .b). Furthermore, $ is fixed by P 2 * fc , by (|6.93dl) . So we take G Irr p 2**(Qi) to be the 
P 2A ,-Glauberman correspondent of (3[ G Irr(Q' 1 ). Thus /3f satisfies (|6.97c|) . 

Let Pa 1 " : = ^V(Qi m ^!)- Th en, as <2l = G l < G and p i = P 2 ( see jESSI ), we have 

P^ = P 2 * = P' 2 . 

So (1101711) holds. We also define a v 2 := a* 2 . Thus P% and a£ satisfy P3l,e). 

Let 7> be a p-Sylow subgroup of G 2 (/?i)- ThenG 2 (/3i) = PxGi = PkQ^, as G 2 /Gi isap-group. 
Furthermore, P 2 * fc normalizes G 2 (/3f), as it fixes Also, P 2 = G 2 n P 2A . is a subgroup of G 2 (/3f). 
Therefore Lemma l6 .591 implies that we can pick P so that is normalized by P 2k , while P 2 = P 2 < P. 
So P 2 ' < P n P 2 V The group N(P* k in P) fixes the P 2 * fc -Glauberman correspondent f3\ of # (as P 
does), and normalizes P* k . Thus it also fixes 0' v Hence P 2 ' < iV(P| fc in P) < iV(P 2 * fc in G 2 {f3' 1 )). 
According to (|6.90bf) . the group P 2 is a p-Sylow subgroup of N{P 2k in G 2 (/?J)). Thus Lemma fo.981 
can be applied to the groups P 2k ,V and P 2 = P 2 in the place of T, S and To, respectively. Therefore 
we get that P = P' 2 = P 2 *. As P% := P 2 *, we conclude that P$ G Syl p (G 2 (/3 1 1 ')). Hence ( |07gl ) holds. 

We complete the proof of the i = 1 case by observing that N{Q\ in P 2 -) = P 2 - as Q\ = G\ < G. 
Thus 

inP 2 * J ) = l-P 2 * i = P 2 * i , 

whenever 1 < j > < A;. Hence (|6.97h.|) holds. 

Now assume Theorem 16.951 holds for all i = 1, . . . , t — 1, for some t = 2, . . . , k. We will prove it 
also holds for i = t. To simplify this proof, we give separately the next steps that depend heavily 
on the inductive hypothesis, 

Step 1. Assume that the set {Q 2i _i, -P^I/^-n Q 2 i}f=u f or some s = 1, . . . , k, satisfies (|6.97b .d.e) 
for alli = l,...,s. LetT < N{P* k: Q\ : Q\,. . . , Q\ s _ x in G{a* 2s ,a' 2 , a' 2s , ft, P' 2s _ x )). Then 

T<G(^,...,aLft V >.-,ftVi)- 

Proof. The group T normalizes P 2r for all r = 1, ... ,s, as it normalizes P 2k . It also normalizes 
Q 2r _i for all such r. Therefore, it normalizes N(Q\, . . . , Q 2r _i in P 2r ). But, according to ()6.97dj) . 
this last group equals P 2r whenever 1 < r < s. Hence T normalizes P 2r and Q u 2r _ v But T also 
fixes a 2r , as it fixes a 2k (see Remark 16. 1(1 . Therefore (|6.97e|) . along with Proposition 15 .1491 implies 
that T fixes a 2r for all r = 1, . . . , s. 

Furthermore, T fixes P 2r _i, as it fixes its N{Q\, . . . , Q 2r _i in P 2fc )-Glauberman correspondent 
@2r-i ( see (EHZcJ) and normalizes P 2k ,Q\, . . . , Q 2r _i, whenever 1 < r < s. Therefore 

r<G(^,...,^ s ,/3r,...,^ s _i), 

and Step His complete. □ 
The second step is 
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Step 2. Assume that the set {Q^i-n ^2il/^2i-n a 2i\t=u f or some s = 1, . . . , k, satisfies (I6.97b .ce) 
/or alli = l,...,s. LetT < N(P* k in G(t^, . . . , . . . , ^ s _i))- ^en 

T < iV(P 2 * fe in G(a 2s ,a 2 , ■ ■ ■ , a'2s,P'i, /4-i))- 

Proof. The group T normalizes P 2r f° r all r = 1, . . . , s (even for all r = s + 1, . . . , k, but this we 
will not need). As T also normalizes the groups Q 2 r-li an d fixes the characters a 2rl it has to fix 
(by Proposition 15. 1491) the Q%, ... , Q\ r _ ^-correspondent a 2r °f a 2r ( see Q6-97eJ)) for all r — 2, . . . , s. 
It also fixes a 2 = a 2 . 

Furthermore, T normalizes Q 2r _i, as <16-97bj) implies that Q' 2r -i = N(P 2k in Q 2r _i), whenever 
1 < r < s. The group P 2r satisfies (|6,9UaJ) for i — r. Hence P 2r — N (Q' 2r __i in ^2r) - Therefore, 
T normalizes P 2r , as it normalizes both Q^r-l arm ^2r- This, along with the fact that T fixes 
a 2r , implies that T fixes the <3 2r _i-Glauberman correspondent a' 2r (see (|6.9Uc(l ) of a 2r , f° r a H 
r = 1, . . . ,s. 

Even more, as T fixes /?2r-i an d normalizes Q' 2r _i, it must fix the N{Q\, . . . , Q^r-i m ^2fc)" 
Glauberman correspondent /3 2r _ 1 of /? 2r _i ( see l|H.97cjl ). Hence 

T < iV(P 2 * fc in G(o4, «2, ■ ■ ■ , <4, • • • , /4-i))- 

□ 

The last step is 

Step 3. The group S := N{Q\, Q% t _ 3 in P* k ) is a subgroup of G{a v 2 , a% t _ 2 ,fi(, P 2t _ 3 ). 

Proof. For every r = 1, ...,£ — 1, the group S = N(Q%, . . . , Q 2 t-z m P£k) normalizes P 2r = 
in P^.). Also S" fixes a 2r , as it is a subgroup of P 2fc . Therefore S fixes the 
Q3, ■ ■ • , Q^^-correspondent a 2r ^ ^(-^Zr) OI " a 2r' ( see (JSIS^)) for all r = 2, . . . , t — 1 , as well as 

V * 

"2 = «2- 

Furthermore, (j6.97cj) for i = t — 1 implies that S fixes P 2 t-3- Similarly, the inductive hypothesis 
for (l(197cl) implies that N(Q^, Q 2r -i in P 2k ) fixes ^r-\i for all r = 1, 2. But S is a 

subgroup of N(Qi, . . . , Q 2r -i in P^) for a ll such r. Hence S fixes /3 2r _! whenever 1 < r < i — 1. 

Therefore S < G(a 2 , . . . , a 2t _2> > . . . , (3 2t _ 3 ), and Step El is proved. □ 

We can now continue with the proof of the theorem. The fact that (jd88aj) is a triangular set 
for (|6.76|) implies that 

Q^s-l — G2s-l(a 2 k' a 2i • • • > a 2t-2; • • • ) a 2s-2> Pit ■ ■ ■ i @2t-3i • • • i 02s-z) — 

G 2s -i(a 2 \ k ,a 2 , . . . ,a' 2t _ 2 ,f3[, . . .,(3' 2t _ 3 ), 

for all s = t, . . . , k. Also the inductive hypothesis, I6.97al for i < t — 1 implies that Q 2 s-i — Q' 
normalizes the groups Q\, . . . , Q 2t _ s - Hence for all s = t, . . . , k we have that 

Q' 2s -i < JV(Qi»--->Q«-3 in G 2s -i(a 2k ,a' 2 , . . . ,o4_ 2 , ■ ■ ■ , $ t _ 3 ) < 

JV(-FSfc> Qi> ■ ■ ■ i Q V 2t-z in G 2s _i(a2f_ 2 , a 2 > ■ ■ ■ > «2t-2> &> P2t~s)), 
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and 



Q' < N (Qi, m G(a* 2k , a' 2 , a' 2t _ 2 , # (3' 2t _ 3 ) < 

N ( p 2k, Qi,---, Q2t-3 in G(a* 2t _ 2 , a 2 , a' 2t _ 2 ,(3[, f3' 2t _ 3 )). 

This, along with Step^ with the present t—1 in the place of s there, and the fact that G 2 t-i^G 2s -\, 
implies that both Q 2 s-i an d 0! normalize the group G 2 t_i(a 2 , . . . , a 2t _ 2 , (3^, . . . , P 2t _ 3 ) and fix the 
characters a 2 , . . . , a 2t _ 2 , ft", . . . , (3 2t _ 3 . In particular, for s = t we get 

Q' 2 t-i < G 2t -i(a 2 ,...,a 2t _ 2 ,Pi,...,P 2t _ 3 ), (6.99a) 

as Q' 2t _i < G 2 t-i. Furthermore, 

Q' normalizes G 2 t-i(a», a u 2t _ 2 ,ft, f3 v 2t _ 3 ). (6.99b) 



Let Q be a p'-Hall subgroup of G 2 t-i(a 2 , . . . , a 2t _ 2 , Pi , ■ ■ ■ , P 2t - 3 )- Since P 2t _ 2 satisfies ( |6,97g| ) 
for i = t — 1, and since a 2t _ 2 € Irr(P 2t _ 2 ), we have that 

P&-2 G Syl p (G 24 _ 2 (^, . . ,(4.,^, . . . ,/5 2 V 3 ))- 

As G 2t -i/G 2t -2 is a p'-group and G 2t _ 2 (a 2 , . . . , a 2t _ 2 , 0j, ■ ■ ■ , /3 2t _ 3 ) normalizes -P 2 ^_ 2 , we get 

G 2t -iK, • • • ,«^_ 2 ,/?r, • • • ,/3 2 V 3 ) = 2 x P V 2t-2- (6-100) 

This, along with (|6.99[) . the fact that Q' 2t -\ <! Q' (see (j6,88b|) V and Lemma fo.591 implies that we 
can pick a conjugate Q 2t ^i := Q s of Q, so that 

Qat-i G HalV(G 2 t-i(a 2 ,...,a 2t _ 2 ,/3i,...,/3 2t _ 3 )), 

Q' normalizes Q 2 j_i and (6.101) 
Q2*-i ^ Qm-l- 



It is obvious from the definition of Q 2i _i that it satisfies (|6,97b .f) for i = t. Furthermore, 
holds for Q = Q^_!, i.e., 

G^K, . . . ,a^_ 2 ,/?r, . . . ,/5 2 V 3 ) = x ^t-2- (6-102) 

This, along with Step OH implies that N(Q1, . . . ,Q 2t _ 3 in P 2k ) normalizes Q 2t _i x -P2t-2- Hence 
the product N (Q" , . . . , Q 2t _ 3 in P 2k ) ■ Q:\t-\P2t-2 ls a group having Q 2t _i ■* ^2t-2 as a normal 
subgroup. Furthermore, (|6.97d|) for i = t — 1 implies that -P 2t _ 2 < N{Q\, . . . , Q 2t _ 3 in P 2 k)- Hence 
N{Q\, QSt_ 3 in P* fe ) is a p-Sylow subgroup of 7V(Q^, . . . , Q^_ 3 in P* k ) ■ Q v 2t _ x P v 2t _ 2 . Thus 
Frattini's argument for the p'-Hall subgroup Q 2t _i of the normal subgroup Q 2t ^i X P%t—% implies 
that 



N(Ql • • • , in P| fc ) = P 2 ^ 2 • N{Q v 2t _ x in JV(Qi, . . . , Q&_ 3 in F 2 * fc )) = 

^2t-2 ' ^(Qli ••• ; Q^i— 3' Q 2 t-1 ™ ^2fc)- 
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This, along with ()6.97h|) for i = t — 1 and j = k, implies that 

Pk = P% ■ ■ ■ P2t-A ■ N(Qi, Q2t-3 m Pk) = 

P% ' ' ' Pit-A ' P%t-2 ' N(Qi, . . . , Q 2t -3, Qzt-i 1X1 Pk)- 

Therefore, intersecting both sides of the above equation with G 2 j , we get 

P* = P% ■ ■ ■ P£_ 2 ■ N{Q\, Q» t _ 3 , Qfa-x m P 2 *), (6.103) 

whenever t < j < k. Hence ()6.97hj) holds for i = t and j = i, i + 1, . . . , k. 

To prove (|6.97b|) for i = t, we first note that, according to the definition of Q 2t _ x ( see (16,101(0 . 
we have Q 2t _ x < Q^t-v Hence Q' 2t _ x < Q2t-i( a k)i as Q'n-i < G ' = G {a* 2k ). Furthermore, Q v 2t _ x 
normalizes Q x , . . . , Q 2t _ 3 , Q 2 t-v Hence 



N(P 2 \ in Q\ t _ x ) < N(N(Q X , . . . , Q v 2t _ x in P 2 * fc ) in Q\ t _ x ) = C(N(Q^, Q% t _ x in P 2 * fc ) in Q 



2t-l)i 



where the last equality holds as thep-group N(Q X , . . . , Q 2t _ x in P 2k ) normalizes thep'-group Q 2t _ x - 
Thus we have 

Q2t-i < Qit-lHk) < N(Pk in Q u 2t -i) < 
N(N(Ql, Q v 2t _ x in P 2 * fe ) in Q 2t _ x ) = (6.104) 

C(N{Q^ ...,Q V 2t-x inP^fc) in Q^-i)- 

Let T = C(N(Q\, Q v 2t _ x in P 2 * fc ) in Q v 2t _ x ). Then T normalizes the groups P%, P% t _ 2 , 
as Q 2t ^i does (it fixes their characters a 2i ). Hence, T, in view of (|6.103[) for j = k, also normalizes 
P* k . Therefore, T < N(P* k in Q v 2t _ x ). This , in view of (JK.K)lj) . implies that 

T < AT(P 2 * fe in Ga^K, . . .,a^_ 2 ,^, . . . ,^_ 3 ))- 

The set {Q 2 i^ x , P 2 i\P 2 i_ x ,oi 2i } t j z\ satisfies (|6.97b .c.e) (according to the inductive hypothesis). So 
Step 12 for s = t — 1, implies that T satisfies 

T < N(Pk in G 2t -i(a* 2t _ 2 ,a' 2 , a' 2t _ 2 , /4_ 3 )). (6.105) 

Equation (|6.103|) for j = k, along with (|6.97i|) for i = t — 1, implies that 

P4 ^ ^.....Q^inP^) 

p 2t-2 n iv(Qy, . . . , q^_! in p 2 * fc ) • 

Therefore T centralizes P 2 fc/P 2t _ 2 , as it centralizes N(Q X , . . . , (3 24 _ 3 in P2&)- Also T fixes a 24 _ 2 € 
Irr(P 2t _ 2 ), and is a p'-group. Hence (see Exercise 13.13 in ^2j)j T fixes every irreducible character 
of P 2k that lies above a 2t _ 2 . Thus T fixes a 2k . This, along with (|6.105j) . implies that 



C(N(Q^ Q v 2t _ x in P* k ) in Q^) < G 2t -i{^ <4 • • • , <4-2, #> ■ ■ ■ , # 



> H2t-1, 



But Q 2 t-i is a p'-Hall subgroup of G2t-i(a 2k , a' 2 , . . . , a' 2t _ 2 , f3[, . . . , P' 2t -i), as ()(i.88aj) is a tri- 
angular set for (|6.76|) . Furthermore, (|6.104|) implies that the p'-group Q' 2t _ x is contained in 
C{N{Q\, . . . , Q v 2t _ x in P* k ) in Q% t _ x ). Thus C{N{Q\, . . . , Q^i in P 2 * fc ) in Q^.J = Q' 2t _ x . This, 
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along with Q6.1U4[) . implies that 

Qm-i = Q2t-i(«2fc) = W(P& m = 

N(N(Q1, Q? 2t _ x in P* fc ) in Q^) = (6.106) 
C{N{Q\,...,Q\ t _ x inP 2 * fe ) in Q^-l)- 

So (|6.97b|) holds for i = t. Hence we have shown that the group Q 2 t—i satisfies (|6.97h .b.f.h) for 

i = t < j < k. 

As Q' 2t _ x = C(N(Q1, . . .,Q^_! in P 2 * fc ) in Q^_ x ) we can define ^ G Irr(Q2 t -i) to be the 
1 in P 2 *fc)-Glauberman correspondent of P 2 t-i ^ I rr (Q2t-i)- Thus 02t—i satisfies 
GEEJ for i = t. 

To complete the inductive step it remains to prove that we can pick a p-group P 2t , along with 
its irreducible character a 2t , so that (|6.97H .e.g.i) hold for i = t. In view of (j6,106j) we have that 
Q' 2t _i = Q2t-i( a 2k)- Hence N(Q X , . . . , Q 2t _ x in P 2t ) normalizes Q 2 t-i • This, along with the fact 
that P 2t = N(Q' 2t _ l in P 2 * ) by (I6.90bl) . implies that 

iV(Qi, ■ • • , Q v 2t-i m Pi) = iV(Q 2t _! in N(Q\, Q? 2t _ x in P 2 * )) = 

iV(Qi , • • • , %_i in WCQzt-! in P£)) = N(Q\, C&-1 in P^). 

Let 

M : = JV(Ql, . . . , %_! in ) = iV(Qi, . . . , in P 2 * ) and ^ 

M:=iV(Q5',...,Q^„ 1 inP4). ' " 

Note that MnG 2t = M , as P 2 * fc n G 2t = P 2 * t . 

In view of Step 01 the group M fixes the characters a 2 , . . . , a 2t _ 2 , /?i , . . . , /3 2 t_3 as it is a sub- 
group of N(Q X , . . . , Q 2t _ 3 in P 2fc ). Furthermore, the definition of (3 2t _ x (as the M-correspondent of 
f3 2t _i) implies that M also fixes (3 2t _ x - Hence M normalizes G 2 t(a 2 , . . . , a 2t _ 2 , f3 x , . . . , /3 2t _i)> while 
Mo = M n G 2 f is a subgroup of G 2 t(a 2 , . . . , a 2t _ 2 , (3 X , . . . , (3 2t _ x ). Let V be a p-Sylow subgroup 
of G 2 t(a 2 , . . . , a 2t _ 2 , /3i , • • • , &2t-\)-> chosen so that V contains Mo. It is clear from the fact that 
G2t/G 2 t-\ is a p-group, and the definition of Q 2t _ x (see (|6,101j0 . that 

G 2t {a v 2 , . . . ,a^_ 2 ,/?r, • • • = V x Q^t-l- (6.108) 

Therefore Lemma 16.111 implies that there exists a (5 2t _i-conjugate of V that is normalized by M 
and contains Mo- So we may replace V by this conjugate and assume that Mo < M n V- 
We can show the following 

Claim 6.109. N(M in V) = M . 

Proof. It is obvious that Mo < N(M in V). For the other inclusion we first note that N(M in V) 
normalizes P 2 , . . . , P 2t _ 2 (since V does) and M. Hence N(M in V) normalizes P 2k = P 2 ■ ■ ■ P 2t _ 2 ■ 
M (see flfOHBJ) ). Hence 

N(M in V) < iV(P 2fc in V) 

< iV(P 2 \ in G 2t (a u 2 , . . .,a u 2t _ 2 ,ft, . . . , (% t _ 3 , f3 v 2t _ x )) (6.110) 

< AT(C#, . . . , Q^_ 1; P 2 * fe in G 2t K, . . . , a^ 2 ,fi, . . . , /%_ 3 ))(/%_i) 

< N(Q X , . . .,Q v 2t ^Pt k in G 2i (c4_ 2 ,a 2 , . . . ,<4- 2 X . . . , /4- 3 ))(^-i), 

where the last inclusion holds according to Step |2] for s = t — 1 . 
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Also N(M in V) fixes the M-Glauberman correspondent 0it-\ OI * PW—li as ^ fixes P^t-i- This, 
along with (j6,ll()j) . implies that 

N(M in V) < N{Q v 1 ,...,Q» 2t _ 1 ,P 2 * k in G 2t (a* 2t _ 2 , (3'^)). (6.111) 

But P' 2t satisfies (I6.90bl) for z = t. Therefore M = N(Q\, Q\ t _ x in P 2 ' t ) is a p-Sylow subgroup 
of N(Q\, Q v 2t -i, p 2k in G 2t(oi* 2 t- 2 > As M o is contained in iV(M in P), inclusion (16.1111) 

implies that Mo = N(M in P). Hence the claim follows. □ 

The groups M, Mq and P satisfy the hypothesis of Lemma 16.981 in the place of T, Tq and S 
respectively. So we conclude that Mq = P. Therefore, Mq is a p-Sylow subgroup of the group 
G2t{a 2 , • • • , «2t-2' Pi ' • • • > ft%t-i)- H we define P 2 v f := M , then it is clear that P 2t satisfies ( |6.97g| ) 
for i = t. It also satisfies (|6,97d|) for i = t, as (|6.1U7I) shows. Equation (|6.97i|) for i = t follows 
clearly from (|6.97h|) for i = j = t, (that we have already proved in (|6.1U3|0 and (|6.97d|) for i = t. 

To complete the inductive step, it remains to show that we can pick a character a 2t £ Irr(P^) 
that satisfies (j6.97e|) for i = t. That is, it suffices to show that the character a 2t has a Q^, . . . , Q^t-r 
correspondent. Looking at Lemma 15.1421 and Theorem 15.1431 where this correspondence is de- 
scribed, we observe that it is enought to prove the following for every i, j with 2 < j < i < t: 

[1 ] Q23-1 ' P 2 j-2 ' P%j ' ' ' P%i i s a group containing Q^j-i ' P 2j-2 an d P 2j-2 as normal subgroups. 
[2 ] N(Q v 2j _ 1 in P£_ 2 ■ P% ■ ■ ■ P£) = P% ■ ■ ■ P%. 

[3 ] a 2t satisfies Property 15. 1451 i.e., there exist characters a 2s x € Irr(P 2 * s ), for s = 1, . . . , t, such 
that a 2t 1 = a 2t , and, if s < t, then a 2s 1 is Q^+i'invariant an d lies under a 2s+2 1 . 

Part [1] is clear as, according to H6.97b .f). for every s = j + 1, . . . , i the group P 2s normalizes 
^2i-2> • • • > P28—2 ano - Q27-I' wn il e Qfy-i normalizes P 2 j_ 2 - This remark also implies that the 
product P 2 j ■ ■ ■ P 2i normalizes Qoj'-i- Hence 

N {Q U 2j-i in PZj-2 ■ P V 2 3 ■ ■ ■ > P V 2 ■ ■ ■ Pn- (6-112) 

But 

iV(Q^_! in P v 23 _ 2 ) = iV(Q^_! in N(Q1, . . . , Q£_ 3 in i%_ 2 )) by (|6~97d|) for j - 1 as % there 
= N(Ql,...,Q 2 : j _ 3 ,Q v 2j _ 1 in P$j_ 2 ) 
<N(Q'(,...,Q^_ 3 ,Q^_ 1 inPZj) 

= P 2 j by (|6.97d|) for j as i there 

This, along with (l6~TT2l . implies that A^(Q^._ 1 in P£_ a • P 2 *. • • • P£) = P^ ■ ■ ■ P%. So [2] follows. 

Part [3] holds if we take the characters a 2s in the place of a 2s l for s = 1, . . . , t. We only need 
to verify that Q 2s+ i leaves a 2s invariant for every s = 1, . . . ,t — 1. This is clear as Q 2s+ i fixes a 2s 
and normalizes the groups Q3, . . . , Q 2s _\ (see (|6.97f|) with s — 1 as the i there). So it has to fix 
the Q3, • • • , (52s-i" corres P°ndent a 2s (see (|6.97e|) with s as the i there) of a 2s . Hence [3] follows. 
This proves that Lemma 15.1421 and Theorem 15 . 1431 can be applied. Therefore there exists a unique 
character a 2t £ liv{P 2t ) that is the Q3, . . . , Q^-i-correspondent of a 2t . Thus (|6.97e|) holds for 
i = t. 

This completes the proof of the inductive step for i = t. Hence Theorem 16.951 holds. □ 
A useful consequence of Theorem 16.951 is 
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Corollary 6.113. For every i = 1, . . . , k we have 

P& ■ P&+2 ■ ■ ■ p 2k = N{Q\, Qs,..., Q^_x in (6.114) 

Therefore 02i-i e ^(Q^i-i) ^ s the P 2i - • ■ P 2k -Glauberman correspondent of 2 i-i e I rr (Q2i-i) = 
Inir!/----/- mQ£ 

Proof. For every j = i, . . . ,k, the group P 2 j normalizes Q\, Q%, . . . , Q 2i _ l ( see 

(|6.97d^ . This, along 

with (|6.97ij) and l|6.97dj) . implies that 

p& • • • P%k < N (Qi> ■ ■ ■ > Ow-i in ^4) = ^(Qi . ■ ■ ■ - <&-i ^ ^< • • • • p&) 

N(Qi, . . . , Q 2i _i in P 2 * ) ' PZi+2 ' ' ' P 2k = P 2i ' P 2i+2 ' ' ' P 2k- 
Thus (|6.114|) holds. The rest of the corollary is an obvious consequence of (gnUJ), dEHZEt and 

We have done all the neccesary work towards the proof of the main theorem of this section 
which is a "mirror" of Theorem 16.811 That is 

Theorem 6.115. The set (j6.96|) . constructed in Theorem \6. 951 forms a triangular set for (|6.77|) . 
Furthermore, the pair (|6.88at IB.96[) satisfies (|6.78|) and Definition WlflX i.e., 

Q'21-l = Q2i-l,2k and &H-1 = $2i-\,2ki (6.116a) 

= ^ = (Hi)* P' 2i = Pl?(Pli-x,2k\ (6.116b) 

a 2i = a 2ii (6.116c) 

a! 2i is the Q' 2i _i-Glauberman correspondent of a 2 * G Irr(P^'*), (6.116d) 

where P 2 f := (P^)* = P 2 ■ ■ ■ P 2 i and c^ 2 * := {a 2i )* , whenever 1 < i < k. 

Proof. The Properties (|6.97[ . g, f) of that the set (|6.96|) imply immediately parts (|5.17b .b.c.e) of 
the definition of a triangular set. 
Let 

a 2i— 2 2i—i denote the irreducible character of -P^— 2 2i— l • — C(Q 2 i_ 1 in P 2 ^_ 2 ) that is the 
Q^i-i-Glauberman correspondent of a 2i _ 2 G Irr^ 2 *- 1 (^21-2)' whenever i = 2, . . . , k. As Q 2i _i 
normalizes P 2 i-i, the Q^-i'Glauberman correspondence coincides with the Q2i-i" corres P on< lence 
between Irr Q ^-i(P 2 ^_ 2 ) and Irr(P 2 1/ i _ 2 ,2i-i) = Irr (C(<2 2 i-i in P 2i-2))> by Theorem Emi This, along 
with (|6.97ej) . implies that a 2i _ 2 2i _ 1 is the Q\, . . . , Q 2i _ 3 , (32i-i- corres P°ndent 01 a 2i-2- (Note 
that in the case of 023 we only have a (^-correspondence.) Since a 2i is also the <3 3 , • • • ,Q 2 i-i- 
correspondent of a 2i , while a 2i lies above a 2i _ 2 , we conclude that a 2i € Irr(P 2 V j) lies above a 2i _ 2 2i _i, 
whenever 1 < i < k. This proves that the set (Ofilt satisfies (I5.17d.lt . 

We will work similarly to prove ([5.171f . using Corollary 16.1131 For every i = 2,...,k — 
1, the character 2i _ 3>2i -2 G MQ2i-3,2i- 2 ) = lrr ( C ( P 2i-2 in Q2V-3)) is defined as the P£_ 2 - 
Glauberman correspondent of 2 i-3 m ^(Qzis)- The ^2i-2>-^2i' ■ ■ ■ ' P^-Glauberman correspon- 
dent o f G Irr(Q 2i _ 3 ) = Irr(C(P.&_ 2) ^ ■ • • . ^ in Qm-s)) is the character /%_ 3 , by Corollary 
16.1131 Hence /3 2 y i _ 3 2i _ 2 is the P 2i , . . . , P 2 v fc - Glauber man correspondent of 0' 2 i-3- Furthermore, (3 2 i-i 
is the P 2i , . . . , P^- Glauber man correspondent of /3 2i _ 1 . As /3 2i _ 3 lies under 2i _i, by Lemma T6.911 
we conclude that /3 2i _ 3 2 j_ 2 a ^ so nes under 0%i-i- This completes the proof of (|5.17f|) . showing that 
the set ()6.96(l is a triangular set for (|6.77l) . Hence all the notation and the properties described in 
Chapter can be applied to this triangular set. 
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According to (|5.33|) . the group Q 2i _ x 2k ec l ua l s C{P 2i ■ P 2i+2 ' ' ' ^2k m Q2i-i)- This, along with 
Corollary 16,1131 and (|6.97b|) . implies 

Q«-l,2k = C{P v 2l ■ P& +2 • • • P 2 \ in Ql,_ x ) = C(N(Ql Q v 2i _ x in P| fc ) in Q 2i _ x ) = Q' 2i -v 

Furthermore, according to the Definition 15,491 the character 2 i-i 2k e ^ rr (^2j-i 2k) ls ^ ne ^2i ' 
P 2i+2 ■ ■ ■ P 2k - Glauber man correspondent of /?2i— i- Therefore it coincides with /S^-u as the latter is 
also the P^j ' ' ' P 2 VGl a uberman correspondent of P 2i _i, by Corollary 16,1131 Hence (|6.116aj) holds. 

If P 2 * denotes the product of the P^-groups, i.e., P 2 * := P 2 • • ■ P 2i , then in view of (|6.97i|) we 
get that P 2 -* = P 2 * , f° r all i = 1, . . . , fc. This, along with Proposition 16.861 implies the first part 
of (|6.116b|) . The second part follows easily from the first and the facts that P 2i = P 2 * (/3 2 j_i) (see 
W) while P' 2i _, = ^_ lj2fc (see flTTO). 

The character a 2 -* € Irr(P^'*) = Irr(P 2 * ) is constructed as the Q3, • ■ ■ , (^^-correspondent of 
a 2i (see Theorem 15.143(1 . This, along with (|6.97e|) . implies ()6.116c[) . The relation (|6.116d|) now 
follows, easily from (|6,90cj) . 

This completes the proof of Theorem 16.1151 □ 
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Chapter 7 

The New Characters Xi °f G% 



Let G be a finite group satisfying 

\G\ = p a ■ q , with p 7^ q primes and a, b non negative integers . (7-1) 
Assume further that 

1 = Go < Gi < ■ ■ ■ < G 2k < G (7.2) 

is a normal series for G satisfying Hypothesis 15.11 with ir = {p}, i.e., Gi/Gi-i is a p-group if i 
is even and a g-group if i is odd. Note also that 1(7.2(1 plays the role of (|5.2j) with m = 2k. Let 
{1 = X0j Xij ' " j X2fc} be a character tower for the series (j7.2|) . We have seen in Chapter^ Theorem 
15 .6( that there exists a unique, up to conjugation, triangular set 

{Q2i-l, P2r\fhi-1, «2r}j=i r= o 

(7.3) 

for (|7.2|) that corresponds to the above character tower. Of course there is no reason for the 
irreducible character fok—i to extend to its own stabilizer in G. In addition, we have seen how to 
achieve the irreducible character a* 2k of the product group P 2 * fc = P2P4 ■ • • P2k, from the irreducible 
character «2fc £ I r r(i-2fc) ( see Definition 15 1 147(1 . We have also seen how to pick a g-Sylow subgroup 
Q of G(«2A;) satisfying all the conditions in Theorem 16.191 (Observe that tt' = {q}. ) 

What we will prove in this chapter is that, under the above conditions, we can find a new 
character tower {1 = Xo> Xi> • • • >Xafc} f° r the normal series ((7.2(1 of G so that a corresponding 
triangular set {Qzi-n P Q = a 2ii a = ^Li satisfies 

1. P 2 *i = P 2i* an< ^ °2fc = a 2fc ' f° r alH = 1, . . . , A;, 

2. G(a* fc ) = G(a 2 '*) and Q = Q V , 

3. 02k-x,2k ext ends to Q = Q u 

where we keep the same notation as before with teh addition of the superscript v to any group that 
refers to the new character tower and triangular set. So P 2 l* = P 2 • • • P 2 l ; the character a 2 ' k is 
an irreducible character of P u '* that is achieved using the character a 2k £ Irr(P^ fc ) via Definition 
15.1471 for the new characters. Furthermore, Q u is a g-Sylow subgroup of G(a 2k *) that satisfies the 
conditions in Theorem 16. 191 

For this we will put together all the complicated machinery we developed in the previous 
chapters. We use the same notation for the groups and the characters that was introduced in 
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those chapters, but applied in our specific case, i.e., where G satisfies (|7,lj) . and the series (|7.2|l . its 
character tower and the corresponding triangular set (|7,l-{[) are fixed. 

Thus we can use all the information about the subgroups Q,Q2i-i and Pn of G' = G(a 2k ), 
given in Chapter HO So we can prove 

Lemma 7.4. The hypotheses of Theorem \4-24\ are satisfied by the present group G, with the integer 
n in the theorem equal to the present k, the q-subgroup Qn+i = Q in the theorem equal to the 
present Q, the q-subgroup Qi in th etheorem equal to the present Qn-\, for all i = 1, 2, ... ,n = k, 
and the p- subgroup Pj in the theorem equal to the present P^j, for all j = 1, . . . ,n = k. 

Proof. Our present group G has order p a q b , as required in Theorem 14.241 By definition Q is an 
arbitary subgroup of G satisfying all the conditions in Theorem 16.191 In particular it is a g-group, 
as it is a 7r'-Hall subgroup of of G{a 2k ) and it' = q. For each i = 1,2, ... ,k, the subgroup Q 2 %-i 
is the intersection G2i-\ D Q by Definition 16.281 Since G\ < G3 < • • • < G2k-\ is a series of normal 
subgroups of G?2fc_i, this implies that Q\ < Q3 < • ■ ■ < Q-zu-i i s a series of normal subgroups of 
Q2k-i, as required of Q\ < Q2 53 ■ • • ^ Qn in Theorem 14.241 

For every j = 1, . . . , k the group P2j was picked to satisfy the conditions in Proposition 16.641 
Hence P is a p-group, as it is a 7r-group and ir = p. Furthermore, according to (|6.65c|) the group 
P21 normalizes P23, whenever l<j<i<n = k,as required of Pi, P2, ■ ■ ■ , P n in Theorem 14.241 In 
addition, (J6.65a[) implies that P21 also normalizes Q2j-i, whenever 1 < j < i < k. 

According to Lemma 16.601 and (|6.65a|) we get that 

N(P^ Q23-X m G 2j (a* 2j _ 2 )) = P 2j x Q 2j -x, (7.5) 

for j = 1, . . . , k. But Q 2 i-i < G' 2i _i = G2i-l(«2fe) (|6.29a|) . Hence Q2«-i normalizes Pg fe and fixes 
a 2 j, for all j = 1, ... ,i — 1. This, along with ()7.5|) . implies that Q21-1 normalizes the semidirect 
product P2j ix Q2j-i, whenever 1 < j < i < k. Similarly, we use Q < G{a* 2k ), to see that Q 
also normalizes the above semidirect product, P2j x Q 2 j-i- Therefore the groups Q,Q 2 i~i and P21 
satisfy the conditions (1) and (2) in Theorem 14.241 and the lemma follows. □ 

Lemma 17.41 implies 

Theorem 7.6. There exist linear characters (3 2i _i € Lin((52«-i) such that the following hold: 

4Vi G lrr(Q 2i -i\$^ 3 , . . . (7.7a) 

Qa-iO%_i) = 0«-i, (7.7b) 
Mfy-l) = C(Q 2i -i in P 2 i) = ^m(^m-i), (7.7c) 

and 

(3 2k _i extends to an irreducible character of Q, (7-7d) 
whenever 1 < j < i < k. By convention (i v _ x := 1. 

Proof. According to Lemma 17.41 the groups {Q, Q2i-i, -P2i}f=i- satisfy the conditions in Theorem 
I4.24( with the series Qi^Qs^- ■ -^Q2k~i^Q here in the place of the chain Qi < ^Q2^- • -^Qn^Qn+i = 
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Q in Theorem l4.241 and the sequence P2,P^, ■ ■ ■ , P2k here, in the place of the sequence P%, P2, ■ ■ ■ , P n 
there. 

Note also that Corollary 16.721 and in particular ()6.73a|) , provides the additional information 
that C(Q2i-i hi P21) = P2i($2i-i)- This, along with the conclusions (a) and (b) in Theorem 14.241 
implies the theorem. □ 

An immediate consequence of (|7.7b|) is 

Remark 7.8. For every i = 1, . . . , k and j = 1, . . . , i, the character $2j—i i s the unique character 
of Q2j-i that lies under (3 2i _ l e I r r(Q 2 i-i)- Hence any subgroup that fixes /3 2i _i a ^ so fixes @2j-ii 
as it normalizes Q.2j-i = Q.2i-\ H G^j-i- 

In the next lemma we collect some easy remarks that follow from the properties (|7.7|) . 
Lemma 7.9. For every i = 1, . . . , k we have 

PM-l) = PM, • • • , fci-i), (7.10a) 

and 

P 2i 0u • • • , fa-i) = C(Q in P 2 * ) = P 2i 02i-i) = C(Q 2i -i in P 2i ) = P 2i (/3 2 Vi)- (7.10b) 

Proof. Equation ()7.10aj) follows easily from Remark 17.81 and the fact that P 2 % normalizes Q 2 j-i 
whenever 1 < j < i < k. The equation (|7.7c|) . along with (j6.66j) and ()6.73b|) . implies (|7.10b|) 
Therefore the lemma holds. □ 

As the next proposition shows, the group P 2 i(f3 2 i-i) nas properties similar to those of P 2 i((3 2 i-i) 
(see and (EMEJ)). 

Proposition 7.11. For all i = 1, . . . ,k we have 

$H(fei-l) = ■■■ , 02i-l) e Syl p (7V(P4, Q 2i -i in G 2i (a* 2l _ 2 , ft, ■ • • , fti-i))) = 

$y\ p (N(P* k in G 2i (a^_ 2 ,4Vl)))- (7-12) 

Even more, P 2 i(P 2i _ 1 ) is the unique p-Sy low subgroup of A^i-^ in G2i(a 2i _ 2 , /j^^)), an d 

A(P 2 * fc in G 2 i{a* 2i _2, 02i-i)) = £k($U) x Qa-i = C(Q 2 i-i in £«) x Q 2 i-i, (7.13) 
whenever 1 < i < k. 

Proof. Let i = 1, . . . , k be fixed. According to (jdfilj) we have 

N(P* k ,Q 2i -i in G 2i (a* 2i _ 2 )) = P 2i x Q 2 i-i- 

Therefore, P2i(ft , . . . , P^i-i) is a p-subgroup of N{P% k , Q 2 i-l in G2i(pi* 2i _ 2 , Pi > • • • > /#2i-i))- Hence 
there exists an element s £ Q.2i-\ such that 

. . . , ^2i-i) e Syl p (A(P4, g 2j _! in G 2 *K_ 2 , 3?, • • • , and (7.14a) 

. . . , < ■ ■ ■ , &i-i\ (7.14b) 
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But Q 2i _x fixes ft, . . . , ft 2i _ x by (E g}. Thus J» • • • , ^Vi) = OWr, ■ ■ ■ , fei-i)Y- A cardi- 
nality argument, along with (|7.14h|) . implies that 

This, along with ()7.14aj) and ()7.1Ua|) . implies that 

PM-l) = P2i0i, fei-i) € Syl p (iV(P 2 * fe , Q 2i - X in G 2i (a* 2i _ 2 , ft, ft 2i _ x ))). 

In view of Remark EH every subgroup of G that fixes P 2i _ x fixes ftj-% G ^{Q 2 j-\), for all 1 < 
j < i. Hence N{P* k ,Q 2i ^ in G 2i {a* 2i _ 2 , ft, . . . , ft^)) = N{P* k in G 2t (a* 2i _ 2 , ft^)). Therefore 
(t7T2l holds. 

According to Proposition 16,351 we have Q 2 {-\ G SyL(A^(P 2 * fe in G 2 i{a* 2i _ 2 y)) . Hence Qn-\ G 
Syl q (N(P* k in G 2i (a 2i _ 2 , P^-i)))- Thi s, along with (J77TJJ), implies that 

iV(P 2 * fe in G 2i {a* 2i _ 2 ,ft 2i „ x )) = P 2i (ft 2i -i) * Qw-i- (7.15) 

But according to (|7.7c|) we have P 2 i{fti_i) = C(Q 2 i-\ in P2«). This, along with (|7.15j) . implies 
()7.13j) . Hence Proposition 17. Ill holds. □ 

Definition 7.16. For every i = 1, . . . , k we define a 2 i G Irr(P2i(/52j-i) to be the <52i-i-Glauberman 
correspondent of a 2i G Irr(P 2 * ). 

Note that the a 2 i are well defined, as a 2i G Ir^P^ ) is Q2i- invariant (since Q;2i-i < G( a 2 k)) 
and P 2i 2i -i) = C(Q 2i _i in P 2 *) (see (ITlObl V 

We can now prove the main theorem of this section. 

Theorem 7.17. The set 

{Qm-i, P 2i 02i-l) \fti-i , &2i }tl (7-18) 

is a triangular set for the series 1 = G' < < ■ • • < G 2fc <! G' in (|6.76f) . Furthermore, it satisfies 
Provertu \6. 8!A while (|6.88b|) ZioZcfe /or i/iis triangular set, with Q' = Q. 

Proof. We will first prove that (|7.18j) is a triangular set for the above series, i.e., we will verify the 
properties (|5. 17|) for that set and series. Assume that i = 1, . . . , k is fixed. 

The equations in (|5.17a|) hold trivially. As Q\ = Q± :2 k = G[ (see (|6.34|) ) and ft G Irr(Qi), 
(|5.17b|) holds, while ()5.17e|) is trivially true for i = 1. 

Assume that i > 2. According to H6.29a|) the group Q 2 i-\ is a g-Sylow subgroup of G' 2i _ x . 
Furthermore, Q 2 %-\ normalizes Q 2 j-\ = Qn-\ fl G 2 j-i, and fixes /fe-i £ I rr (Q2j-i)> by (|7.7b|) . 
for all j = 1, . . . ,i — 1. The group Q 2 i-\ also fixes a 2 j, as it fixes a 2k , for all such j. Therefore, 
it fixes the Q2j-i-Glauberman correspondent a 2 j G Irr(P 2 j(/32 ? _ 1 )) = Irr(C(Q2j-i in P 2 -) of a 2 j'm 
Definition 17. 161 for all j = 1, . . . , i — 1. Hence 

fe-i < G 2i _ x (a 2 , . . . ,a 2i - 2 ,Pi, . . . ,/?2i-3) - G' 2i _i. 

As Q 2 i-i G Syl g (G / 2j_ 1 ) we get that 

Q2i-\ G Sy\ q {G' 2i _ l {a 2 ,. . . ,a 2i ^ 2 ,ft,. . . 0^)). 

Hence (|5.17e() holds. 
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As P2i-202i- 3 ) = C(Q 2l -3 in P 2l - 2 ) byjUi, we have that C(P 2i _ 2 (/^_ 3 ) in Q 2i _ 3 ) = Q 2l _ 3 . 
Therefore, the character (3 2 i-3 2 «- 2 e b~r(C(P 2 i_ 2 (/32j_3) in Q 2 i-3)) concides with f3 2i _ 3 - This, along 
with (|7.7aj) . makes the condition l)5.17fj) valid. 

For the p-groups and characters we have that P 2 i09 2 j_i) = in P 2 j) fixes a 2j -, for all 

j = 1, . . . , k, as it is a subgroup of G' = G(a 2k .)- It also centralizes Q21-1, and thus centralizes 
Q 2 j-i < Q 2 j-i for all j = 1, . . . , i. Therefore Pziifi^i-i) fi xes the Q 2 j-i-Glauberman correspondent 
&2j of a^-, for all j = 1, . . . ,i. In view of Remark 17.81 we also have that P 2 i(/3 2 j_i) fixes (3 2 j-i ^ or 
all such j. Hence 

<G2i(a* 2k ,& 2 ,...,&2i-2,ft,...,%i-i) <N{P; k inG 2i (a^_ 2 ,4Vl))- (7-19) 

According to Proposition 17.111 the unique p-Sylow subgroup of N{P 2k in G 2 j(a 2i _ 2 , $2i-l)) 1S ^ ne 
group P2i(P%i_i)- This, along with (j7.19|) and the fact that G' 2i = G 2 j(a 2fc ), implies that 

P2i02i-x) e Syl p (G 2i {a* 2k , a 2 , ■ ■ ■ , &2i-2,Pi, • • • , PZi-i)) = Syl p (G 2i (d 2 , . . . , a 2 i-2,Pi, P-h-i))- 
Hence (|5.17c|) holds. 

To prove (|5.17d|) . we first observe that Q 2 j_i normalizes both Q 2 j_3 = G 2 j_3 n Q 2 j_i and 
^2i-2 = ^2k ^ G2i-2-> since Q2i — 1 < G' = G(a 2k ) normalizes P 2k . Hence the g-group Q 2 j-i 
normalizes the p-group C(Q 2 i-3 in P 2 *_ 2 ) ■ Hence 

C(Q 2 *-i in P 2 *_ 2 ) = C(Qm-i in C(Q 2i _ 3 in P 2 *_ 2 ))- 

By convention we set Q_i := 1, so that the above equation holds trivially for i = 1. Let a 2 i- 2j2 j-i € 
Irr(C(Q 2 j_i in P 2 j_ 2 )) denote the Q 2 j_i-Glauberman correspondent of the irreducible character 
a 2 i- 2 £ Irr(C(Q 2 j_3 in P 2 *_ 2 ))- (Note that since Q 2 j-i is a subgroup of G' = G(a 2fe ) it fixes 
a 2i _ 2 € Irr(P2*_ 2 ) and normalizes Q 2 i- 3 , so it fixes the Q 2 i_3-Glauberman correspondent 0.21-2 
of a 2i _ 2 .) Then a 2 j_ 2)2 j_i is the Q 2 j_i-Glauberman correspondent of a 2i _ 2 . Hence a 2 i- 2 , 2 «-i 
lies under the Q 2 j__i-Glauberman correspondent a 2 i of a 2i , as a 2i _ 2 lies under a 2i . Therefore 
a 2 i £ Irr(P 2 j(/3 2 j_ 1 )|a 2 j_ 2j2 j_i). So ()5.17d|) is satisfied. This completes the proof of (j5.17|) . Hence 
()7.18j) is a triangular set for (|6.76|) . 

The group G\2i-\ = QnG 2 j_i is clearly a normal subgroup of Q, for all i = 1, . . . , k. Furthermore, 
Q fixes the character (3 2k _ 1 , by ()7.7d|) . Hence, Remark 17.81 implies that Q fixes P 2i _i, for all 
i = 1, ...,k. As Q is a subgroup of G' = G(a 2k ), it fixes a 2i , for all i = l,...,k. Since Q 
normalizes Q2i-i, it fixes the Q 2 j_i-Glauberman correspondent a 2 j of a 2i , for all such i. Thus 
Q < G'(a 2 , • • • , a 2 k,Pi, ■ ■ ■ ,^2k-l)- So Q satisfies (|6.88bl) . 

Definition 17.161 implies that the triangular set (j7.18j) satisfies (|6.9()cJ) . It also satisfies ()6.90b|) . 
according to Proposition 17. 1 ll As we have already seen, the subgroup Q 2 i-i of G' normalizes P 2i . 
Hence 

P2i02i-i) < N(Q 2i -i in P 2 * ) = C(Q 2i -i in P 2 * ) < P^Mi-i)- 
So P 2 * (/3 2i _i) = N(Q 2i _i in P 2 * ) = C(Q 2i -i in P 2 * ). This, along with (I77cl) . implies that 

hMi-x) = N(Q 2i -x in P 2 *) = C(Q 2i -i in i$) = P^Mi-l)- 
Thus (|6.90aj) also holds. Hence the set (|7.18|) satisfies Property 16.891 This completes the proof of 



129 



the theorem. □ 

All the work in Chapters 4-6 was done to prove the following theorem 

Theorem 7.20. Let {1 = Xo>Xi> • • • ,X2k} be a character tower for the series (|7.2|) . and let (|7.3j) 

be its unique, up to conjugation, corresponding triangular set. Then there exists a character tower 
{1 = Xq, Xi > • • • j X2fci f or the series (|7,2j) . corresponding triangular set {Q 2 i-±, P%i Pq = 

l|/?2j_i, «2i> a = l}i=i» so ^ e following hold 

Q2i-l = <2 2 i-l,2fc and = #M-l,2fc> (7.21a) 

P 2 4 = p 2 T and «2i = «M* ' (7.21b) 
02i-l i- s th e P^i ' P"2i+2 ' ' ' P^k-Glauberman correspondent of 0%i—\i (7.21c) 
«2i is the Q%, . . . , Q v 2i _ x - correspondent of a^, (7.21d) 
Qli-x > Q2i-i,2k, (7.21e) 
Q normalizes Q 2 i-±, (7.21f) 
02k-\,2k ^tends to Q, (7.21g) 

whenever 1 < i < k. 

Proof. For the fixed triangular set (|7.3j) of the character tower {1 = xo> Xi> • • • > X2k} we saw i n 
ChapterElhow to pick groups Q21-1 and P21, along with characters /?2i-i £ Irr(Q2j-i) satisfying all 
the conditions in Theorem 16. 191 Proposition 16.641 and Proposition 16.511 Furthermore, we proved at 
the begining of this chapter that we can replace the characters /?2i— 1 with new characters $21-1 ^ 
Irr(<52i-i) that satisfy (|7.7|) . Even more, as Theorem 17.171 shows . the set (j7.18|) is a triangular set 
for (|6.76|) that satisfies Property 16.891 while (|6.88b|) holds for this triangular set, with Q in the 
place of Q'. According to Theorems 16.951 and 16. 1 151 the set ()7.18j) determines a triangular set 

{Qh-i,P&,PS = 1|/2SU,«M = nil (7-22) 

for the series (|7.2j) . such that (|6.97j) and (|6.116j) hold with Q,Q2i-i and P2i((32i-i) in the place of 
Q',Q 2 i-i and P 2i , respectively. In view of Theorem 15.61 the triangular set (|7.22D corresponds to a 
unique, up to conjugation, character tower {1 = x®, X\ > ■ ■ ■ 1 X2k\ f° r ^ e ser i es (|7.2|) . 

To complete the proof of the theorem it suffices to show that the set (|7.22|) has the properties 
(|7.21j) . As it satisfies (|6. 116(1 , the equations in (|7,21b|) follow trivially from the first part of (|6.116b|) , 
and (|6.116c|) . It also satisfies (|7.21a|) and (|7.21d|) as it satisfies (|6,116a|) and (|6.97ej) respectively. 
In addition (|7.21c|) holds, since the set (|7.22|) satisfies (|6.97c[) and Corollary 16.1131 Furthermore, 
according to (|6.97b|) . the group Q 2i _i contains Q21-1, as Q 2 i^i{ a 2k) = Q2i-\- In addition, (|6.33[) 
implies that Q21-1 > Q2i-i,2k- We conclude that Q^.-i — Q2i-i,2k and (|7.21e|) follows. 

Clearly (|6.97a|) implies that Q normalizes Q^i-D f° r alii = 1, . . . , /c. Thus ()7.21f|) holds. 

The last part, ( |7.21gD , follows easily from (|7.7d|) . as f3% k _ x = &2h-\2h ^ 17.21aj) . □ 

Furthermore, the new triangular set shares one more group with the old one, as the next theorem 
shows. 

Theorem 7.23. The group Q satisfies the conditions in Theorem \6.1fA for the new groups. Hence 
we may assume that Q u = Q. Then 

Q V = Q = Q(# fc -i 2fc ) = W 2 Vi, 2fc )- (7-24) 
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Proof. For the proof we need to show that Q satisfies ()6.2Uj) and (|6.21j) for the new groups. Clearly, 
Q is a 7r'-Hall subgroup of G(a^u), as a^* = a\ k , °y Q7.21bJ) . and Q is a 7r'-Hall subgroup of G(oi2 k ). 
Thus (lfi.2()al) holds. 

In view of (|7.7d| ) the character 02k— l is fixed by Q. Thus, Remark 17.81 implies that Q fixes 02i—\i 
for all i = 1, . . . , k. Hence Q fixes 02%— \ 2k = &2%—\i ^ or an sucn Furthermore, Q normalizes the 
groups Q21-11 by (|7.21f|) . and P 2 ^'* = ^2*1 = ^ffc^^i) as it fixes E Irr(P 2 * fc ), whenever 1 < i < k. 
But Q5.141|) . applied to the new groups, implies that P 2i = N{Q\, . . . , Q^i-i m ^2i*)> f°r au sucn 
i We conclude that Q normalizes P^, for all i = 1, . . . , k. Hence Q fixes the P 2i ■ P^i+2 ' ' ' ^2k' 
Glauberman correspondent P^i-l e ^ VT (Q2i-i) °f 02i-i ( see Q7.21c}0 . as it fixes 02%-\- ^° 

whenever 1 < i < k. 

Even more, Q fixes ct^, as it fixes a^. We saw above that it and normalizes Q^i-i an d P 2 ^, for 
alii = 1, . . . , k. Thus Q fixes the Q3, . . . , Q2i-i" corres P on dent of a* 2i in (|7.21d|) . Hence 

Q(<4) = Q, 

whenever 1 < i < k. 

According to Theorem 15.881 the cP 2 , . . . , cP 2i , cQ", . . . , cQ2i-i" corres P on dent of X2i ^ I rr (C2i) 
is the character X2«,2i = a 2i x $2i-\2ii f° r all i = 1, . . . , /c. As we have already seen, the group 
Q fixes the characters a 2i and &2i-\i an d normalizes the groups QJy-l an d P;y for j = 1, ... ,i. 
Thus it also fixes both the P^-Glauberman correspondent 02i-i 2% °f @2i-i-> an d the direct product 
X2i,2i = a 2i X $K-l,2i- Therefore, Q also fixes the cPa 1 ', . . . , cP^, cQ^, . . . , cQ^-correspondent X2i 
of 2i> f° r an * = 1) ■ ■ ■ j ^ ( see Diagram 15.51 applied to the new characters). Similarly, we can 
see that Q fixes X2i-l,2i-l = "21-2,21-1 x /^i-l* as well as the cP%, . . . , cP&_ 2 , cQ\, . . . , cQ\\_ x - 
correspondent X2i-\ of X2i-l,2i-l- 

In conclusion, 

Q = Q(J%i-i,2k) = Q(^-i) = Q«) = Q(x2i) = QO&-1), (7.25) 

whenever 1 < i < k. 

It is clear that (|6.2Uc|) and (|6.20d|) hold, with the new characters 02i-n 02i-i2k> a 2i'X2nX2i-i 
and a 2i m the place of the analogous original characters. (Actually, in (|6.20dl) we have equality.) 
Furthermore, (|7.25|) also implies that the group Q = Q(02i-l2k) ls contained in G'iP^i— 12k) ^ 
G'iXi, • • • , Xm-0 n G'{xi, ■ ■ ■ , X2i) n G'OSf , • • • , Th us iUs a Tr'-Hall subgroup of each group 

in this intersection, as it is a 7r'-Hall subgroup of G' . Hence Q satisfies ()6.20b . c, d) for the new 
groups. 

It remains to show (|6,21j) . But, as (|7.21f|) implies, Q = Q{02i-i2k) normalizes Qjji+l' ^ or an 
i = 1, . . . , k — 1. Thus (|6.21|) holds. This completes the proof of the theorem. □ 

An easy consequence is 

Corollary 7.26. Let {1 = xoi Xi> • • • j X2fc} be a character tower for the series (|7.2[) . and let 

(|7.3j) be its unique, up to conjugation, corresponding triangular set. Assume further that Q sat- 
isfies the conditions in Theorem \6.19l for this set and tower. Then there exist a character tower 
{1 = Xq, X\i ■ ■ ■ 1 X2ki f or the series (|7,2j) . with corresponding triangular set {Q^^i, P%i, Pq = 
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l|/32i-l> a 2i> a = l}i=u anc ^ a 9 rou P Q u that satisfy 

P 2k = p 2k and a *2k = a 2k > (7.27a) 

Q = Q", (7.27b) 

<5 y /lares i/ie characters a^, /^-l; Xji (7.27c) 

$A-\,2k ^tends toQ = Q v , (7.27d) 

/or all i = 1, . . . ,k and j = 1, . . . , 2fc. 

Proof. Follows immediately from Theorems 17.201 and 17.231 □ 
If instead of the series l|7.2|) . we consider the bigger series 

1 = Go < Gi < • • • < G 2fe < G 2fe+ i < G, (7.28) 
then the conclusions of Corollary 17.261 still hold, i.e., 

Corollary 7.29. Let {1 = Xo,Xii ■ ■ ■ >%2fc+i} be a character tower for the series (|7.28|) . and let 

{Q2i+1> P 2i\@2i+li a 2i}i=o be its unique, up to conjugation, corresponding triangular set. Assume 

further that Q is picked to satisfy the conditions in Theorem \6.19l for this set and tower. Then there 
exist a character tower {1 = XqiXij ■ ■ ■ iX2k} f or ^ e ser ">- es <|7.2JI . with corresponding triangular set 
{Q2i-V P 2i> P o = = l )i=i> and a Sroup Q v that satisfy 

P 2k = p 2k and a *2k = a 2k > (7.30a) 

Q = Q U , (7.30b) 

Q v fixes the characters a^, P21-11 Xj> (7.30c) 

02i-i 2k extends to Q = Q u , (7.30d) 

for all i = 1, . . . ,k and j = 1, . . . , 2k. 

Proof. Follows easily from Corollary 16.241 and Corollary 17.261 □ 



132 



Chapter 8 

The 7r, 7r f Symmetry and the Hall 
System {A, B} 

8.1 The group P 

Let G be a finite group of odd order. As we saw in Chapter H3 whenever we fix a normal series 
1 = Go < ■ ■ ■ < G m < G of G that satisfies Hypothesis 15. 1[ a character tower {xi € Irr(Gj)}^ for 
this series and its corresponding triangular set, then we can get a 7r-Hall subgroup Q of G{a2 k ) with 
the properties described in Theorem 16.191 We also saw how to get the 7r-groups P. Furthermore, 
we used Q and P in Chapter to replace the given character tower with another one having the 
properties described in Corollary 17.261 

Of course the it — ir' symmetry in the construction of the triangular sets implies that results 
similar to those for the 7r'-groups also hold for the 7r-groups. That is, whenever the above series, the 
character tower and its triangular set are fixed, we can find a 7r-Hall subgroup P of G" = G^P^i-i) 
that satisfies a modification of Theorem 16.191 that is, 

P € Hall^GO^Vi)), (8.1a) 
P(aa,2i-i) e Hall 7r (G // (a 2ij2 i_ 1 )) n Hall^(G"(xi, • • • , *2i))n 

RaR 7r (G"( X x, X2i+i)) n TML K (G"(a 2 , a 2i )), (8.1b) 

P(a 2 i,2i-i) = P(XU ■ ■ • > X2i) = P(xi, X2i+i) = P(a 2 , a 2i ) and (8.1c) 

P(Xi,...,X2i) <P(Pi,...,P 2i +i), (8.1d) 

for all % = 1, . . . , I — 1. Furthermore, 

P{&2i,2l-i) normalizes P 2 i +2 , (8.1e) 

for alH = 0, 1, . . . , k — 1. 

In the particular case of a p a g 6 -group G (where p ^ q are odd primes), we get the analogue of 
Corollary 17.261 for the 7r-groups, interchanging the roles of p and g, that is, 

Theorem 8.2. Let {1 = xo, Xli ■ ■ ■ > X2k} be a character tower for the series 1 = Go <]Gi < • • -1^G 2 k, 
and let {Qn-i, P 2 i, Pq = l\(3 2 i-i, a 2 {, «o = l}f =1 be its unique, up to conjugation, corresponding 
triangular set. Then there exist a character tower {1 = XqiX\: ■ ■ ■ >X 2 k-i\ f or the series 1 = 
Gq < G\ < • • • < G 2 k-i, a corresponding triangular set {Q 2i _±, P 2 i- 2 \P 2 i-u a 2i-2}ti? an ^ a p-group 



133 



P v , that satisfy 

Qn-l = Q2I-I an d @2l-l = 
P = P», 

P v fixes the characters a v 2i , fi^i-ii Xj > an d 
a 2i 21-1 extends to P = P u , 

for all i = 1, . . . , I — 1 and j = 1, . . . , 2k — 1. 



8.2 The Hall system {A, B} of G 

Let G be any finite group of odd order, and tt any set of primes. If A € Hall 7r (G) and B € Hall,,-' (G), 
then we call the set {A, B} a Hall tt,tt' -system for G, or, more shortly, a Hall system for G. 
Note that G has a single conjugacy class of such Hall systems, because it is solvable. Furthermore, 
if H is a subgroup of G, we say that the Hall system A, B of G reduces into H, if A n H, B n H 
form a Hall system for H. 

We start with a finite odd order group G, and we fix an increasing chain 

1 = Go < Gi < G 2 < • • • < G n = G, (8.3a) 

of normal subgroups Gi of G, that satisfy Hypothesis 15. II with n > in the place of m, i.e., Gj/Gj_i 
is a 7r-group if i is even, and a 7r'-group if i is odd, for each %= 1,2, ... ,n. We also fix a character 
tower 

G Irr(G,)}t (8-3b) 

for the above series. 

We denote by k' and I' the integers 

k' = [n/2] and J' = [(n + l)/2] 

corresponding to and I in (|5.7[) . with n in place of m. So 2 A;' and 2/' — 1 are the greatest even and 
odd integers, respectively, in the set {1, 2, . . . , n}. As in Section 5.3, we construct a triangular set 

{P2r, Q2i-l\®2r, 02i-l }>=o,i=l (8.3c) 

corresponding to the chain (J8.3a|) and tower (|8.3b|) . It, in turn, determines the groups P% r and 
Q>2i-n for r = 1, 2, . . . , fc' and i = 1,2, . . . ,V . We know by Corollary 15 . 1 571 that P 2 * fc and Q^-l f° rm 
a Hall system for G m (xi, X2> ■ ■ ■ > Xm)> whenever m = 1, 2, . . . , n and A;, Z are related to m by the 
usual equations in (|5.7|) . In particular, P 2 * fc , and Q^'-i f° rm a Hall system for G(xi, X2> • • • , Xn) = 
G n {xi-> X2-, ■ ■ ■ j Xn)- Furthermore, the groups G(xi, • • • , Xm), for m = 1, . . . , n, form a decreasing 
chain, i.e., 

G > G(xi) > G(xi,X2) > > G(xi, • • • , Xn). 
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So we may choose A and B satisfying 

A G Hall 7r (G), B G HahV(G), (8.4a) 
A(xi,X2,- • • ,Xh) and B(xi,X2, ■■■,Xh) form a Hall system for G(xi,X2,- • -,Xh), (8.4b) 
A(xi,X2, ■•• ,Xn) = ^Ifc' and B (Xi,X2, • • • ,Xn) = Q2Z'-1> ( 8 - 4c ) 

for all h = 1, . . . , n. So (|8.4b|) says that A, B reduces into G(xi, X2, • • > Xft); fo r each = 1, 2, . . . , n, 
while (j8,4c[) says that A, B reduces to the Hall system -P 2fc /, Q%i'-i fo r G(xi, X2> • • • j Xn)- 
We fix an integer m = l,...,n and we consider the normal series 

1 = Go < Gi < ■ ■ ■ < G m < G. (8.5a) 

The sub tower 

{ Xl E Irr(Gi)}£o (8.5b) 

of (|8,3a|) is a character tower of the above series. If k and I are defined as in (|5,7|) for m, then 
Remark 15. 1251 implies that the subset 

{P%r,Q2i-l\oi2r,fh,i-l}^ , = o,i=l ( 8 -5c) 

of (|8.3cj) is a triangular set corresponding to the chain l|8.5a[) and tower (|8.5b[) . 

As in (|5.129a[) . we set G* := G(xi, X2 ; • • • , Xm)- So we can define the intersection groups 

A* ■— AnG* = A(xi, • • • ,Xm), 

B*:=BnG*=B(xi,...,Xm). (8.6) 
Note that these definitions depend heavily on m. Then we can prove 

Proposition 8.7. Let m = 1,... ,n be fixed, and k,l be its associate, via (|5.7|) . integers. Then 

P; k < A* < A and Q^_ x < B* < B, (8.8a) 
N{P; k inB*) GHalV(GK fe ,xi,...,Xm)), (8.8b) 
iV(Q5,_i in A*) €HaU w (G(^,_ 1 ,xi,...,Xm))- (8.8c) 

Proof. We fix the integers m, fc and /, and the triangular set Q8.5c[) corresponding to the tower 
(|8.5b|) . Then Corollary 15.1571 implies that P 2 * fc and Q^-l fo rm a Hall system for G* m . According to 
()8.4b|) the groups A* = A n G* and B* = B n G* form a Hall system for G* . In view of (J8~lc|) the 
group A* contains -PjTfc" ana - nence contains P£ k < -P^fc" Similarly, B* contains Q^Z-l- Since P 2fc 
and Q 2 ;_ 1 form a Hall system for G* m , it follows that 

PZ k = A*nG* m <A*, (8.9a) 
Q^^B'nG^B*. (8.9b) 

The subgroup G* m = G* n G m is normal in G*. Hence conjugation by elements of B* permutes 
among themselves the Hall 7r-subgroups of G* m . One of those Hall 7r-subgroups is P 2fc . Since 
G* m = i^fc^a-l' * ne normal subgroup Q 2 z-i °f B * ac ^ s transitively on those Hall 7r-subgroups. It 
follows that 

B* = iV(P 2 VnB*)-Q 2Z _ 1 . (8.10) 
This implies that N(P* k in B*) • G^/G^ is a Hall vr'-subgroup of G*/G* m . Since iV(P 2 * fc in B*) n 
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G* m = N{P% k in Q2Z-1) is a Hau Tr'-subgroup of N(P 2 * k in G£J, we conclude that 

N(P* k in B*) E B a ll n ,(N(P* k in G*)). (8.11) 

Now the group N(P2 k in B*) normalizes P 2 * k , and thus normalizes P 2i = P 2k I" 1 G 2 i for all 
i = 1,2, . . . , k. As N(P2 k in B*) is a subgroup of B*, it normalizes Q^-i = B * n So it; 

normalizes Q 2.7-1 = Q21-1 ^ ^2j-i fo r each j = 1,2, . . . , I. Since it normalizes both P 2 * and Q 2i _i, 
it normalizes i-2i = -^(Qli-i m ^2i) ( see Q5.16Up ). for each i = 1, 2, . . . , k. Similarly, it normalizes 
Q2j~i = N(P£j_ 2 in Q 2 j_i) ( see <|5.161|l ). for each j = 2, 3, . . . , I. It also normalizes Qi = G\. The 
definitions of Q2i-i,2j and P2r,2s-i in (|5.22aj) and (|5.22b|) show that they, too, are normalized by 
N(P 2k in B*). Thus -^(P^ in B*) normalizes every subgroup appearing in the triangles displayed 
as (|5.2Ua|) and l|5.21aj) in Chapter 5. 

The group A"(P 2 * fe in B*) also fixes all the characters xi 5 X2, ■ ■ ■ , Xm, since B* does. Because it 
also normalizes Q%, P2, Q3, it leaves invariant the cQ\- , CP2- , CQ3-, ■■■ correspondences in 
Table 1531 Hence it fixes all the characters in that table. In particular, it fixes a 2 i, for i = 1, 2, . . . , k 
and @2j-i, f° r j = 1)2, ... ,1. It also fixes all the characters ot2i,2j-i and f32r-i,2s in the displayed 
triangles (|5.20b|) and (|5.21b|) . Because it fixes all the groups and characters entering into the 
definition of a^i, it also fixes that character for each i = 1,2, ... ,k. Similarly, it fixes $2j-\ fo r 
./ 1-2 /• ' 

At this point we know that NiP^k i n B*) is a Hall 7r'-subgroup of iV(P 2 \ in G*) fixing a\ k . 
Hence it is a Hall 7r'-subgroup of G*{a* 2k ). Since G* = G(xi, X2> ■ ■ ■ 1 Xm), we get that ()8.8b|) follows 
immediately. 

The proof of (|8.8b ^> is similar, with the roles of it and ir' interchanged. So we omit it. □ 
The proof of Proposition 18.71 implies 

Corollary 8.12. Both ^(P^ in B*) and N(Q^i_i in A*) fix the characters ct2i, for i = 1, . . . , k, 

and (3 2 j-i, for j = 1, . . . , /. They also fix a 2 i- 2 ,2i-i and /3 2 fc-i,2fc- 

With the above notation, we can now prove 

Theorem 8.13. Assume the series ()8.3a|) . the tower ()8.3b|) and the triangular set H8.3c|) are fixed. 
Assume further, that m is any integer with 1 < m < n, and consider the series, tower and triangular 
set appearing in (|8.5|) for that m. Then we can choose a n 1 -Hall subgroup Q of G' = G{oi2 k ), to 
satisfy the conditions (|6.2Uj) and (|6.21j) in Theorem 16. HA for the set (|8,5cj) and the tower (|8.5bj) . 
along with the property 

N(P* k in B( X i, • • • ,X2k)) = QC02fc-i,2fc). 

Hence 

Q{fak-i,2k) ■ Qh-i < B (Xi, • • • , X2k) < B. (8.14) 

Proof. Suppose first that m = 21 — 1 is odd with / < so 2k = 21 — 2. Then ()6.20b|) tells us that the 
groups G'(f3 2 k-i,2k), G'(xi, - ■ ■ ,X2k), G'(xi, • • • , X2k-i) and G'(/?i, (3 3 , . . . , fhk-i) have a common 
Hall 7r'-subgroup, (where G' = G(a2 k )). Proposition 18.71 and in particular l)8.8b|) . with 2k = 21 — 2 
in the place of m there, implies that the 7r'-group -/V(P 2 * fc in B*) = A r (P 2 * fc in B(xi, • • • , X2fc)) is a 
Hall 7r'-subgroup of the second group on this list. By Corollary 18. 121 the character /?2fc-i,2fc is fixed 
by -/V(P 2 * fc in B(xi, • • • , X2fc))- Hence the latter is a subgroup of G'(/?2fc-i,2fc)- So it must be a Hall 
7r'-subgroup of that group, because of its order. Similarly, it is contained in both G'(xi, • • • , X2fc-i) 
and G'(Pi, . . . ,/?2fc-i)- Hence it is a Hall 7r'-subgroup of those groups, too. So it satisfies all the 
conditions for Q(/?2fc-i,2fc) in (|6.20b|) . Clearly it also satisfies the equations (|6.20c|) . as these follow 
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from (|6.20b|) . Furthermore, -/V(P 2 * fc in B(xi, • • • , X2k)) fixes a 2j 04, . . . , «2fc> by Corollary 18.121 and 
thus satisfies equation (|6.20d|) . 

According to (|8.8h ) (for m = 21 — 1), the group Q21-1 is a subgroup of B(xi, • • • , X2k, X21-1) < 
B(xi, • • • , X2fc)- Furthermore, Q21-1 normalizes P 2 * fc = -P 2 *-2' by Q5.1Ua|) . Thus Q21-1 is a subgroup 
of iV(_P 2 * fc in B(xi, • • • , X2fc))- By Corollary l8.12[ the latter normalizes G(a 2 , ■ a 2 k,l3i, ■ ■ ■ , fhk-l)- 
Hence it normalizes ^2^1(02, • • • , a 2 fc> Pi, • • • , fok-i) = Q21-1 * P2k, where the equality follows from 
(|5.42c[) as 2k = 21 — 2. Hence iV(P 2 * fc in B(xi, • • • , X2fc)) normalizes Q21-1 X P2k arid contains Q^i-i- 
Therefore, it normalizes Q21-1- Thus it satisfies (|6.21j) . Evidently we can choose Q £ Hall g (G') so 
that N(P* k in B(xi, • • • , X 2k)) = Q(fck-l,2k)- 

So Q(/3 2 fc-l,2fc) < B(xi,...,X2fc)- But is contained in B(xi, . . . ,X2l-i), by fOD^and 

(PP)|1 . as m = 2/ - 1. As 2/c = 2/ - 2 < 2/ - 1 in the odd case, B(xi, • • • , X2Z-1) < B(xi, . . . , X2fc)- 
Hence Theorem 18. 131 follows for any odd m. 

If m = 2k is even and strictly smaller than n, then we can still form the 2k + 1 series, by adding 
the group G2k+i and its character X2fc+i- Then, according to Corollary I6.24( the even system, 
(where m = 2k), with the odd, (where m = 2k + 1), share the group Q. This, along the already 
proved odd case of Theorem 18.131 implies the first part of Theorem 18. 131 when m = 2k < n. 

If m = 2k = n, we can't form a bigger odd system, but we know exactly what group Q(P2k—l,2k) 
is. Indeed, as G^fc/GW-i is a 7r-group, and Q(fi2k-i,2k) is a 7r'-Hall subgroup of G' (p 2 k-i,2k) , by 
(|6.20b|) . it must be a 7r'-Hall subgroup of G' 2k _ 1 (f32k-i,2k)- This, along with (|6.29b|) . implies 

Q{p2k-l,2k) = Q(P2k-l,2k) H G2k-1 = Qlk-\ (/?2fc— l,2fe) • 

By ()6.33|) this gives 

Q{hk-l,2k) = Q2k-l,2k- 

On the other hand, in the case m = 2k = n we have 2/' — 1 = 2k — 1. Thus (|8.4h ) implies 
B(xi, • • • ,Xn) = Qlk-v Hence 

N(P* k in B(xi, . . .,X2k)) = N(P* k in Q^-l) = Q2vfc-l,2fc- 

So the first part of Theorem 18. 131 holds in the case m = 2k = n. 

Furthermore, when m = 2k is even, (|8.8b ) and ()8.6|) imply that Q^z-i — ^(%i> • • • >X2fc)- Thus 
(|8.14|) follows for the even case. This completes the proof of Theorem 18.131 □ 



Of course, a similar result holds by p, (/-symmetry for P (0121-2,21-1) ■ whenever / = 

2,3,..., Z'. 

Theorem 8.15. Assume the series (|8.3aj) £/te tower ()8.3b|) and i/ie triangular set (|8.3c|) are fixed. 
Assume further that m is any integer with 1 < m < n and consider the series of subgroups, the 
character tower, and the triangular set appearing in (|8.5|) for that m. Then we can choose a ir-Hall 
subgroup P of G(/32i-i)> t° satisfy (|8.1I) for the set (I8.5c[) and the tower (|8.5b|) . along with the 
property 

N (Q*2l-l in A (Xl, • • • , X2l-l)) = P{ot2l-2,2l-l)- 

Hence 

P(a 2 i-2,2i-i) ■ Pk < A(xi, • • • , X21-1) < A. (8.16) 
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8.3 "Shifting " properties 



We assume that the normal series 

G = 1 < Gi < ■ ■ ■ < G n = G (8.17) 

is fixed for some n > 2, and satisfies 

G2 = G 2 ^ x G 2 y is a 7r-split group (see Definition and (8.18a) 

G fixes the character xi- (8.18b) 

Assume also that the character tower 

{1 = Xo,Xl,--- ,Xn} (8.18c) 

is fixed, while the set 

{Q2i-i,P2r\f32i-i,a 2 r} l i = hr=0 (8.18d) 

is a representative of the conjugacy class of triangular sets that corresponds to (|8.18c|l . Furthermore, 
we fix a Hall system {A, B} of G that satisfies (|8.4jl . that is 

A e Hall,- (G),B£ HaJV (G) , (8. 18e) 

MXi,X2, ■■■iXh) and B(xi,X2, • • • ,Xh) form a Hall system for G(xi,X2, ■ ■ -,Xh), (8.18f) 
A(Xl,X2, ■•• ,Xn) = P£k> and B (Xl,X2, • • • ,Xn) = Qll'-V (8-18g) 

for any h = 1,2, ... ,n. According to Corollary 15.1771 this set satisfies 

G 2 =P 2 xQi, (8.19a) 
X2 = X2,w x X2y = ol 2 x (3i, (8.19b) 

where P 2 and Q\ = G\ are the 7r-and vr'-Hall subgroups respectively, of G 2 . 

We replace the first 7r'-group G\ = Q\ appearing in (|8.17jl . by the trivial group and consider 
the series 

1 < G{ := 1 < G s 2 := P 2 <Gl:=G 3 <G s 4 :=G 4 <---< G s n := G n = G. (8.20a) 

We call the series (|8.2Uaj) a shifting of the series (|8.17|) . Note that (J8.2Ua|) is a normal series of G, 
that satisfies Hypothesis with Gf = 1. The characters 

1, Xi := 1, Xl ■= a 2 , X3 : = X3, xl ■= X4, • • • , X^ := Xn, (8.20b) 
form a character tower for the series (|8.2()ajl . In addition, the set 

{Qt = 1 = P S , Q^_! = Q 2 i-i,P|r = ftrl/^ = 1 = «o> PL-i = P2i-i,a s 2r = a 2r } l .^ r=1 (8.20c) 

is a triangular set for (|8.20a|) . corresponding to the character tower (|8.20b|) (this can be very easily 
verified using the fact that ()8.18d|) is a triangular set for (|8.17|) corresponding to (|8.18c|) ). Note 
that the groups Q 2 i-i 2 ji P 2r>2 t+i and their characters /3|i-i,2j and a 2r,2t+i-> respectively, remain the 
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same as those of (|8.18|l . whenever 2 < i < j < k' and 2 <r <t <V — 1, i.e., 

QIi-1,2.7 = Q2i-l,2j and ^2r,2t+l = f2r,2t+l> (8-21) 
@2i-l,2j = @2i-l,2j and a2r,2t+l = «2r,2t+l- (8.22) 

Also, the product groups P 2 j i = P 2 ■ ■ ■ P 2k , remain unchanged, for every k — 1, . . . , k , because 
P| r = P^r whenever 1 < r < k'. In addition, for any such k, the irreducible character a 2k G Ir^P^) 
was chosen as the Q3, . . . , Q2fc-i-correspondent of «2fc (see Definition l5,147|) . As neither of the above 
groups nor the character a^k changes when passing to the shifted system (|8.2()|) . we conclude that 
also the character a 2k s € Irr(P 2 *^, s ) remains unchanged, that is, 

a lk = «2fc> ( 8 - 23 ) 

for all k = 1, ... , k' . 

Furthermore, the group Q3 contains Q\, as Q3 > Q\ : 2 = C(P2 in Qi) = Q±, by (|8.19b ). Thus 

Q*2i-i = Q 3 -Q 5 ---Q2i-i, (8.24) 

whenever 1 < I < I' . This implies that 

Q21-1 = Qt ' Ql ' " Q21-1 = Q21-V (8.25) 

for all such I. Furthermore, the fact that P2 centralizes both Q\ and N(P2 in Q21-1) = Q21-1 
implies that the P2, -P4, . . . , i-2Z-2-correspondent /?<y_i e ^ rv (Q2i-i) °f fhl-l £ Irr(Q2i— 1)) is actually 
the P4, . . . , P 2 «-2- corr espondent of P21-1, whenever 1 < I < I'. Clearly, for all such I, we get 
$&-\ = Pa-v becau se Q* 2 f_ x = Q*2i-i,Pi = P2, ■ ■ ■ , Pii-2 = p 2i-2 and (3^_ x = (3 2 i-i- 

As G fixes xi by ((HUBb), while X2 = «2 x ft by (ETTOn . we get that G = G{xi) = G{(3i). We 
conclude that 

G(x s 1 ,X2) = G(a 2 ) = G(xi,X2), (8.26a) 

and thus 

G(xt,X2,xh- ■ -iXh) = G ( a 2,X3, ■■■,Xh) = G(xi,X2,X3,X4, • • -,Xh), (8.26b) 

for all h = 3, . . . > n. For any subgroup H of G, similar equations, with H in place of G, hold. In 
particular, for the Hall system {A, B} we get 

A (Xi,X2) = A («2) = A (xi,X2) and B(xi,X 2 ) = B («2) = B(xi,X 2 ), 

Mxl,X S 2, ■ ■ ■ , Xh) =M a 2, X3, ■ ■ ■ , Xh) = A(xi, X2, • • • , Xh) and 
B(xi,x!) • • • iXh) = B (a2,X3, ■■■,Xh) = B(xi,X2,- • • ,Xh), 

for all h = 3, . . . , n. This, along with teh conditions (|8. 18b .f.g) which A and B satisfy, implies 

A(a 2 ) = A(xi,X 2 ) and B(q 2 ) = B(xJ,x5) form a Hall system for G{a 2 ) = G(xf,Xa) 
A(xi,x!> ■•• iXh) and B(xi,xl>-- • ,Xh) form a Hall system for G(xi,X2, ■ ■ -,Xh): 

for any h = 3, . . . , n. Furthermore, (|8,18| ?). along with (|8.24j> . implies 

Mxi,X2, ■■■,Xn)== Ph and B(xf ,xl, • • • , Xn) = Qs " • " Qa'-i- (8-27) 
Therefore, the groups A,B satisfy the equivalent of (|8.18k .f.g). for the shifted system (|8.20|) . 
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The other groups of interest that doesn't change, when we work in the shifted case ()8.20[) . are 
Q and P, as these are defined for every fixed, but arbitrary, smaller system 

1 = G < Gi < G 2 < ■ • • < G m < G, 

l)Xi,X2, ■ ■ ■ ,Xm, (8.28a) 
{Qtt-l, Plr \02i-\i «2r}i=i jr= o 

where m = 3, . . . , n, and k, I are related to m via (|5.7|) . Of course when we shift the original system 
to get (j8.20|) . we also get the smaller shifted system 

1 < G{ = 1 < G s 2 = P 2 < G s 3 = G 3 < ■ ■ ■ < G s m = G m < G, 

l,Xi,X S 2,---,X S m , (8.28b) 

{Qli-l) ^2rl^Ii-l> a 2r}i=l,r=0 

Indeed, it is easy to see that the same group Q, which was picked among the 7r'-Hall subgroups of 
G( a 2k) t° satisfy the conditions (|6.20|) and 1)6. 2 1|) in Theorem 16. 191 for the system (|8.28j) . satisfies 
the same conditions for the shifted system (|8.28j) . First note that G' = G{a.2 k ) = G{a*^). Hence 
Q is also a 7r'-Hall subgroup of G{a^)- Furthermore, the group Q fixes (3\, as the latter is G- 
invariant. This forces Q to fix the P^at Glauberman correspondent Pi 2k of as Q normalizes 
P* k . Hence Q(Pi, 2 k) = Q- For the shifted system (jK^Sl) we have f3{ = 1. Thus the P*jf = P* k - 
Glauberman correspondent f3f 2k of j3{ is also trivial. Hence Q(Pi 2k ) = Q = Q(Pi,2k)- In addition, 
2k = hi-l,2k-> f° r an Y i = 2, . . . ,1 We conclude that 

Q(Pli-i,2k) G HalV(G'(^_ 1)2ifc )) n Hall 7r /(G'( X ?, X 2, xh---, xk-i))n 

HaU^CG^xI, X2, X s s, ■ ■ ■ , Xh)) n Hall 7r /(G'(^, . . . , 01^)), 

Q(xi,x s 2,xh---,x 8 2i-x) < QQ-,<4>' 

for alH = 1, 2, . . . , k. In addition, for all i with 1 < i < I — 1 we get 

Q(Pk~i,2k) normalizes Q s 2i+1 = Q 2 i+i- 

So Q remains unchanged in the shifted case, as does Q(P2k-i,2k)- Therefore the image I of Q((3 2 k~i) 
in Aut(P 2 * fc ) remains unchanged. 

Similarly, we can show that the group P remains unchanged in the shifted does 
P(®2i-2,2i-i)- So the image of the latter group in Aut(Q2z_i) remains unchanged. 

It is also clear that if the characters 02k-l,2k £ ^(Q2k-i,2k) and a 2 i- 2 ,2i-i G Irr(P 2 «-2,2/-i) 
extend to Q{@2k-i,2k) and P(a2/-2,2i-i) 5 respectively, then the same property passes to the shifted 
case, provided that k > 2, as none of these groups and characters really changes. In conclusion we 
have 

Theorem 8.29. Assume that the normal series 1 = Go <! G\ < • • • < G n < G satisfies ()8.18|) . Let 
()8.18cj) be a character tower for the series, ()8.18d|) the corresponding triangular set and {A,B} 
a Hall system for G that satisfies (|8.18ejl . Replacing the group G\ = Qi with the trivial group 
we obtain a normal series (j8.2Ua|) for G. Then (|8.20b|) is a character tower for that series, and 
(|8.20c|) its corresponding triangular set. Furthermore, {A,B} remains a Hall system for G satis- 
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fying the equivalent of h8.18te .f.a) for the series (|8.20aj) and tower (|8.20bj) . Even more, the groups 
P 2 * fc , Q21-11 Qi P> as we H as Q(P2k-i,2k) and P[pi2i-2,2l-i) satisfy the same conditions for the smaller 
system (|8.28f) and the shifted one (|8,28|) . whenever m = 3, . . . , n. 

The above theorem makes clear that, whenever the series (|8.17|) satisfies Ij8.18b .b). we can 
replace the group G\ with a trivial group without affecting any other group or character involved 
in our constructions. From now on, for simplicity, whenever such a shifting is performed, we will 
be writing the produced series, tower and triangular set of (|8,20|) as 

1 < P2 < G 3 < ■ ■ ■ < G n = G (8.30a) 



{1,®2,X3,--- ,Xn} (8.30b) 



{Q2i-l,P2r\foi-l,Ct'2r} l i=2r=l (8.30c) 



Note that the trivial groups Gf = Q\ = 1 = Pq and their characters, have been dropped. 
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Chapter 9 

Normal Subgroups 



As in Chapter |H1 we fix a normal chain 

1 = G < Gi < G 2 < • • • < G n = G, (9.1a) 

for an odd order group G, such that Hypothesis 15 . II holds with n in the place of m, i.e., n > and 
Gi/Gi-i is a 7r-group if i is even, and a 7r'-group if i is odd, for each i = 1, 2, . . . , n. We also fix a 
character tower 

E MGOKU (9.ib) 

for the above series and a corresponding triangular set 

{P2r,Q2i-l\at2r,02i-l}rJo,i=l (9.1c) 

where k' = [n/2] and I' = [(n + l)/2]. Along with that we fix a Hall system A, B of G that satisfies 
(EH), that is, 

A € Hall 7r (G ! ),B G HahV(G), (9.2a) 
A(xi,X2,- • • ,Xh) and B(xi,X2, ...,Xh) form a Hall system for G(xi,X2,- • -,Xh), (9.2b) 
A(xi,X2, • • • ,Xn) = and B (Xi,X2, ■ ■ • ,Xn) = Qk'-Ij ( 9 - 2c ) 

whenever h = 1, . . . , n. 



9.1 Normal 7r'-subgroups inside Q\ 

We fix an integer m = 1, . . . , n and we consider the normal series 

1 = G < d < ■ • • < G m < G. (9.3a) 

The sub tower 

{1 = Xo,Xi, • • • ,Xm} (9.3b) 
of ()9.1b|) is a character tower for (|9.3b|) . and the subset 

{Q21-1, P2r \P2i-1, a 2r } l i=i )T= Q (9.3c) 
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of (|9.1cf) is a representative of the conjugacy class of triangular sets that corresponds uniquely to 
1)9. 3b J) . (As usual, the integers k and I are related to m via 1)5.7)1 .) Thus all the groups, the characters 
and their properties that were defined and proved in Chapter [S] are valid for 1)9.3)) . In particular we 
can define groups Gi s and their characters \i,s (see Theorem 15. 881 for their properties). Even more, 
we can pick the groups Q and P to satisfy the conditions in Theorems 18.131 and 18.151 respectively. 
Hence if we write 

V := P(a2j-2^a-i) • (9.4a) 
Q:=Q(P2k-i,2k)-Q*2i-i, (9.4b) 

then Theorems 18 . 1 31 and 18. 1 5) and in particular 1)8.141) and 1)8.1611 . imply 

V< A(xi,...,X2j-i) < A (9.4c) 
Q<B(xi,...,X2fe) <B. (9.4d) 

We remark that the group Q is well defined, as Q(P2k-l t 2k) < Q(/%i-l,2fc) normalizes the group 
Q2i+i; f° r all i = 1, — 1, by 1)6.21)) . It also normalizes Q\. Thus it normalizes their product 
Qi • Q3 • • • Q21-1 = Q21-V Similarly we can show that V is well defined. 

For the rest of this section we assume that S is a subgroup of G±, and £ is a character of S, 
satisfying 

S <G and S <G 1: (9.5a) 
C G Irr(iS') is G-invariant and lies under (3±. (9.5b) 

Either S or £ may be trivial. We also assume that E is a normal subgroup of G with 

S < E <Q 1 = G 1 . (9.5c) 

Then 

Lemma 9.6. There is an irreducible character A € Irv(E) such that A is A{xi) -invariant and lies 
under every \i, for i = 1, . . . , n. ^4ny swc/i A /ies above £. 

Proof. Let Ai be an irreducible character of E 1 lying under xi, and thus under \i for any i = 1, . . . , n. 
Then Clifford's Theorem implies that xi lies above the Gi-conjugacy class of Ai. The 7r-group A(xi) 
fixes xi) an d normalizes E, as the latter is normal in G. Hence A(xi) permutes among themselves 
the Gi-conjugates of Ai. As (|A(xi)|, \G\ |) = 1, Glauberman's Lemma (Lemma 13.8 in ^21) implies 
that A(xi) fixes at least one, A, of the Gi-conjugates of Ai. 

As C, S Irr(S) is G-invariant and lies under xi> Clifford's theorem implies that any irreducible 
character of E lying under xi also lies above £. Thus the character A satisfies all the conditions in 
the lemma. □ 

Note that the proof of Lemma 19.61 also shows 

Remark 9.7. Assume that Ai € L'm(E) is a linear character of E lying under xi- Then there 
exists a Gi-conjugate A £ Lin(£') of Ai, such that A is J 4(xi)-invariant, and lies under xi and above 

C- 

Remark 9.8. The 7r-group P^ k i = P2 ■ • ■ P2W fixes xi> as every one of its factors P21 fixes xi =01, 
for all i = 1, . . . , k' . Hence it is a subgroup of A(xi). So P^ fixes A, for all i = 1, . . . , k' . 
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In the same spirit is 

Remark 9.9. The 7r-group V fixes A, as it is a subgroup of A(xi), by (|9.4cj) . 

From now on we fix a character A € Iir(E) satisfying the conditions in Lemma 19,61 
The 7r-group P 2 \ acts on the 7r'-group E, and fixes A by Remark 19.81 whenever 1 < i < k! . So 
we can define 

E 2i = C{P 2i in E) and (9.10a) 
A 2 j £ Irr(£ , 2i) is the P 2i - Glauber man correspondent of A, (9.10b) 

for all i = 1, . . . , k'. We obviously have that 

E 2i = Qi,k nE = C(P* in Qx) n E, (9.11) 

for each such i. Furthermore, 

X 2i lies under 0i j2i , (9-12) 

as /?i j2 j is the P 2 *- Glauber man correspondent of 0i, and f3\ = \i lies over A. It follows from the 
definition (|9.10b ) of A 2 i that 

N(X) = N(X 2i ), (9.13) 

for every group N with N < N(P 2i in G). 
We also define 

G\ := G(X), (9.14a) 
G itX :=G i (X) = G x nG i , (9.14b) 

whenever < i < n. This way we can form the series 

G ,a = Go = 1 < < G 2 , A < • • • < G n , A = G\ (9.15) 

of normal subgroups of the stabilizer G\ of A in G. Its is clear that this series satisfies Hypothesis 
15.11 with n in the place of m, as the series (|9.1a[) does. Furthermore, Clifford's Theorem provides 
unique irreducible characters Xi,\ S Irr(Gi t \) lying above A and inducing Xi, whenever i = 0, 1, . . . n, 
i.e., 

Xi ,x G Irr(G i)A |A) and fc,A) Gl = Xi- (9.16a) 

Clearly we get that 

Xo,x = Xo = !• (9.16b) 

As the Xi ne above each other, the same holds for the characters Xi,\i i- e - ; Xi,\ nes above Xj,x 
whenever < j < i < n. This way we have formed a character tower 

{1 = Xo,A, Xi,A, • • • , Xn,\} (9.17a) 

for the series (j9.15|) . Hence Theorem 15.61 applied to the tower ()9.17a|) . implies the existence of a 
unique GA-conjugacy class of triangular sets for (|9.15j) that correspond to the tower (|9.17aj) . Let 

{Q2i-l,\,P2r,\\fai-l,\,OL 2rt \}\Jl r= Q (9.17b) 

be a representative of this class. All the groups, the characters and their properties that were 
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described in Chapter |S] are valid for the A-situation. We follow the same notation as in Chapter [SJ 
with the addition of an extra A in the subscripts, to refer to this A-situation. As a small sample we 
give the following list: 

Q2r-i,2r,x = C(P 2r ,\ in Q 2r -i,\), see (|5.11j). 
hr-l,7,r,\ G I rr ( ( 32r-i,2r,A) is the P 2r A-Glauberman correspondent of f3 2r -i,x G Irr(Q 2 r-i,A) i 

^2i,2i+i,A = C(Q 2i+ i,\ in P 2 i,\), by (|5.14j). 
a2i,2i+i,A G Irr(P2i,2i+i,A) is the Q2i+i,A-Glauberman correspondent of a 2i ,\ G Irr(P 2 i,A) , 
G 2 i,2i-l,x = N(P 2t \, P 2 i- 2 ,\, Qi,x, • • • , Q2i-1,A in G^i.ACXl.A) • • • > X2i-l,A))> see (|5.91j). 
X2i,2i-i,A is the cP 2 ,A, • • • , cP 2 i-2,A, cQi,a, • • • , cQ 2 i_i jA -correspondent of X2i,x, see 
Theorem 15,881 and the Definition 15.631 

for all r = 1, . . . , k' and i = 1, . . . , V — 1. 

In this section we will describe the relations between the sets (|9.1cj) and ()9.17b|) . We start with 
the groups G* A defined as 



0, A 

1, A 



Co,A = 1) 

Gi,A(Xl,A, • • • Xi-i,a) = G i;X (xi,x, Xn,x), (9.18) 

Gx(Xl,X, ■ ■ ■ , Xn,x), 



whenever i = 1, . . . , n. Note that this is equivalent to the definitions of G* and G* that were given 
in ()5.129bj) and (|5.129a|) . respectively. Obviously we have that 



Gix = G* x C\Gi, (9.19) 



for all i = 0, 1, . . . , n. Furthermore, 
Lemma 9.20. 



G* = G*{\), (9.21a) 
G* A = G*(A), (9.21b) 



for all i = 0, 1, . . . , n. 



Proof. The fact that Xi,x £ Ii^G^aIA) = Irr(Gj(A)|A) is the A-Clifford correspondent of %i G Irr(Gj) 
implies that 

G(X, Xi,a, • • • , Xi,A) = G{xi, • • • , Xi)P0, 

But G* = G( X i, . . • ,Xn), by ()5.l29al) . while G(A) = G\ by (BTTlajl . Thus (|9~2TaT) follows. 

Equation (|9.21bj) follows easily from (|9.21a|) and (j9.19() . □ 

We can now prove 

Proposition 9.22. For every r = 0, 1, . . . , k' and i = 1, . . . ,1' we have that 

P 2 ; G Hall 7r (C* r)A ), (9.23a) 
Qw-i(A)GHaJV(G^_ 1>A ). (9.23b) 
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Therefore the triangular set ()9.17b|) can be chosen among the sets in its G\-conjugacy class so that 
it satisfies 



P| r =P| r , A , (9.24a) 
<&-l(A) = <&_!. A, (9.24b) 



whenever < r < k' and 1 < i < I'. 



Proof. According to Proposition 15, 1321 the group P 2k , is a 7r-Hall subgroup of G%y. Furthermore, 
A is fixed by P 2k , = A(xi, . . . ,Xn) < A(xi). Hence, P 2 * fc , is also a 7r-Hall subgroup of G 2fc , (A). As 
P| r = P$k! H G 2r , while Gj^A) = G^., (A) n G 2r <! G 2S ./(A), we also get that P 2r is a 7r-Hall subgroup 
of G 2r (A) for each r = 0, 1, . . . , k' . So j?T55aJl holds. 

By Cor ollar v 15 . 1 5 71 we have that G 2 ; / _ 1 = P 2 ;/_ 2 "Qm'— l" This, along with the fact that P 2 y_ 2 < 
P 2k , fixes A, implies that G 2/ ,_ 1 (A) = P 2 */_ 2 ■ Q^'-i(A)- Thus Q 2i ,_ 1 (A) is a 7r'-Hall subgroup of 
G^'-iPO = ^a'-l A- Furthermore, for alH = 1, . . . , we have that Q* 2i _i{X) = Q^'-iM n ^2i-i> 
where Gn-\ <! G^v-x- Thus Q 2 j_i(A) is a also v'-Hall subgroup of G 2i _ 1 (A) for all i = 1, ... , Z'. 
This completes the proof of (|9.23|) . 

The groups P 2k , A = P 2 ,a • • • P2fc',A and Q^'-iA = Qi,A • • • Qai'-i.A satisfy the conditions in 
Propositions 15. 1^2*1 and 15.1551 in the A-situation, that is, P 2k , A € Hall 7r (G 2fc , A ) and Q* 2V _ X A € 
Hall 7r '(G 2i /_ 1 A ). Therefore, there exist G(A)-conjugates, (P 2k / A ) s , (Q^'-l a) S > °^ ^2fe' A ana - Q2V-1 A 
respectively, such that P 2fc , = [P 2k > A ) s and Qy'-lM = (Q^'-ia) 5 - Hence, we also get that 
P| r = P 2 V n G* 2r = (P* x ) s an d Q^J^A) = Q^_ X (A) n Ga'-i = fe_i,A) s , whenever < r < k' 
and 1 < i < I'. The set 1)9. 17b |l was picked as any representative of a G\ = G(A)-conjugacy class of 
triangular sets. Thus we can pick l)9.17b|) to be the one that satisfies 1)9.24)1 . 

So Proposition EI211 holds. □ 

The following is a straightforward but useful lemma: 

Lemma 9.25. Assume that Q\ < T < G{(3\). Then T = T(A) • Q\. Furthermore, if S satisfies 
Qi,2i < S < N(P 2i in G(/3i t 2i)) } for some i = l,...,k', then S = S(X 2i ) ■ Qi,2i = S(X) ■ Qi^i- 

Proof. As the group T fixes it permutes among themselves the Qi-conjugacy class of characters 
in Irr(P) lying under (3\ = \i- Since A is one of these characters, we have T < T(A) • Q\. The other 
inclusion is trivial. So T = T(X) ■ Q\. 

The group S normalizes P 2 * and thus normalizes E 2 i = G(P 2 * in E). Furthermore, it fixes /3i )2 j. 
Hence S permutes among themselves the Qi^fc-conjugacy class of characters in Irr(I? 2 j) lying under 
/3i,2i- Since A 2 i lies in that class, we have S < S{X 2 i) • Q\^%- As the other inclusion is trivial, we 
get S = S(X 2 i) • Qi )2 j. Since S normalizes P 2 * , and A 2 i is the P 2 *-Glauberman correspondent of A, 
we obviously have that S^A^) = S(X). Hence the lemma follows. □ 

After these preliminary comments we are ready to state and prove 
Theorem 9.26. The set ()9.17b)l chosen in Proposition \9.2%\ satisfies 



P 2r , x = P 2r (9.27a) 
«2r,A = a 2r , (9.27b) 



for all r = 0,1, ... , k' . And 



Q 2 i-i,x = Q2i-i(X) = Q2i-i{X 2i -2), (9.28a) 
P2i-i,x € Irr(Q 2 i-i,A) is the A 2l _ 2 - Clifford correspondent of f3 2i -\ G Irr(Q 2 ;_i), (9.28b) 
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for all i = 1, . . . , V . (By convention Xq := X.) Hence /?2i— i,a induces f5n—\ € Irr(Q2i-i)- 

Proof. According to Lemma l9~2l"l for T = Q 2r _i we g et that T = Qlr-lMQl- Since Ql = G i< G, 
it follows that iV(Q| r _ 1 (A) in P 2r ) < A'"(Q| r _ 1 in P 2 * r ). But P 2r fixes A. So the other direction of 
the above inclusion also holds. Thus 

N{Q* 2r _ x in P* r ) = NiQl^X) in P* r ). (9.29) 

The triangular set (|9.17b|) satisfies the equivalent of Proposition 15. 159*1 for the A-situation. Hence 

P2r,x = N(Q* 2r _ 1}X in P 2 * r> A ) by 

= iV(Q* r _ 1 (A) inP 2 * r ) bydOl 

= iV(Q* r _ 1 in P 2 * r ) by 623 

= P 2r , by gJB)) 

for all r = 1, . . . , fc'. Thus (|9.27aj) holds for all r > 1. It also holds for r = 0, since Po,A = 1 = Po- 
Similarly, for the 7r'-groups we have 

Om-i,A = # (^M-2,A in Qm-la) by gUBQ 

= iV(P 2 *_ 2 in Q5i_i(A)) byJOl 
= iV(P 2 V 2 in Q^_!)(A) 

= Qai-i(A), bydnnu) 

for all i = 1, . . . , I'. The group Qn-\ normalizes P 2 , . . . , P 2 i- 2 and thus normalizes their product 
P 2 *_ 2 . Hence ((9.13") . with Qn-\ in the place of N, implies that Q2i-i(A) = <2 2 j-i(A 2 j_ 2 ). So (j9.28af) 
holds. 

It remains to show (|9.27b|) and (|9,28bj) for the A-characters. This will be done by induction on 
i and r, with the help of various observations that we write here separately as steps. 

Step 1. For every i = l,...,n, the cQ\ % \- correspondent Xi,i,x € Irr(G^ il)A ) of Xi,x G ^(G^a) 
induces the cQ\- correspondent Xi,i S Irr(Gj j i) of Xi € Irr(Gj). Even more, 

Gi,i,A = Gv(A) and (9.30a) 
Xi,l,A S Irr(G'j j i ) A) is £/ie X- Clifford correspondent of Xi,x £ Ir^G^i). (9.30b) 

Proof. We first remark that the cQi^-correspondent (which is analogous to the cQi-correspondent 
for the A-case), is nothing else but a Clifford correspondent, as we can see in Table "B""""l That is, 
G*i,i,\ = Gi^\(x\,\) and Xi,i,\ G ^(Gi^i^x) (see (|5.65a|) . and (|5.67|0 . is the xi,A-Clifford correspon- 
dent of Xi,x e Irr(G i)A |xi,A), for alH = 1, . . . , ra. Of course, G 1)liA = Gi,a and Xi,i,A = Xi,A- 
Furthermore, for all % = 1, . . . , n, we have that 

Gi,i,\ = Gi : \(xi : \) by (|5.65a|) for the A-case 

= G , i (xi, A )(A) as G ljA = d(A), by (f - mE|) 

= Gj(xi, A) by Clifford's theory, since Xi,A i s the A-Clifford correcpondent of xi 
= G itl {X). by (to"M 

Therefore (|9.30al) holds. 
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Let i = l,...,n be fixed. The character Xi,i,A G Ir^Gi^A) = I r r(Gj(xi, A)) induces x«,A G 
Irr(Gj 5 A) = Irr(Cj(A)), by (|5.(i7j) . Also the character x«,A G b:r(Gj(A)) induces Xi G Irr(Gj) by 
(|9.16a|). Therefore, Xi,i,A G Irr(Gj(xi, A)) induces Xi G Irr(Gi). Hence Xi,i,A G Irr(Gi(xi, A)) 
induces a character ^ € Irr(Gj(xi))- Note that the induced character ^> Gi is xf i a = Xi- Even 
more, the character lies above xi = Pi- To see this, first note that, according to Lemma 19.251 
for T = Gi(xi), we have Gi( X i) = G;(xi)(A) • Qi = Gi( X i,X) ■ G u while Gi(xi, A) nG 1 = G X (A). 
This, along with Mackey's Theorem (see Problem 5.6 in |12j . or the special case in Problem 5.2 in 

H2|), implies (xg, ( A Xl) )k = (Xi,i,A| Gl( A)) Gl • Hence 

(*| Gl ,Xi) = ((xg, ( A Xl) )| Gl ,Xi) = ((Xi,l,x\ Gl (X)) Gl ,Xl) 7^0, 

where the last inequality holds as xi = xf\ (by (|9.16a|0 . and xi,a G Irr(Gi(A)) lies under Xi,l,A- 
Thus the character ^ € Irr(Gj(xi)), induces Xi G Irr(Gj) and lies above xi- Hence Clifford's 
theorem implies that is the unique xi-Clifford correspondent of Xi- This, along with l|5.67|) . 
implies that * = Xi,i, i-e., Xj^A = * = Xi,i- 

So Xi,i,A G In^G^i^) = In^Gj^A)) induces X i,i G In^G^i), and lies above A. Thus Xi,i,A is the 
A-Clifford correspondent of X i,i- 

This completes the proof of the first step. □ 

Step 2. For every i = 2, . . . , I 1 we have that 

Q 2 i-i = Q«-i(A) -Qi,2i-2- (9.31) 
Furthermore, for every r = 1, . . . , k' and every i = 1, — 1 we /law e t/iat 

N(-P(),A!-f2,A) . . . ,-P2i,A)Ql,Aj • • • ,Q2i-l,X in G 2i+ i ) A(Xl,A, • • • ,X2i,a)) = 

N(P , P 2 ,...,P 2i ,Qi,..., Q 2 i-i in G 2i+ i t \(xi,\, • • • , X2i,A)), (9.32a) 

and 

N(Pq,\, P 2 ,X, ■ ■ ■ , -P 2 r-2,A, Ql,X, ■ ■ ■ , Q2r-l,X in G2 r ,A(Xl,A, • • • , X2t--1,a)) = 

N(P , P 2 ,..., P 2r - 2 , Qi,..., Q2r-i in G 2r , A (xi,A, • • • , X2t-i,a)). (9.32b) 

Thus, for all i = — 1, the cP 2 ,A, • • • , cP 2 i,A, cQ 3j a, • • • , cQ 2i -i : \- correspondent X 2i+l,2i,x, 

of X2i+l,l,A coincides with the cP 2 , . . . ,cP 2 i,cQs, . . . ,cQ 2 i-\- correspondent of X2i+l,l,A- By con- 
vention, if i = 1 this is only the cP 2 = cP 2 \- correspondence. Similarly, for all r = 2,...,k', 
the cP 2> \, • • • ,cP 2r ~2,x,cQ^\, . . . ,cQ 2r ^\^\- correspondent X 2r,2r-i,x, of X 2r,i,X coincides with the 
cP 2 , . . . , cP 2r - 2 , cQ 3 , . . . , cQ 2r -i- correspondent of X2r,l,A- 

Proof. For all t = 2, . . . , I' we have that 

Qi,2t-2 = Qi n Qat-i < Q 2t -i < N{P^ t _ 2 in G(/? lj2t _ 2 )), 

(by (|5.33|) we get the equality, while Prop osition 15 . 5 51 shows that Q 2 t-i fixes Pi )2 t- 2 ). Hence Lemma 
I9.25( for Q 2 t-i in the place of S, implies that 

Q%t-i = Q 2 t-i(A) • <5i,2t- 2 , 
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for all t = 2, . . . , V. This proves (|PTj) . 

We have already seen that P2r,\ = P2r while Q2i-i,A = Q21— l(A), whenever 1 < r < k' and 
1 < i < I' (by (I9.27al) and flH.2Ha.jl ). Thus (IPTT) implies that 

Q2t-1 = Q2t-l,X ■ Ql,2t-2, 

for all t = 2, . . . , Any subgroup of G that normalizes P 2 , . . . , P 2 t- 2 an d Q2t-i,A also normalizes 
Qi,2t-2 = N(P2 t _ 2 in Qi). Thus it normalizes Q2t-i = Q2t~i,x • <2i,2i-2, whenever £ = 2, . . . 
Since Qi < G, is normalized by any subgroup of G, we therefore get 

N(Po,x, P 2 ,x, ■■■ , P2i,\, Qi,x, ■■■ , Q2i-i,x in G 2 i+i,x{xi,x, X2i,x)) = 

N(P , P 2 , . . . , P 2i , Qi,x, ■■■ , Q2i-i,x in G 2 i+i,x(xi,x, ■■, X2i,x)) < 

N(P , P 2 ,...,P 2i ,Q 1 ,..., Q 2i -\ in G 2 i+i,x(xi,x, X2i,x))- 

The other inclusion is trivial as G 2 i + i^\ = G 2 i + i(X). So everything in G 2 i + i t \ that normalizes Q 2 t-i 
also normalizes Q 2 t-i,x = Q2t-i(A), for all i = 1, . . . , I'. Also Q\ < G is normalized by any subgroup 
of G. Hence we have equality, and fl9.32a[) is proved. 
The proof for (|9,32b|) is similar. So we omit it. 

Let i = — 1 be fixed. For all t = 1, . . . ,i, we have P 2 t = P 2 t.x- So to prove the 

next two statements of Step it suffices to show that the cG;2i-i-correspondence coincides with 
the cQ2t-i,A-correspondence, for all t = 2 . . . , i. We remark that the cQ2t-i,A-correspondence was 
used, in Theorem 15 . 881 and Table l5~5l for the A-situation, to get the irreducible character X2i+i,2t-i,A 

of iV(Q 2 t-l,A in G 2i+ i t2t - 2>x (X2t-l,\)) = GWl ,2t-i,A from X2i+l,2t-2,A e Irr(G 2i+ i, 2 t-2,A) ; whenever 
t = 2, . . . , i. That is, we applied Lemma 15.561 to the groups 

G2t-l,2t-2,A = Q2t-l,X X P2t-2,X <! G 2 t :2 t-2,X <! • ' ' 5! G2i-l,2t-2,A 

and their irreducible characters 

X2t-l,2i-2,A = P2t-l,X ■ "2i-2,Ai X2t,2t~2,X, ■ ■ ■ , X2i-l,2t-2,A , 

in the place of N < K\ < • • • < K r and {x = a • /? e , Xi> • • • > Xr} respectively. On the other hand, for 
all t = 2, . . . , i, the character X2i+i,2t-2,A has a cQ2t-i-correspondent. Indeed, the group Q2t-i acts 
on P2t-2 = P2t-i,x, while the semidirect product Q 2 t-i X i^t-i,> is normalized by all the groups in 
the normal series 

-P2t-1,A <! G 2 t i2 t-l,X <! • • • <! G2i_l,2t-1, A- 

Notice that Q 2 t-i,x and Q 2 t-i have the same image in Aut(P 2t _ 2 ,A)> as Q 2t -i = Q 2 t-i,x-Qi,2t-2 (by 
(|9.31[) ). and Q\ t2 t- 2 centralizes P2t-2,x = P2t-2, whenever 2 < t < i. Furthermore, G2i+i,2t-2,A nor- 
malizes P 2 , . . . ,P 2 t- 2 (see (|5.91j0 . and thus normalizes Qi, 2 t-2- Hence N(Q 2t _ ltX in G2j + i i 2t-2,A) < 
N(Q 2t _ 1 in G 2 i+i,2t-2,A)- The other inclusion holds trivially, as G 2 j+i,2t-2,A < G 2 j + i,A = G 2 j+i(A) 
fixes A and Q 2 t-i,A = Q2t-i(A). Hence N(Q 2t _ 1>x in G 2i+1:2t - 2:X ) = N{Q 2t -\ in G 2 j + i )2t _ 2 ,A), for 
all t = 2, . . . , i. Therefore Proposition 13.91 implies that the cG;2i-i,A-correspondent X2i+i,2t-i,A of 
X2i+i,2t-2,A coincides with its cQ2t-i-correspondent, whenever 2 < t < i. 

We conclude that the oP 2 ,A, • • • , cP 2 i,A, cQ 3j a, • • • , cQ 2 i-i,A-correspondent X2i+i,2i,A, of X2i+i,i,A 
coincides with the cP 2 , . . . , cP 2 i, cQs, . . . , cG;2i-i-correspondent of X2i+l,i,A) f° r alH = 1, . . . , /' — 1. 

Similarly we can work with the character X2r,2r-i,A> the group G2 r ,2t-i,A and its normal subgroup 
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G2t,2t-i,x = P2t,x * Q2t-i,x, for all t = 2, . . . , r, for some fixed r = 2, . . . , k' . Thus we get that that 
the c(52t-i,A-correspondent X2r,2t-i,\ of X2r,2t-2,\ coincides with the cQ 2 i_i-correspondent. We con- 
clude similarly that the cP 2j a, • • • , cP 2r _ 2j A, cQ3,A, • • • , cQ 2 r-i,A-correspondent X2r,2r-i,x, of X2r,i,x 
coincides with the cP 2 , ■ ■ ■ , cP2 r -2, CQ3, ■ ■ ■ , c(5 2r _i-correspondent of X2r,i,x, for all r = 2, . . . , k! . 
This completes the proof of Step El □ 

Step 3. For all i = 1, . . . ,1' — 1, we have that G2t+i,2i,A = GWt-l,2i(A), while the character 
X2i+i,2i,x G Irr(G 2 j+i,2i,A) induces X2i+i,2i G Irr(G 2 ; + i,2i)- Similarly, for all r = l,...,k', we 
get that G 2r ,2r-i,X = G 2rj2 r-i(A) ; w/iile i/ie character X2r,2r~i,x G Irr(Gr2 r) 2r- i,a) induces X2r,2r-2 G 

Irr(G 2 r,2r-l)- 

Proof. According to (|5.91|) for the A-case we have that 

GWl,2j,A = N(Po t \, P2,A> • • • , J°2i,Ai Ql,A: ■ ■ ■ , Q2i-1,A i n GWl.A (Xl,A, • • • , X2i,a))- 
This, along with l|9.32a|) . (l9~T8l) and (I9.21bl) . implies that 

GWi^A = N(Pq, P 2 , . . . , P 2 i, Qi, . . . , Q 2 i_i in G f 2i+i,A(xi,Aj • • • > X2i,a)) = 

iV(P , P 2 , ....P r ,.(h g 2i _! in G^ i+liA ) = N(P , P 2 , . . . , P 2i , Q 1; . . . , Q 2 i-l in G^ +1 (A)) = 

iV(P , P 2 , . . . ,P 2i , Qi, . . . , Q 2i -i in G* 2i+1 )(X). 

As G 2 i+l,2i = iV(Po,P 2 ,...,P 2 i,Qi,...,Q 2i _i in G* 2i+l ) (by (15.911)). we have that G 2i+ i,2i,x = 
G 2 j+i i2 i(A) , for all i = 1, . . . , I' — 1. Furthermore, according to Step El the character X2i+i,2i,A 
is the cP 2 , . . . , cP 2 j, CQ3, . . . , c(5 2 i-i-correspondent of X2i+i.i,A> whenever i = 1, — 1. But 

X2«+i,i,a G Irr(G 2 j + i 5 i(A)) induces X2i+i,i in G 2 j + i 5 i according to Step for all such i. Fur- 
thermore, the (^-correspondence (for arbitrary ^4) respects induction (see Theorem I3.13|) . Hence 
X2i+i,2«,A induces the cP 2 , . . . , cP 2 j, cQz, . . . , cQ 2 j_i-correspondent character of X2«+i,i in the nor- 
malizer N(P , P 2 , . . . , P 2i , Qi, . . . , Q 2 j_i in G 2 j+i (xi, • • • > X2i)) = G 2 j + i i2i . As this correspondent 
character of X2«+i,i is X2i+\,2i (by Theorem I5,88|) . we conclude that X2«+i,2i,A induces X2i+i,2i> for 
all i = 1, . . . , I' — 1. This completes the first part of Step|21 

For the second part, we first remark that the case r = 1 has been done in Step^ Indeed, by 
(|9.30a|) . we have that G 2 ,i,a = G 2j i(A), while by (|9.30b|) the character X2,i,a induces X2,i- The rest 
of proof for r = 2, . . . , k' is analogous to the proof of the first part, with the use of (I9.32bj) in the 
place of (j9.32a[) . So we omit it. □ 

We can now continue with the proof of (|9.27b|) and (|9.28b|) for the A-characters. If r = then 
a o,x = 1 = ceo- Hence ()9.27bj) holds trivially for r = 0. Furthermore, = Xi,x, by (|5.17b|) . But 
Xi,a is the A-Clifford correspondent of xi G Irr(Qi|A). Thus (|9.28b|) holds for i = 1. 

Using an inductive argument we will prove that, if (|9.28hl) holds when i is some integer t = 
1, . . . , k' — 1, then (|9.27b|) holds for r = t. Symmetrically if ()9.27b|) holds when r is some integer 
s = l,...,Z'-l, then (I9.28bjl holds for i = s + 1. This is enough to prove that (I9.27hl) and (I9.28bl) 
hold for all r = 0, . . . , k' and all i = 1, . . . , I', respectively. 

Assume that (|9.28b|) holds for i = t. That is, (3 2 t-i,x is the A 2 £_ 2 -Clifford correspondent of 
ffat-i. Therefore 

/fc, A = /W (9.33) 
Furthermore, Theorem 15. 881 and in particular (|5.92|) . implies that the character a2t,x wa s picked 
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as the unique character of P2t,X that satisfies 

X2t,2t-i,A = a> 2t ,\ ■ (9.34a) 

where A is the canonical extension of 02t-i,x G I rr (Q2t-i,A) to (?2t,2t-i,A- Similarly, 02* is the 
unique character of P2t such that 

X2t,2t-l = <*» -^!t-l- (9.34b) 

According to Step El the character X2i,2t-l,A induces X2t,2t-i G Irr(G?2t,2t-i)- Also G2t,2t-i = 
PztQx-i, see (JOU- This, along with implies 

X2t,2t-l = (X2t,2t-l,A) Gai,at - 1 = («2t,A • ft-i/ 2 '' 2 '- 1 • (9.35) 

Lemma 12.211 can be applied to the group C?2t,2t-l = Pit x Qit-\ an d the characters c^a G 
Irr(P 2t) A) = Irr(P 2t ) and /3 2 e 4 _ 1A G Irr(P 2 < x Qja-l,*)- Thus 

(«2t,A • /^-m) *' 31 " 1 = «2t,A • G^-lx) 6 "'*- 1 . (9-36) 

The groups G 2 t,2t-l = P2txQ 2 t-i = (PttQ2t-i,\)-Q2t-i, Qzt-l, PitQ 2 t-\,\ = G 2t ,2t-i,x and Q 2 t-i,A, 
along with the character 02t-i,x S Irr(Q2t-i,A)i satisfy the hypothesis of Proposition 12.161 in the 
place of the groups G, A r , and H respectively. So we conclude that 

(oe \G2t,2t-i — ( aQ2t~\ \e 
\P2t-l,X> — \P2t-l,\) ' 

where (/?2t-i a) 6 is the canonical extension of ^2t-i\ e I rr (Q2t-i) to G 2 t,2t-\- But, according to 
the inductive hypothesis, the character (3 2 t-i,x satisfies (|9.33[) , Therefore 

(oe \G2t,2t-l — ( oQ2t-\ \e _ oe 
\PH-\,X) — \P2t-\,X> ~ Plt-\i 

where /3ft- 1 is the canonical extension of /?2t-i to G 2 t,2t-\- This, along with (|9.36j) and (|9.35j) . 
implies that 

X2t,2t-1 = (a 2t ,X ■ ft-l/ 2 '' 2 '- 1 = «2i,A • Ptt-l- 

Therefore (|9,34b|) holds with ct2t,x m the place of a 2 t- As a-it is the unique character of P 2 t satisfying 
(|9.34bf) . we must have a 2 t = o-2t,X- Therefore, ()9.27b|) holds for r = t. 

Now assume that (j9.27bj) holds when r is some integer s = 1, . . . , I' — 1. We will prove, in an 
argument similar to the one we just gave, that (|9.28b|) also holds for i = s + 1. 

According to ()9.27b|) for r = s we get 

a 2s = a 2s ,x- (9.37) 

Furthermore, equations (|5.93|) imply that /?2s+l,A an d (hs+l ar e the unique characters of Q2s+i,A 
and Q2S+1, respectively, that satisfy 

X2s+l,2s,A = «L,A • 02s+l,X (9.38a) 
X25+i,2s = ocls -hs+l, (9.38b) 

where a| a anc ^ a 2s are the canonical extensions of at2 S ,x £ ^ ri (P2s,x) an d ct 2s € Irr(P2s) to 
G 2s +i,2s,x = P2s,x x Q2s+i,A an d G 2s +i,2s = P2s x Q 2 s+i, respectively. But P 2s ,x = P2s and 
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«2s,A = oi2s by (|9.37|) . Furthermore, G 2 s+i,2s,x < G 2s+ i :2s (see StepEJ). Therefore 

Q 2s,A = q 2sIg 2s +i,2s,a- ( 9 - 39 ) 

The fact that X2s+i,2s,a induces X2s+i,2s (see StepEJ), along with (|9,38|) and (|9.39j) . implies 

X2.+1.2. = («LIg 23+1 , 2s , a • P2 S+ i,xf 2s+1 ' 2s . (9.40) 

Using the isomorphism Q2s+1,A — Q2s+l,x * P2s/P2s, we denote the inflation of (3 2s+ i t \ to Q2s+i,A K 
P2s,x = Q2s+i,\ x P2s,x = G 2s+ i,2s,x as /3| a+1)A . So (j9.4U|) becomes 

X2 S +i,2 S = (aIJ G2s+1 , 2s , x •/3L+i,a) G2s+1 ' 2s - 
Hence we can apply Lemma 12.201 to get 

(«LIg 2s+1 , 2s , a • /5L+i,a) G2s+1 ' 2s = «L • (/4+i,a) G2s+1 ' 2s - 
This, along with 1)9.40(1 . implies that 

■v„ , „ — n e ■ (ft* \G2s+1.2s — n e I ai \P 2s XI<92 s +l _ „e \i 

X2s+l,2s — «2s IP2s+1,aJ ~ a 2s {P2s+l,X) ~ a 2s \P2s+l,x) ' 

where (P^' x ) 1 denotes the inflation of $^x e Irr (Q2 S+ i) = Irr(P 2s Q 2s+ i/P 2s ) to P 2s x Q 2s+ i. 

Note that a 2s ■ (P 2 gli\y ls equal to ol 2s ■ (Z^+ia) by the definition of the ltter product. But (3 2s+ i 
is the unique character of Q 2s +\ that satisfies (|9.38b|) . Hence 

(/ftft)' = tis+l> and thuS P?s+Zx = ( 9 - 41 ) 

Furthermore, the character X2s+i,2s lies above xi,2s G Irr(Gi i2s ) = Irr(<5i,2s)- Also xi,2s = ^i,2s (as 
Xi = A); lies above A2 S by (|9,12|) . This, along with the fact that a\ s A is trivial on Q\ t2s = G\ t2s , 
implies that /3 2s+ i,a 6 Irr(Q2s+i,A) lies above A 2s and induces (3 2s+ i € Irr(Q2s+i)- As Q 2s+ \ y \ = 
Q 2s +i(A) = Q2s+i(^2s), by (j9.13j) with iV = Q 2s +i, we conclude that /3 2s +i, A is the A 2 ,s-Chfford 
correspondent of P 2 s+i- Hence ()9.28b|) holds for i = s + 1. 

This completes the proof of Theorem 19.261 □ 



Assume that i,j satisfy 1 < i < j < k'. According to Lemma 2.5 in Glauberman cor- 
respondence is compatible with Clifford theory. This, along with ()9.28b|) and (|9.27a|) . implies 
that the P 2 i ■ ■ ■ P 2 j = Pn,\ • • • f^A-Glauberman correspondent /3 2 i-i,2j of /?2j-l is induced by the 
P2i,x " " " -P2j,A-Glauberman correspondent /3 2 i-i,2j,x of /3 2 i-i,A- Furthermore, /3 2 i-i,2j,A lies above the 
f*2i ' ' • -P2j-Glauberman correspondent A 2 j of A2i-2 (see (|9.10(l ). as (3 2 i-i,x lies above A 2 i_ 2 . Since 
Q2i-i,A = Q2«-i(A), we also have that 

Q2i-i,2j,x = C(P 2i ■ ■ ■ P 2j in Q2i-i,x) = C(P 2i ■ ■ ■ P 2j in Q 2 i-i)(A) = Q 2 i-i, 2 j(A), 

whenever 1 < i < j < k'. But Q 2 i-i j2 j(A) = Q2i-i,2j(A 2 j), as Q2i-i,2j normalizes E and P 2 j- 
Therefore, 

Remark 9.42. For every i,j with 1 < % < j < k 1 , we have 

Q2i-l,2j,X = Q2i-l,2j(A) = Q2i-l,2j (A2j ) , 
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while the character ^2i-i,2j,x is the A 2 j-Clifford correspondent of 02i-i,2j- 

Furthermore, Qi, 2 i-2 centralizes P 2 ,...,P 2i _ 2 by (|5.23aj) . and Q21-1 = Q2i-i(A) • Qi,2i-2 by 
JHISI1)- We conclude that 

C(Q 2i _i(A) in P 2r ) = C(Q 2i _! in P 2r ), (9.43) 
whenever 1 < r < i < I' . Hence, 

-P2r,2i-1,A = C(Q2r+l,X, ■ ■ ■ , Q2i-l,X in P2r,\) 

= C(Q 2r+ i (A), . . . , g 2i _i ( A) in P 2r ) by jffl and (l9~2%al) 

= C(Q 2r+ i, . . . , g 2i _i in P 2r ) by j233J 

= P2r,2i-1, 

whenever 1 < r < i < I'. 

Even more, the Q 2r +i • • • Q 2 j-i-Glauberman correspondent ot2r,2i~i G Irr(P 2r2 i— 1) of the ir- 
reducible character a 2r of P 2r , (see (|5.52[l ). coincides with the Q 2r +i(A) • • • Q 2 j_i(A)-Glauberman 
correspondent of a 2r , by Corollary 13.101 In conclusion, 

Remark 9.44. For every r, i with 1 < r < i < I', we have 

^br,2i-l,A = P2r,2i-1 and a 2 r,2i-l,A = «2r,2i-l- 

The relation between a 2 j and a 2i \ is an easy corollary of Theorem 19.261 
Corollary 9.45. For all r = 0, . . . , k' we have 

a *2r,X = a 2r € Irr ( P 2*r) = lrr { P 2r,x) ■ 

Proof. By (|9.24a|) and (|9.27b|) . we have P 2r = P 2rA and a 2r ,x = a 2r , for all r = 0, 1, . . . , k'. Further- 
more, the character a 2r is uniquely determined by a 2r and the one to one Q^+i-correspondence 

a 2r,2j-lQ2j+l a 2r,2j+l- 

The latter is a correspondence between all characters 0^2^+1 G ^ JCT (P2j+2 ■ ■ ■ Pir) an d all char- 
acters d\ r2 j_\ G Irr(P 2 j • P 2j + 2 • • ■ P2r) lying over some (5 2 j+i-invariant character of P 2 j, for all 
j = l,...,r — 1, as Lemma 15.1421 and Theorem 15.1431 imply. (Note that a 2r G Irr(P 2 * r ) is the 
Q3, Qb,---, Q 2r -i-correspondent of a 2r G Irr(P 2i ).) 

Because P 2 j+2 • • • P 2 r normalizes Q 2 j+i and fixes A, (by Remark l9.8j) . it normalizes Q 2 j + i(A) = 
Q2j+i,x- The subgroup Qi,2j = C(P 2 ■ ■ ■ P 2 j in Qi) centralizes P 2 j. But Q 2 j+i = Q 2j +i(A) • Qi j2 j = 
Q2j+i,x • Qi,2ji according to (|9.31|) . for all j = 1, . . . , r — 1. Hence 

P2j n P 2j+ 2 ■■■P2r = N(Q 2j+ i in P 2j ) 

= C(Q 2j+1 in P 2j ) = C(Q 2j+ i,x in P 2j ) = N(Q 2j +i,x in P 2 j). 

Therefore 

N(Q 2j+ i,x in P 2i • P 2j+ 2 ■ ■ ■ P2r) = N{Q 2j+ i,x in P 2j ) ■ P 2j+2 ■ P 2 r 

= iV(Q 2j+ i in P 2j ) • P 2i+2 • • • P 2r = 7V(Q 2i+ i in P 2j ■ P 2j+ 2 ■ ■ ■ P 2 r). 
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This, along with Proposition 13.91 , 

implies that the above Q2j+i-correspondence coincides with the Q2j+i,A-correspondence, for all 
j = l,...,r — 1. Hence the Q3, Q5, . . . , Q2r-i-correspondent, a\ r G Irr(P 2 * r ), of a2r = «2r,A € 
Irr(P 2 r) coincides with the Qs,\, Qb,x, ■ ■ ■ , Q2r-i,A-correspondent aj^A G IlT (P 2 * rA ) °f Q 2r = «2r,A € 
Irr(P 2 r,A); i-e., «2 r = a 2r \- S° the corollary follows. □ 

What about the groups A and B? How is a Hall system for G(X) that satisfies the analogue of 
Q9.2|) for the A-case related to A, B? The answer is given in 

Theorem 9.46. We can find A\ € H&ll n (G\) and Ba G Hall 7r /(G r A) satisfying the equivalent of 
(|9.2j) /or the A- groups, along with 

Aa(xi,a, • • • , Xh,x) = Mxi, • • • , Xh), (9.47a) 
B a (xi,a, • • • , Xh,\) = B(xi, • • • , Xh, A), (9.47b) 

/or all h = 1, . . . ,n. 

Proof. It suffices to show that A(xi, • • • , Xft) an d B(xi, • • • , X/u ^) satisfy (|9.2b .c^ for the A-groups. 
We already know, by (|9.2b). that A(xi, . . . ,Xn) = -P 2 V> while B(xi, • • • ,Xn)(A) = Q^i'-iW- But 

A(X1, • • • , Xn) = -P2*fc',A> and B (Xl, • • • , Xn)(A) = Q* 2 l'-1,\- 

Thus they satisfy (|9.2b ) for the A-groups. 

The fact that x«,A is the A-Clifford correspondent of Xi, whenever i = 1, . . . , h, implies 

G(xi, Xh, A) = G\(xi,\, ■ Xh,\) < G(xi, • • • , Xh), 

for all /i = 1, . . . , re. As A(xi) fixes A, the group A(xi, , • • • , Xh) is a subgroup of the first group 
in the above list. It is also a 7r-Hall subgroup of G(xi, ■ ■ ■ ,Xh), by (|9.2b ). Hence it is a 7r-Hall 
subgroup of Ga(xi,A> • • ■ , Xh,x)- Furthermore, 

G(xi,-- ■ ,Xh) = Mxi, ■■■,Xh)- B (xi, • • -,Xh), 

by (JOh). Hence G\(Xi,A, ••• ,Xh,x) = G(xi, ■ ■ ■ , Xh, A) = A(xi, • • • , Xh) * B (xi, • • • , Xh, A). So 
A(xi, ■ ■ • ,Xh) and B(xi, • • • ,Xh, A) form a Hall system for G x (xi,x, ■ ■ -,Xh,x), for all h = 1, . . . ,re. 
This completes the proof of Theorem 19.461 □ 

From now until the end of the section we restrict our attention to the smaller system 1)9.3(1 . It 
is clear that the subset 

{Q2i-l,X, P2r,\\@2i-1,\, a 2r,x\ i=i^ r= o, 

of ([9.17b [) . is a triangular set for the normal series Go <! G± : \ < ■ ■ ■ < G m ^ x < G*a, corresponding 
to the tower {x«,a}^Lo- Hence Theorem 19.261 implies that the above triangular set satisfies 1)9.27(1 
and 1)9.28(1 for all r = 0, . . . , k and all i = 1, . . . , I, respectively, since l)9.17b() satisfies them. The 
groups in question now are Q(P2k-l,2k) an d P '( a 2l-2,2l-i) along with their corresponding groups 
Q x(02k-i,2k,x) an d Px(®2i-2,2i~2,x) , i n the A-situation. Their relation is described in the next two 
theorems. 

Theorem 9.48. Assume that {A X ,T5 X } is a Hall system for G\ that is derived from {A,B} and 
satisfies the conditions in Theorem \9.4fy Assume further that, for every m = 1, ... ,n, the group 
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Q is picked to satisfythe conditions in Theorem \8.1, 'A for the smaller system (|9.3|) . while the group 
Qx is picked to satisfy similar conditions for the X-groups. Then 

Qx(p2k-i,2k,x) = Q(fok-i&, A)- (9-49) 

So Q x = Q\((3 2 k-i,2k,\) ■ Qh-i,\ ^ 2( A )> where Q = Q(Afc-i,2fc) • Q*2l-V 

Proof. Assume that Qx satisfies the conditions in Theorem 18.131 for the A-situation. Of course it 
satisfies the equivalent of the conditions in Theorem 16. 191 for the A-groups. Furthermore, 

Q\(fhk-i,2k,\) = N ( P 2*k,\ in b a(xi,a, • • • , X2h,\)) by Theorem|HHII] 

= N(Pi h in B( X i, • • • , X 2k, A)) by and ®M 

= N(P* k mB( X i,...,X2k))(X) 

= Q(/3 2 fc-i,2fc)(A). by TheoremEU 

This proves the first part of the theorem. The last part follows from the first and ()9.24b|) . □ 

Similarly to the above Theorem 19.481 we have 

Theorem 9.50. Assume that {A^,B^} is a Hall system for G\ that is derived from {A, B} and 
satisfies the conditions in Theorem \9.4o\ Assume further that, for every m = 1, ... ,n, the group 
P is picked to satisfy the conditions in Theorem \8.15\ for the smaller system H9.3|) . while the group 
P\ is picked to satisfy the similar conditions for the X-groups. Then Then 

P\(a2i-2,2l~l,\) = P (0121-2,21-1)- (9.51) 

So V x = P\(a 2 i-2,2i-i,x) ■ P2 k ,x = P = P(a 2 i-i,2i-i) • P 2 V 

Proof. Assume that Qx satisfies the conditions in Theorem 18.151 for the A-situation. Of course it 
satisfies the equivalent of the conditions in Theorem 16. 191 for the A-groups. Furthermore, 

P\(ct2i-2,2l-i,\) = N(Q* 2l _ l x in A a (xi,a, • • • , X2i-i,\)) by Theorem 

= N(Q* l _ 1 (X) in A(xi,...,X2l-i)) by (|9^4bl and 

Clearly Qi < < Thus Lemma EM implies 

Q21-1 = Q21-1W ' Qi- 

As A(xi, . . . , X21-1) is contained in A(xi), it fixes A since A(xi) fixes A. It also normalizes Q\ <G. 
Therefore 

N(Q*2i-x(\) in A(xi,...,X«-i))=^(Q2i-i m A(xi,...,x 2 /-i)). 
According to Theorem 18. 151 the latter group is P (0121-2,21-1) ■ Hence 

P\(ot2l-2,2i-i,\) = N(Q* 2l _ 1 (X) in A(xi,...,X2l-i)) = P (021-2,21-1) ■ 

So the first part of Theorem 19 . 501 follows . This, along with ()9.24a|) implies the rest of the theorem. 

□ 
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The fact that Q < G' = G{a* 2k ) normalizes P 2fc , along with (|9.13j) . obviously implies 

Q(fok-i,2k, A) = Q(/3 2 fc-i,2fc, A 2fc ). (9.52) 

We define 

I := the image of Q(/?2fc-i,2fc) m Aut(P 2fc ). (9.53) 

Obviously, the group I is well defined, as Q < G(a 2fc ) normalizes P 2fc . Then as an easy corollary 
of Theorem 19.481 we get 

Corollary 9.54. The groups Q\(P 2 k-i,2k,x) and Q((3 2 k-i,2k), chosen in Theorem \9.4£\ have the 
same image in Aut(P 2fc ). In particular, 

I = h, (9.55) 
where I\ is the image of Q x(P2k-l,2k,\) * n Aut(P£ k A ). 

Proo f. The group Q(/3 2 fc-i,2fc) is a subgroup of G'(P 2 k-i,2k) = G{a* 2k ,(5 2 k-i,2k)- By Proposition 
I5.50| the character Pi^k is the unique character of Qi^k lying under (3 2 k-i,2k- Thus G'([3 2 k-i, 2 k) 
fixes /3i ; 2fc. Hence 

Q(P2k-i,2k) < G'iM-iJk) < N ( p 2k in G(Pl,2k))- 
Furthermore, according to (|6.34|) and the Definition 16.281 the group Qi^k is a subgroup of Q. It 

also fixes (3 2k -i,2k 6 Irr(Q 2 fc-i,2fc), as Q lj2k < Q2k-i,2k- Thus Q lj2k is a subgroup of Q((3 2 k-i,2k)- 
In conclusion, 

Qi,2k < Q(Jhk-i,zk) < N(P^ in G(/3i, 2fc )). 
Therefore Lemma 19.251 can be applied with Q(/?2fc-i2fc) in the place of S. So 

Q(@2k-l,2k) = Q{hk-l,2ki^) ■ Ql,2fc- 

This, along with Theorem 19.481 implies 

Q{fok-l,2k) = QA(^2fc-l,2fc,A) - Ql,2k- 

The fact that Qi.2fc = C(P 2(fc in Qi) centralizes P 2fc implies the first part of the corollary immedi- 
ately. This, along with (|9.24a|) and the definitions of I and I\, implies equation 1)9.55(1 . □ 

Theorem 19 . 501 easily implies 

Corollary 9.56. The groups P(ct2i— 2,21-1) and P\{pt,2i-2 2i—i,\)> chosen in Theorem \9.5(A have the 
same images in Aut(Q 2 > _-,) and the same images in Aut(Q 2 z_i \)- 

We finish this section by checking a special case of extendibility in the A-situation. The following 
is a well known result. 

Theorem 9.57. Assume that G is a finite group and that S < H are subgroups ofG with S normal 
in G. Assume further that 9 £ Itt(H) lies above X £ Irr(S'). Let 9\ £ Irr(ff(A)) denote the unique 
X- Clifford correspondent of 9. 

If 9 extends to its stabilizer G(9) in G, then 9\ also extends to G(9,X). 

Proof. A straight forward application of Clifford Theory implies that G(9,X) < G(0\). Further- 
more, as G{9) fixes 9 it permutes among themselves the members of the .P-conjugacy class of 
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characters in Irr(«S) lying under 9. Since A G Irr(S') lies under 9 we get 

G(9) = H ■ G(9, X) < H ■ G(6\). (9.58a) 

In addition, 

G(9,X)nH = H(X). (9.58b) 

Let 9 i G Irr(G(0)) be an extension of 9 to G{9). Then 6 i lies above A. Let f G Irr(G(0,A)) 
denote the unique A-Clifford correspondent of 9 % G Irr(G(0)). So ^ lies above A and induces 9 l . 
Therefore, 

Mackey's Theorem, along with (|9.58|) . implies that 

(* G W)\ H = (*\ H{x) f. 

Hence (^\h(\)) H = ^ is an irreducible character of H. So the restriction ^\h(\) is an irreducible 
character of H(X) that induces 9 and lies above A (as ^ lies above A). We conclude that ^\h(\) 
is the A-Clifford correspondent of 9. Hence ^\h(\) = 6\- Thus ^ is an extension of 9\ to G(9,X), 
and Theorem 19.571 follows. □ 

As a consequence of Theorem 19.571 we get 

Theorem 9.59. Assume that fiik-x.ik G Irr(Q2fc-i.2fc) extends to Q(P 2 k-i,2k)- Let Q\ be a ir' -Hall 
subgroup of G' x = G(A, x ) that satisfies the conditions in Theorem \9-4^\ Then the character 

/?2fc-i,2fc,A extends to Qx(P2k-i,2k,x)- 
Proof. According to (|6.33f) we get that 

Q2k-l,2k = Q2k-l,2k(P2k-l,2k) = Q(/?2fc-l,2fc) H G 2 k-1 <! Q{^2k~l,2k)- 

In view of Remark 19.421 this implies 

Elk <! Q2k-l,2k,\ = Q2k-l,2k{X2k) < Q2k-l,2k <! Q(/?2fc-l,2fc)- 

As f3 2 k-i,2k,\ G Irr(Q 2 fc-i,2fc,A) is the A 2 fc-Clifford correspondent of P 2 k-i,2k 6 Irr(Q 2 fc-i,2fe), Theo- 
rem implies that (3 2 k-i,2k,x extends to Q(/?2fc-i,2fc, A 2 fc)> when 2 k-l,2k extends to Q(/3 2 k-i,2k)- 
But 

Q{(^2k-l,2ki ^2k) = Q{hk-l,2ki A) = (?A(/32fc-l,2fc,A)> 

by (19321) and Theorem EH 

This completes the proof of the theorem. □ 

Furthermore, Remark 19.441 easily implies 

Theorem 9.60. Assume that a 2 i- 2t2 i-i G Irr(P2Z-2,2Z-i) extends to -P(a2/-2,2Z-i)- Let P\ be the 
■K-Hall subgroup of Ga(/?2/_i) that satisfies the conditions in Theorem \9.5UX Then the character 

a22-2,2/-i,A extends to P\(a 2 i- 2 ,2l-i,\) ■ 
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9.2 Normal 7r-subgroups inside P2 



Assume now that we are in a situation where the fixed normal series (|9.1aj) . i.e., 1 = Go <! G\ < 
• • • <! G n < G, satisfies (|8.18JI . So teh following two onditions hold 

G 2 = GvxG 2/ , (9.61) 
G fixes xi- (9.62) 

We assume fixed the character tower (|9.1bjl and its corresponding triangular set l)9.1c)l . We also fix 
the Hall system {A,B} that satisfies 1)9.2)1 ■ 

The additional hypothesis on the group G2 give more specific information on \2 (see l)8.19|l ). 
Thus we have 

G 2 = P 2 xQ 1 = P 2 xG 1 , (9.63a) 

X 2 = a 2 x/3 1 . (9.63b) 

Furthermore 

G( X2 ) = G(a 2 ). (9.64) 

We also fix an integer m = 2, . . . , n and we consider the normal series 

l = G <Gi<---< G m < G. (9.65a) 

We also fix the subtower 

{1 = Xo,Xl, • • • ,Xm} (9.65b) 

of l)9.1b)l and the subset 

{Q21-1, Pit a 2r } l i=i,r=Q (9.65c) 

of (|9.1c|) . The subtower ()9.65b|) is a character tower of 1)9 .65b ,). and the subset ()9.65c|) is is a 
representative of the conjugacy class of triangular sets that corresponds uniquely to (|9.65b|l . We 
also assume known the groups Q and P satsfying (|6.20j) and 1)8. 1J) respectively for the system ()9.65j) . 
Also known are assume the groups V and Q, as these were defined in (|9.4a[l . i.e., 

V = P(a 2 ,_ 2 ^_i) • P; k and Q = Q(/3 2 fe-i,2fe) • Q* 2l -v (9-66) 

SoP < A(xi,...,X2i-i) and Q<B(xi,...,X2fc), by (EH). 

As the series ()9.1aj) satisfies 1)9.61)1 , we can apply all the results of Section 18.31 So according to 
Theorem 18.291 we can drop the group Q\ = G\ (i.e. shift the above series by one), without any 
loss. Thus the original system 1)9.1)1 reduces to 

1 < P2 < G 3 < • • • < G n = G, 

l,a 2 ,X3, - ■ ■ ,Xn, (9.67a) 



{Qi = l,Q 2i -i,P 2r \/3i = 1. hi i-n,,.}''- 



i=2,r=0 
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Similarly the subsystem (|9.65f) reduces to 



1 < P 2 < G 3 < ■ ■ ■ < G m < G, 

1,«2,X3, ■ ■ ■ ,Xm, (9.67b) 

{Ql, Qu-l, P2r /?2i-l, a2rYi=2,r=0 

They both satisfy the conditions in Theorem 18.291 Therefore the Hall system {A, B} remains 
the same as well as the groups P^, Q%i-\i Qi Q(02k-l,2k)j P and P(&2l-i,2l-\)- Note also that the 
shifted systems satisfy 

G{ =Q{ = 1 and xt = PI = 1 (9-68) 
G* 2 = P 2 = P2 and x \ = a 2 = a\. (9.69) 

As with the previous section, the goal is to understand the behavior of the above systems when 
we apply Clifford's theory to a normal subgroup of G. This time the normal subgroup is contained 
in P2, and not Q\ as was the case with Section 19. II The results we obtain are similar to those of the 
previous section, and their proofs are identical, (the only modification being, whenever necessary, 
the interchanged role of tt and ir'). As with the group S and the character £ earlier, we fix (until 
the end of this section) a subgroup R of G2 and a character rj of R that satisfy 

R<G and R < P 2 , (9.70a) 
rj E Irr(i?) is G- invariant and lies under 02- (9.70b) 

We also assume that M is a normal subgroup of G with 

R<M<P 2 . (9.70c) 

The role of A(/?i) is played here by the group B(a2). So, as in the case of A and E in the previous 
section, we have 

Lemma 9.71. There is an irreducible character jx E Irr(M) such that ji is ^(0.2) -invariant and 
lies under a 2 and under Xi> f or all i = 3, . . . ,n. Any such li lies above n E Irr(i?). 

Proof. The proof is similar to that of Lemma 19.61 If ji\ is any irreducible character of M lying 
under a>2, then H(a> 2 ) permutes among themselves the P2-conjugates of m, as it normalizes P2^G 
and fixes a 2 . So Glauberman's Lemma implies that TS(a 2 ) fixes at least one P2-conjugate of ji\. 
The lemma follows if we observe that any character of M that lies under a 2 also lies under x%i f° r 
all % = 3, . . . , n, while any character of M lying under 02 lies necessarily above 77 6 lrr(R), as rj is 
G- invariant. □ 

Note also that 

Remark 9.72. Assume that \i\ E Lin(M) is a linear character of M lying under 02- Then there 
exists a iVconjugate \x E Lin(M) of fj,±, such that ji is B ((^-invariant, and lies under 02 and 
above rj. 

Remark 9.73. The 7r'-group Q2V-1 = ^-'Qs'Qh' " Q2V-1 fixes «2, as every one of its factors does, 
by (t5~T7el) . Thus < B(a 2 ). So Q*^ fixes li. 

Remark 9.74. For any m > 2, the 7r'-group Q is a subgroup of B(xi, X2, ■ ■ ■ , X2k), by 1)9.41 1). 
Thus Q < B( X i, X2) = B(x 2 ) = B(q 2 ). So Q fixes li. 
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From now on we fix a character [i £ Irr(M) having all the properties in Lemma 19.711 

Since the 7r'-group Q 2 i-i; as a subgroup of Q^'-i — B(a 2 ), fixes the character /i, we can define 
M 2i -i and /i 2 i-i by 

M 2i _i = C(Q 2i _i in M) and (9.75a) 

fJ-2i-i G Irr(M2j-i) is the Q^-i^Glauberman correspondent of /U € Irr(M), (9.75b) 

for all i = 2, . . . , I'. We also define Mi and as 

Mi = M and m = /i. (9.75c) 

Furthermore, 

M 2i -i = P 2 ,2i-i n M = C(Q2i-i in P 2 ) n M, (9.76a) 

for all i = 2, . . . , while 

/ii lies under a 2 € Irr(P 2 ) ; (9.76b) 

/i 2 j-i lies under a 2 , 2 j-i G Irr(P 2j2i _i), (9.76c) 

whenever 2 < i < Z', as a 2j2 i-i is the Q^-i'Glauberman correspondent of a 2 , and a 2 lies over \i. 
In view of (|9.75j) we have 

N(ji) = JV(Ata-i), (9.77) 
for all groups JV with JV < A^(Q 2 i-i in £)> and all z = 2, . . . , Z'. 
As in the previous section, we define 



G u := G(ji), (9.78a) 
n " 



G 



Gi(fj.) = G M fl Gi, (9.78b) 
iM/i), ( 9 - 78c ) 



whenever 3 < i < n. This way we can form the series 

1 < P2,„ < G 3|A . < • • • < G n ^ = G M , (9.78d) 
of normal subgroups of G /t = G(/i). 
We also write 

:= Ql = 1, (9.79a) 

and 

G 2jM := P 2 (m) = iV ( 9 - 79b ) 

Furthermore, we can apply Clifford's Theorem to the groups Gj and the characters Xi> for a h 
i = 3, . . . , n. Thus there exist unique irreducible characters Xi,n G irr (Gi iAt ) lying above /i and 
inducing Xi 

Xi,fM £ Irr(G iiAt |//) and (xi,^) Gl = Xi, (9.80a) 
for all i = 3, . . . , n. We complete this list by setting 

Xi,n = P! = l (9.80b) 
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We also write 

X2,„ = a 2j „ e Irr(P 2 (/x)) (9.80c) 

for the //-Clifford correspondent of a 2 , i.e., X2,n lies above /i and induces a 2 € Irr(P 2 ). Clearly X2,n 
lies above = 1- Furthermore, as the Xi ne above each other, the same holds for the characters 
Xi,fj,, by Clifford's theory, for all i = 2, . . . , n. Therefore, we have formed a character tower 

{1, X2, M = a 2 , l i, X3,m> • • • > Xn,At} (9.81a) 

for the series (|9.78d|) . Hence Theorem 15.61 applied to the tower ()9.81a|) , implies the existence of a 
unique G^-conjugacy class of triangular sets of (|9.78d|) that corresponds to the tower (|9.81ajl . Let 

{Q2i~l,pi, P2r,ti\f32i-l,fi, a2r,^}i=i )r= Q (9.81b) 

be a representative of this class. 

All the groups, the characters and their properties that were described in Chapter are valid 
for the //-situation. We follow the same notation as in the previous section, with an extra /i in 
the place of the A there. The goal is the same as in the previous section, that is, to compare the 
triangular set in (|9.67f) with that in (|9.81b|) . As many of the results here have proofs analogous to 
those in Section [9. 11 we give them briefly or skip them. 

The first steps in that direction follow from (|9.79|) and (|9.80j) . In particular, these relations 
clearly imply 

Ql lfi = = G{ = Qi = 1, (9.82a) 
= PI = 1, (9.82b) 
P2,„ = P 2 (aO, (9.82c) 
®2,fi £ Irr(-P2,^) i s the /i-Clifford correspondent of a 2 € Irr(P 2 )- (9.82d) 

As in (|5.129b|) and (|5.129aj) . we get the groups G* and G*, defined as 

Gq^ '■= Gq^ = 1, 

Gi )M (xi,/i, • • • Xi-l,n) = Gi^(xi,fj,, • • • , Xn,fi), (9.83) 

G[j,(xi,fj,i • • • ) Xn,/i)i 



i,H 

Gl 



for all i = 1, . . . , n. Clearly we have 



= G* D G ia (9.84a) 
G\ ltx = G hlx = Q lt(t = 1, (9.84b) 
G* 2 ^ = G 2 Mi) = ^A 1 ) = p 2^ (9.84c) 



whenever 3 < i < n. 

As with the A-groups and Lemma 19.201 the following holds: 

Lemma 9.85. For any i = 3, . . . , n we have 



G* = G*{fj,) (9.86a) 
G* )f i = G*(fj,). (9.86b) 
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Proof. The proof is similar to that of Lemma I9.2UI So we omit it. □ 
We can now prove 

Proposition 9.87. For every r = 0, 1, . . . , k' and i = 2, . . . , I' we have that 

P 2 *» E HalUG^), (9.88a) 
Q^GHaLVCG^). (9.88b) 

Therefore the triangular set (|9.81b|) can be chosen among the sets in its G^-conjugacy class so that 
it satisfies 

PM=P^ (9.89a) 
Qli-i = <&-!,„, (9.89b) 

whenever < r < k' and 2 < i < V . 

Proof. The cases Pq and P 2 are eas Y ( see Q9.82cj) ). The rest of the proof is similar to that of 
Proposition 19.221 with the roles of P 2 * ^ an d Q^-i i± interchanged. □ 

The analogue of Lemma 19.251 is 

Lemma 9.90. Assume that P 2 < T < G{ct2). Then T = T(fi) ■ P 2 . Furthermore, if S satisfies 
Pi.2i-\ < S < N(Ql i _ l in G("2,2i-i)), for some i = 2, Then S = 5(/U 2 i-i) • ^2,21-1 = 

S(fi) ■ Pl,2l-\- 

Proof. Similar to the proof of Lemma 19.901 We only remark that the role of P2 here is the same as 
that of Qi there, as the group P2 is a normal subgroup of G. □ 

To compare the groups Pn,ii and Qn-\,^ with P 2 j and Q21-1 we have, as we would have guessed 
Theorem 9.91. The set (|9.81b|) chosen in Proposition \9.8l\ satisfies 

Q 2 i-i, M = Qai-i, (9.92a) 
02i-i,» = 02i-i, (9.92b) 

for all i = 2, . . . , and 

P2r,ii, = P2r{lA = ^2r (/-«2r-l), (9.93a) 
02r,fi £ Irr(P2r,/i) is the fj,2r-i- Clifford correspondent of ct2 r G Irr(P 2r ), (9.93b) 

for all r = 1, . . . , k' . Hence a2r,^ induces «2r £ Irr(P2r)- 

Proof. The proof is similar to that of Theorem 19.261 So we omit it. We only remark that we need 
to interchange the role of the 7r-and 7r'-groups. Note also that the case i = 1, that is omitted here, 
was already done, along with the case r = 1, in ()9.82j) , □ 

The analogue of (|9.31j) , that would also appear as a step if we had given the proof of the above 
theorem in detail, is 

Remark 9.94. For all r = 2, . . . , k\ we get 

P2r = P2r{^) ' -p2,2r-l = P2r{^2r-l) ' -P2,2r-1- 
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Proof. For all r = 2, . . . , k' we have that 

P 2 ,2r-i = P 2 n P 2r < P 2r < N{Q* 2r _ x in G(a 2j2 r-l)), 

by (|5.34j) and Proposition 15,551 Hence we can apply Lemma l9.90| with P 2r in the place of S. So 
the remark follows. □ 

Furthermore, the analogue of Remark 19.421 for the 7r-groups is 
Remark 9.95. For all r, i with 1 < r < i < I' we have 

P2r,2i~l,n = P2r,2i-l{n) = ?2r ,2i-l{H2i-l) ■> 

while the character a2r,2i-i,fi is the ^2i-i-Clifford correspondent of a 2r ,2i-i- 
Proof. The proof is the same as that of Remark 19.421 so we only sketch it. 

P2r,2i-i,fi = C(Q 2r+ \ 4l , . . . , Q 2 i-x, l j, in P2r,[i) = C(Q 2r+ i ■ ■ ■ Q 2 i-i in P 2r (fl)) 

= C(Q 2r+ i ■ ■ ■ Q 2 i-1 in P 2r )(n) = P 2r,2i-l(fJ-) = P 2r,2i-l {^2i-l ) , (9.96) 

where the last equation follows from Q9.77JI . along with the fact that P 2r>2 i— l normalizes Q 2i _i- 

Furthermore, the fact that Clifford theory is compatible with Glauberman correspondence 
(Lemma 2.5 in 22 ), along with (|9.93b|) . implies that the Q 2 r+l • • • Qn-\ = Q2r+l,n ■ • • Qii—i,/*- 
Glauberman correspondent a2r,2i-i of a 2r is induced by the Q 2r +i,^ ■ • • Q2i-i,^-Glauberman corre- 
spondent a 2r ,2i-i,fi of a 2r:fM , and, in addition, a 2ri2 i-i,n lies above the Q 2 r+\ • • • Q2i-i-Glauberman 
correspondent /U 2 i-l of jU 2T — i- Hence Remark 19.951 follows. □ 

Now we can prove two corollaries that follow from Theorem I9.91( 

Corollary 9.97. For all i,j with 2 < i < j < k' we have that 

Q2i-\,2j,n = Q2i-l,2j and /?2i-l,2j> = 02i-l,2j- 

In addition, Qx,2j )fJ , = Q\ 2 j = 1 and Pi,2j,^ = P\ 2j = 1> whenever 1 < j < k' . 

Proof. For all t, i with 2 < i < t < k' , the group Q 2 i-i centralizes P 2> 2t-l = C(Qs, . . . , Q 2 t-l in P 2 ). 
As P 2 t = P^Cm) • P*2,2t-l, we conclude that 

C(P 2t in Q 2i -i) = C(P 2t (fi) in Q 2 *-l), (9-98) 

whenever 2 < i < t < k' . So we get 

<32i-i,2j> = C(P 2 i^ ■ ■ ■ P 2 j^ in Q2i-l,/0 by (|5.33|) . for the ,u-case 

= C{P 2i {iJL) ■ ■ ■ P 2i Gu) in Q w -i) by gji| and (|9~MaT 

= C(P 2i • • • P 2j in Q 2i -i) by ®M 

= Q«-i,2i by O 

whenever 2 < i < j < k' . 

The character /3 2 i-i,2j> is the P2i,/i ' ' ' P2j>-Glauberman correspondent of /3 2 i_i )M , by Defi- 
nition for the //-case. Hence it is also the P 2 i(n) • • ■ P 2 j (A t )-Glauberman correspondent of 
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02i-i, according to Theorem 19.911 This, along with (|9.98[) . implies that /32i-i,2j> is the P21 ■ ■ ■ P-ij- 
Glauberman correspondent of 02i-i- Thus /?2i-i,2j> equals /?2i— i,2j , as the latter was also defined 
as the P2i ■ ■ ■ P2j- Glauber man correspondent of /?2i-i- This completes the proof of the first part of 
the corollary. The rest holds trivially. So Corollary 19.971 holds. □ 

Corollary 9.99. For all r = 1, . . . , k' , the character a\ r 6 \xx{P^ T ^) is the fx-Clifford correspon- 
dent of a* 2r € Irr(P 2 * r ). 

Proof. The character a\ T41 is defined (see Definition 15 . 147|) . as the Q3 tfl , . . . , Q2r-i,^-correspondent 
of a.2r,ni whenever 1 < r < k'. Hence, (|9.92a|) implies that ct\ r ili is the Q3, . . . , Q2i-i-correspondent 
of ct2r,fi- But a.2r,ii is the ^-Clifford correspondent of ct2 r , and the groups Q3, . . . , Q2r-\ fix \i. 
According to Proposition ^. 12l the ^-correspondence is compatible with the Clifford correspondence. 
Thus, taking A as Q3, Q5, • • • , Q2r-\ in turn, we conclude that the Q3, . . . , Q2r-i-correspondent 
a 2r,[i °f a 2r,fi £ Irr(i-2r (/■*)) is the /^-Clifford correspondent of the Q3, . . . , Q2r-i-correspondent a\ r 
of «2r G Irr(P2r)- Hence Corollary 19.991 follows. □ 

As far as the Hall system {A, B} is concerned, we have, similarly to Theorem l9.46( the following 

Theorem 9.100. We can find new A M G Hall 7r (G At ) and B M G Hall 7r '(G /J ) satisfying the equivalent 
of (|9.2|) for the ^-groups, along with 

a m(Xi,m, • • • , Xh 4 i) = A(xi, ...,Xh,l*), (9.101a) 
B^(xi, M , • • • , Xft, M ) = B 0tt s ■ ■ ■ » Xft), (9.101b) 

/or all h = 2, . . . ,n. Hence 

A^(x2^, • • • , Xh,n) = MX2, ...,Xh,fJ>), 
B M (X2, M , • • • , Xh 4 i) = B(x2, ■■■ ,Xh), 

for all such h. 

Proof. The proof is similar to that of Theorem 19.461 with the roles of A and B interchanged. Just 
observe, for the last part, that xi u = 1) while xi is G-invariant (and thus A-and B-invariant). □ 

We restrict our attention to the smaller system (|9.65|) . The subset 

{Q2i-l,ni P2r,n\hi-l,ni O2r,/x}i! = ^ l r=0 

of (|9.81b|) , is clearly a triangular set of the normal series I = Gq< G\ tfl <! <! • • • < G m ^ < G^, and 
the tower {xi,^}iLo- Of course, (|9.79|) and (|9.82|) imply that Gi iAt = 1 = Qi^ and xi,n = 1 = A.,/^ 
while G2, l i = and X2,/i = «2,^t- In view of Theorem 19.911 the above system can be chosen to 
satisfy (|9.92|) and (|9.93j) . for all r = 0, . . . , k and all % = 1, . . . , I. As in the previous section, we 
can chose the groups Q and P along with their corresponding in the /x-case groups and P^ to 
satisfy theorems analogous to Theorems 19.481 and I9.5U1 that is, 

Theorem 9.102. Assume that {A^B^} is a Hall system for G^ that is derived from {A,B} and 
satisfies the conditions in Theorem 1 .9. 10 "(A Assume further that for every m = 1, . . . ,n, the group 
Q is picked to satisfy the conditions in Theorem \8.1'A for the smaller system (|9.65f) . while the group 
Q\ is picked to satisfy the equivalence of teh conditions in Theorem \8.LH for the [i-groups. Then 

Qfi(P2k-l,2k,fi) = Q(/?2fc-l,2fc)- 
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So = Q^fak-i^) ■ Qh-i,,x = Q- 

Proof. Same as the proof of Theorem 19,501 with the roles of P and Q interchanged. Note that, 
when passing to the shifted system, the groups P and Q remain the same by Theorem 18.291 □ 

We also have 

Theorem 9.103. Let {A^, B^} be as above, and let m = 1, . . . , n be fixed. If P is picked to satisfy 
the conditions in Theorem \8.15l for the smaller system (|9.65l) . while P^ is picked to satisfy the 
equivalent of the conditions in Theorem Ifl. 1 5\ for the fi-groups, then 

Pix{at2l-2,2l-l,ti) = P( a 2l-2,2l-l, 

So v„ = P„(a a _i,a_i, M ) • Pk,,, < W 

Proof. See the proof of Theorem 19.481 □ 

As a corollary of Theorem 19.1021 we get 

Corollary 9.104. The groups Q^,(P2k— i,2k, fi) an d Q(hk—i,2k) have the same image in Aut(P2fc) • 
They also have the same image in Aut(P2 fc ^). Thus 

1= the image of Q ^2k-i,2k,n) in Aut(P 2 * k ). (9.105) 

Proof. This is trivially true, as according to Theorem 19.1021 the two groups Q n(^2k-i,2k,^) and 
Q(fhk-i,2k) coincide. Hence 1)9.105(1 follows. □ 

We define 

J := the image of P(a 2 i-2,2i-i) in Aut^^-i)- (9.106) 

Note that this is the analogue to the definition of I in 1)9 .53() . Of course J is well defined as P is a 
subgroup of G(/?2/_ 1 ), and thus normalizes Q<y-r Furthermore, Theorem 19.1031 easily implies 

Corollary 9.107. The groups P^(a 2 i-2,2i-i,fi) an d P (0121-2,21-1) have the same image inside 
Aut(Q* / _ 1 ) = Aut(Q* z _ 1)M ). Hence 

J = J y,i 

where is the image of P fl (a2i-i,2i-i, f i) in Aut^^-i,^)- 

Proof. Same as the proof of Corollary 19.541 So, in view of (I9.89bj) . it is clear that Aut(Q^_ 1 ) = 
A ^(Q*2i-i,„), as Q* 2l _ x = Q|_ 1)M . While 

P2,2l-i < P (0,21-2,21-1) < N(Q* 2l _ 1 in G(a 2 ,2i-i)). 

Thus 

P (oi2l-2,2l-l) = Pfi(oi2l-2,2l-l,fi) ■ P2,2l-1, 

where Pzpi-i = C(Q^ ■ Q5 • ■ ■ Q21-1 in P^)- As Q\ centralizes P2, we conclude that P2,2\-i = 
C(Q* l _ 1 in P 2 ). Therefore, Corollary EHU71 follows. □ 

We conclude this section with the analogue to Theorems 19.591 and 19.601 
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Theorem 9.108. Assume that the character @2k-i,2k € Irr(Q2fc-i,2fc) extends to Q{02k-i,2k) ■ Let 
be the group picked in Theorem \9.1U 6 A Then the character 02k-i,2k,u £ I rr (<22fc-i,/i) extends to 
the group Q ^^k-lfik^) ■ 

Proof. The proof here is as trivial was that of Theorem l9.6()l So, 02k-l,2k,n = fhk-l,2ki by Corollary 
and Q^(p2k-i,2k^) = Q(/?2fc-i,2fc), by Theorem Thus Theorem EM\ holds. □ 

Theorem 19.571 and Remark 19.951 imply 

Theorem 9.109. Assume that 021-2,21-1 £ ir r(P2Z-2,2i-i) extends to P {0,21-1,21-1) ■ Let P^ be air- 
Hall subgroup of G^p* , chosen so that the conditions in Theorem \9. 1 03\ hold. Then the character 

0(21-21-1,11 extends to P^(a 2 i-2,2i-i, f i) ■ 

Proof. Same as that of Theorem 19. 591 so we omit it. □ 
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9.3 Kernels 



9.3.1 Inside Q 1 

In our common situation, we have a finite group G, and the fixed system described in (|9.1|) and 
ipHjl . that is 

the normal series: 1 = G < G x < • • • < G n = G, (9.110a) 

the character tower:{l = xo> Xii • • • > Xn} (9.110b) 

the triangular set: {Qa-i, J°2r|/%i-i> a2r}j=i )r =o (9.110c) 

and the Hall system 

{A, B}, (9.110d) 



that satisfies (|9.2j) . As usual, we assume known all the groups and their characters that accompany 
the above setting. In particular, we assume known the groups -P 2 *fc" Qw-v Pupj+li Q2i-i,2j, as well 
as Q,P, and the characters a* 2 w> /^z'-i' a 2i,2j+i and @2i-i,2j- 

We also assume that S and C G Irr(S') satisfy (|9.5[) . i.e., »S is a normal subgroup of G contained 
in Gi, and £ is a G-invariant character of S lying under /3i = Xi- If A denotes the kernel of £, 
then A' is a normal subgroup of G, as (" is G-invariant, and A is contained in G\ < Gi, for all 
i = 1, . . . , n. Thus we can define the factor groups 

G K = G/K and G ijK = G/A, (9.111a) 

for alii = 1, . . . , n. Then Gi t K is the image of Gi in the factor group Gk- This way we have created 
a normal series 

G ,k = 1 < G 1>K < G 2 , K <■■■< G U)K = G K (9.111b) 

of Gk, that clearly satisfies Hypothesis 15.11 Along with that series we can associate a character 
tower that arises from (|9.110b|) . Indeed, A = Ker(£) is contained in the kernel of Xi-, f° r all 
i = 1, . . . , n, as Xi nes above the G-invariant character £. Thus there exists a unique character Xi,K 
of the factor group G^k = Gj/A, that inflates to x% I rr (Gj), whenever 1 < i < n. Hence the set 

{1 = Xo,k,Xi,k, ■ ■ ■ ,Xu,k}, (9.111c) 

forms a character tower for the series (|9.111b|) . 

As in the earlier sections, we fix an integer m = 1, . . . , n, and consider the smaller system 

1 = G < G x < ■ ■ ■ < G m < G, (9.112a) 
{l = Xo,Xl,---,Xm}, (9.112b) 
{Qw-i, PiAfci-i, a2r}!L* 1)r=0 . (9.112c) 

Clearly the series (I9.111bjl and the tower (|9.111cj) provide the smaller reduced system 

G ,k = 1 < G hK < G 2 ,x < • • • < G m , K < G^ (9.113a) 
{l = Xo,K-,Xi,ii->--->Xm 1 Ar}. (9.113b) 

The aim of this section is to give a "nice" triangular set for H9.111b|) . that corresponds to the 
tower (|9.111c[l . so that we can control the groups P^Qzi-v^ anc ^ ^ °^ * ne system (|9.112|) . This 
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is done using the natural group epimorphism 

p : G -> G/K. (9.114a) 

Assume that H is a subgroup of G and # an irreducible character of H having if n if in its 
kernel. Let Irr (H\H n X) be the set of all such characters of H. Then, as it is well known, any 
9 G lrr(H\HnK) determines, in a natural way, a unique irreducible character p(9) G lvr((HK)/K) 
such that 

[p(9))(aK) = 0(a), (9.114b) 

for all a G H. We remark that an arbitrary element r G G fixes if and only if it normalizes if 
and its image p(r) in G/K fixes /j(6>). (Note that we could have r G G such that p(r) fixes p(9), 
and thus normalizes ifif , but r moves if around inside HK.) Therefore 

Remark 9.115. The homomorphism 

p : G{9) - (G/if)(p(0)) = G K {p{9)) 

is onto if and only if for every x G G with p(x) G Gk(p(9)), there exists an element r such that 
r G xKHN(H in G). 

Some sufficient conditions that make the above homomorphism onto are given in the next 
lemmas. 

Lemma 9.116. If 9 G Irr(if |ff n if) and H is a it-Hall subgroup of HK, for some set of primes 
tc, then the map 

p : G(9) - G*:(p(0)) 

is an epimorphism. 

Proof. Let cc G G be such that p(x) fixes p(9) G Irr (p(H)). Then p(x) normalizes p(H). So a; 
normalizes the inverse image HK of p{H) in G. Therefore 

IF < H X K = {HKf = HK. 

As H is a 7r-Hall subgroup of if if, we conclude that H x = H k , for some k G if. Hence the element 
r = xk^ 1 normalizes H and lies in xK . In view of Remark 19. 1 151 the proof is complete. □ 

As a generalization of Lemma 19.1161 we have 

Lemma 9.117. Assume that Hi is a subgroup of G and 9i G Irr(Hi\H{ n K), for all i = 1, . . . , s, 
and some integer s > 1. Assume further that the product H\ ■ Hi ■ ■ ■ H s is a Tr-Hall subgroup of 
Hi ■ H2 • • • H s ■ K, for some set of primes tt, and that Hi ■ ■ ■ H s n ifjif = Hi for alii = 1, . . . , s. Let 
x be an element in G that normalizes HiK , for all i = 1, . . . , s. Then there exists some t G xK 
such that t normalizes Hi, for all i = 1, . . . , s. Hence the map 

p:G(9i,...,9 s )^G K (p(9i),...,p(9 s )) 

is an epimorphism. 

Proof. Since x normalizes each HiK, it also normalizes the product group -Hi • #2 • • • H s ■ K. As 
Hi ■ ■ ■ H s is a 7r-Hall subgroup of Hi ■ ■ ■ H s ■ K , we get that (iii • • • H s ) x = (Hi ■ ■ ■ H s ) k , for some 
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k € K. Thus the element r = xk normalizes the product Hi ■ ■ ■ H s . But r also normalizes HiK, 
as x does, for all i = 1, . . . , s. Hence r normalizes the intersection Hi = Hi ■ ■ ■ H s n H{K, for each 
i = 1, . . . , s. This completes the proof of the first part of the lemma. 

To show that the desired map is an epimorphism it suffices to see, (according to Remark 
I9,115j) . that for any x E G with p{x) € Gk(p(0i), . . . , p(6 s )), there exists some r G xK that 
normalizes the groups Hi, for all i = l,...,s. But any such element x normalizes HiK, as p(x) 
fixes p(0i) G IiT(HiK/K), for all i = 1, . . . , s. Therefore, the first part of the lemma applies, and 
guarantees the existence of such a r. □ 

As we did with the system Q9.111JI . we will follow the same, standard by now, notation as in 
Chapters El and with the addition of an extra K in the subscripts. We first observe 

Lemma 9.118. For all j = 1, . . . , n, all i = 1, . . . , V , and all r = 1, . . . , k' , we have that 

Gj,K '■= Gj t K(xi,K, ■ ■ -,Xj-i,K) = G*/K, 

PI - (P^ r K)/K G Hall^(G^). 

Proof. Since each \i, for i = 1, . . . , n, is a character of a normal subgroup Gi of G containing K, 
its stabilizer G{xi) is the unique image of Gk{Xi,k) = G(xi)/K in G. The first part follows from 
this and the definition of G* in (|5.129b|) . The other two parts are implied by the first, and the fact 
that Q|j_! and P£ r are 7r'-and 7r-Hall subgroups of Gvji-i and G^, respectively. □ 

We also note 

Lemma 9.119. The intersection K n Q2i-i is a subgroup of the kernel Ker(/?2i-i) of (hi-l € 
Irr(Q2j-i)j whenever 1 < i < V . 

Proof. Indeed, assume i = 1, . . . ,1' is fixed. Then K n Q2i-i < Qi H Q2i-i = Qi,2i, (see (|5.H3|) 
for the last equality). So K n Qn-\ < Ker(/5i |q 1 2i ), as K < Ker(/3i) = Ker(xi). Since j3\ t 2i 
is the P 2 *-Glauberman correspondent of Pi, it is a constituent of the restriction (3i\q 12 . of /3j to 
Qi^i- Thus K n Qn-i is also a subgroup of the kernel, Ker(/3i i 2j), of this constituent /?i,2i- The 
character /3i t 2i is the unique character of <5l,2i lying under /?2i— l , according to Proposition 15.551 
Thus Ker(/?i j 2i) < Ker(/?2i-i)- We conclude that 

K n Q 2 i-l < Ker(/3 li2i ) < Ker(/3 2i -i), (9.120) 

whenever 1 < i < Z'. Thus Lemma 19. 1 191 follows. □ 

In view of above lemma, we see that the character /?2i-i determines a unique character 

:= p(Pxr-i) 6 Irr(p(Q2i-l)), (9.121a) 

by (|9.114bl) . 

Since P2r is a 7r-group, for all r = 0, 1, . . . , k' , we have that Pi r — (P2rK)/K, as K is a 7r'-group. 
Thus the character a2 r G Irr(i"2r) determines, under the above isomorphism, a unique character 

a 2 r,^ := p(a 2k ) G Irr((P 2rJ RT)/X). (9.121b) 

Now we can define the desired i^-triangular set for (|9,lllb|) . 
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Theorem 9.122. For every r = 0, 1 



. . . , k' and i = 1, . . . , I' we define 



P2r,K = p(P2r) = (P^K) j K P 2r , 
Q 2 i-X,K = p(Q2i-l) = (Q 2i -lK)/K. 



(9.123) 



Then the set 



{Q2i-1,K , P2r,K\P2i-l,K , 0>2r,K}. 



l',k' 
j=l jr =0 



(9.124) 



is representative of the unique Gx-conjugacy class of triangular sets that corresponds to (|9.111c|) . 

Proof. It suffices to verify all the relations in 1)5.17(1 and in Theorem 15.881 for the K case. We will 
do that using the map p and the fact that the same relations hold for the set ()9.11UcJ) . 

The first two relations (j5,17h . b) of ((5, 17(1 . hold trivially. To see that (|5.17c|) and (|5.17e|) hold, 
it is enough to show that the maps 

P ■ G 2r (a 2 , • • • , a 2r -2,Pi, • • • , for-i) -> G 2r , K (p(a 2 ), • • • , p(a 2r - 2 ), pWi), • • • , p(/3 2r -i)) , g u ^ 
p : G 2 j_i(a 2 , • • • ,a 2 i~ 2 ,Pi, ■ ■ -,f3 2 i-z) -» G 2i - 1)K (p{a 2 ), ■ ■ ■ , p(a 2i - 2 ), p(Pi), ■ ■ . , p(f3 2i - 3 )) 

are onto, whenever 1 < r < k' and 2 < i < I . Indeed, that would be enough to guarantee that if 
we apply p to (J5.17c|) and (J5.17e|) we get 

p(P 2r ) = P2r,K S Rall 7T (G 2r)K (p(a2), ■ ■ ■ , p(a 2r - 2 ), p(fii), . . . , p(/3 2r -i))), 
p(Q 2 i-i) = Q 2 i-i,K G Hall 7r /(G 2 i_i,x(p(a2), • • • , p(a 2i - 2 ), p((3i), . . . , p(/3 2i _ 3 ))). 

We first fix some % = 2, . . . , /' and consider the map 

P ■ G 2i -i(a 2 , . . . ,a 2i - 2 ,Pi, . . . ,P 2 is) -> G 2 i-i^ K {p{a2), ■ ■ ■ , p{a 2i - 2 ), pifii), ■ ■ ■ ,p(/3 2 j-3))- 

(9.126) 

The groups P 2 j and their characters a 2 j, with 1 < j < i — 1, satisfy the hypotheses of Lemma 
19.1171 That is, the product P 2 ■ ■ ■ P 2 i- 2 = P 2i _ 2 forms a group, that is actually a 7r-Hall subgroup 
of P 2 *_ 2 K. Furthermore, P 2i _ 2 H P 2 jK = P 2 j, for all j = 1, . . . , i — 1. We conclude that the map 



is an epimorphism. 

Let x e G with p(x) G G 2i -i t K(p(oL 2 ), . . . , p(a 2i - 2 ), p(/3i), ■ ■ ■ , p{l3 2i - 3 )). Then the epimorphism 
of (|9.127|) allows to assume that x is an element of G{a 2 , . . . a 2 i- 2 ). Thus to prove that the map 
in (|9.12fi[) is onto, it suffices to show that x normalizes Q 2j _i, for all j = 1, ... ,i — 1. Clearly x 
normalizes Q\ < G. For the rest we will induct on j. 

Assume that x normalizes Qi, . . . , Q 2r -i, for some r with 1 < r < i — 1. Then x fixes 
Pi, ... , flir-\- Hence x normalizes the group G 2r+ i(a 2 , . . . , a 2r , /3i, . . . , /3 2r _i). But Q 2r +i is a 
7r'-Hall subgroup of this latter group, by (|5.17ej) . and x normalizes the 7r'-group Q 2r+ ±K, as p{x) 
fixes p(/3 2r +i) € In((Q 2r+ iK)/K). Therefore x normalizes the intersection 



This completes the proof of the inductive argument, and thus shows that the map in (|9.126|) is 
onto. 

A similar proof shows that the other map in (|9.125f> is also onto. 

To prove ()5.17fj) . we have to show that (3 2 i-\^K lies above the P 2 j_ 2) ^--Glauberman correspondent 



p : G(a 2 , a 2i ^ 2 ) -> G K {p{a 2 ), p{a 2i - 2 )) 



(9.127) 



Q 2 r+iK n G 2r+ i(a 2 , . . . , a 2r ,P\, . . . , (3 2r -i) — Q 2r +i- 
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02i~3,2i-2,K £ Irr(Q 2 i-3,2i-2,ii') of 02i-3,K, for all i = 2, . . . , First notice that 

Q 2 i-3,2i-2^ = C(P 2i _ 2tK in Q 2i _ 3 ,^) = C((P 2i _ 2 K)/K in (Q 2i _ 3 K)/K). 
The fact that (|Q 2 i-3|, |-P2i-2|) = 1 arid Glauberman's lemma imply that 

C({P 2i . 2 K)/K in {Q 2i ^K)/K) = (C(P 2i _ 2 in Q 2i _ 3 )K)/K = {Q 2i -z, 2i - 2 K) / K = p(Q 2i -3, 2i - 2 ). 

Hence Q 2 j-3,2i-2,A" = p(Q2i-3,2i-2), whenever 2 < i < I'. Furthermore, /? 2 i-3,2i-2 is the -P 2 ;- 2 - 
Glauberman correspondent of /3 2 i_3- Thus p(/3 2 i_3 j2 j_ 2 ) is the p(P 2 i~ 2 ) = P 2 j_ 2j i^-Glauberman 
correspondent of p(P 2 i- 3 ), by Proposition 13.51 In conclusion, 

p(02i-3,2i-2) = P2i-3,2i-2,K, (9.128) 

for all z = 2, . . . , V . This, along with the fact that /3 2 j_i lies above /?2i— 3,2i— 2 5 implies that (3 2 i-i : K = 
p(P 2i -i) lies above P 2 i-3,2i-2,K = p{@2i-3,2i-2) ■ Thus (|5.17f]> holds. 
Similarly we can show 

P(a 2 r-2,2r-l) = 0> 2r - 2:2r -i,K , (9.129) 

for all r = 1, . . . , k' . From this (|5.17d|) follows. 

As far as Theorem 15.881 is concerned, the relations in ()5.92[) . and ()5.93[) . are easily translated to 
the if-case using p (for groups and characters). For example, we have 

G 2 i^ 2 i-\^K '■= p(G 2 i )2 i-\) = p(P 2 i X Q 2 i-l) = P 2 i.K x Q2i-1,K, 

whenever 1 < i < k'. So the first part of (|5.92|) holds for the i^-case. The proof for the rest is 
analogous, and we leave it to the reader. 

We need to work more to show that (|5.91f) holds for the i^-case, i.e., to show that 

Gi,2j-1,K '■= Gi^K{oL 2 ^K, ■ ■ ■ , a> 2 j- 2 ,K,Pl,K, ■ ■ ■ , 02j-l,K) 

= N(P 2jK , ■ ■ ■ ,P2j-2,K,Qi,K, ■ ■ ■ ,Q2j-i,K in G itK {xi,K, ■ ■ ■ ,X2J-i,k)), (9.130a) 

and 

Gi^K '■= Gi t K(o: 2 ,K, ■ ■ ■ , OL 2r ^K , fh,K , ■ ■ ■ , hr-\,K) 

= N(P 2jK , P 2r ,K, Ql,K, Q2r-1,K in G i)K (xi,K, • • • , X2r,K)), (9.130b) 

whenever j = 1, . . . , I' , r = 1, . . . , k', and i = 1, . . . , n. (Note that we have separated the odd from 
the even case in (|5.91[1 .) 

We have already seen that the maps in (|9.125|) are onto. So if we prove that the maps 

p : N(P 2 , . . .,P 2j - 2 ,Qi, ■ ■ -,Q2j-i in G»(xi, • • • ,X2j-i)) 

-> N(P 2jK , ... , P 2 j- 2 ,k, Qi,k, ■■■ , Q2j-i,K in G itK (xi,K, ■■■ , X2j-i,x)), (9.131a) 

and 

p : N(P 2 , . . . , P 2r , Qi, . . . , Q 2r -i in Gj(xi, • • • , X2r)) 

-» N(P 2>K , P 2r ,K, Ql,K, Q2r-1,K in G i)K (xi,K, • • • , X2r,K)), (9.131b) 
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are onto, then the equations in (|9.13Uj) hold, as we can apply p to the equation (|5.91|) . 

We will prove that the map in (|9.131aj) is onto and leave the proof of (|9,131b|) to the reader. 
The idea for the proof is the same as that used to prove the maps in (|9,125j) were onto. 

So assume that x € G is such that p(x) lies Gi(xi,K, ■ ■ ■ > Xij-\,k) and normalizes the groups 
P2,K, ■ ■ ■ , Pij-2,K and Qi t K, ■ ■ ■ > Q2j-i,K, for some fixed i = 1, . . . ,rt and j = 1, . . . ,1'. Then it is 
easy to see that x lies in Gi and fixes xi> • • • > X2j-i- Furthermore, x normalizes P 2 K, . . . , P2J-2K, 
while the groups P2, ■ ■ ■ , P2j-2 and the characters 02, ... , a2«-2, satisfy the hypotheses of Lemma 
19.1171 Hence we can assume that x normalizes the groups P2, ■ ■ ■ , P2j-2- 

It remains to show that x normalizes the groups Q±, . . . , Q2j-i- We use induction on j. Clearly 
x normalizes Q\ < G. Now assume that x normalizes Qi,... ,Q2r-i for some r with 1 < r < 
j. Then x normalizes N(P 2 , . . . , P2 r , Qi, ■ ■ ■ , Q2r~\ in G 2r +i(xi, ■ ■ ■ , X2r-i)), as G 2r +i < G. But 
this normalizer equals G2 r +i,2r = -f*2r x £?2r+i, having Q2r+i as a 7r'-Hall subgroup. As x also 
normalizes the 7r'-group Q2 r +iK, (since p{x) normalizes Q2t-+i,k), w e conclude that x normalizes 
the intersection (i-2r » Qzr+i) H Qzr+xK = Q2r+l- This completes the proof of the inductive step, 
thus proving that the map (|9.131a|) is an epimorphism. 

So, with analogous proofs left to the reader, Theorem 19.1221 follows . □ 

Clearly we have 
Remark 9.132. For any fixed m = 1, . . . , n, the smaller set 

{Q2i-1,K, P2r,K \@2i-l,K, a 2r,K}i=i t r=o 

is a triangular set for (|9,113b ) that corresponds to the character tower ()9.113b ). So now we have 
a complete smaller if-system 

G , K = 1 < G hK < G 2 , K <■■■< G m , K < G K , (9.133a) 
{l=XO,K,Xl,K,---,Xm,K}, (9.133b) 
{Q2i-1,K, P2r,K\fhi-l,K, a 2r,^}'=l, r =0- (9.133c) 

For any k = l,...,k , we write ct^ k for the Q^^Ki ■ ■ ■ 1 Q2k— i 1 i^ _ correspondent of Q2k,K (see 
Definition 15 .147(1 . Then the above theorem implies 

Corollary 9.134. 

r 2k,K — P\ r 2k) — r 2ki 

a* 2kjK = p(a; k )eIvv((P* k K)/K), 

for all k = 1, ... , k' . 

Proof. In view of Lemma 19.1181 and (|9.123|) we have that 

Pk,K = P2,K ■ ■ ■ P2k,K = p{Pz) ■ ■ ■ P (P2k) = p(P£ k ) = P 2 * fc , 

for all k = 1, . . . , k'. The character a% k was defined as the Q3, . . . , (52fe-i- corre spondent of ct2k, 
for all such k. Hence Proposition 13.51 implies that p{a* 2k ) is the p{Qz), ■ ■ ■ , p(Q2fc-i ^correspondent 
of p(«2 fc), whenever k = 1, . . . , k! . But p{a 2 k) = a 2 k,K, by (|9.121b). and p{Qn-x) = Q2i-i,K, by 
(|9.123|) . for alH = 1, . . . , k' < I'. Thus, the p(Qs), ■ ■ ■ , p(Q2fc-i)-correspondent of p(a 2 k) is nothing 
else but the Qs : k-, ■ ■ ■ , Q2fe-i,i<r-correspondent ot 2kK of a2k,K- We conclude that a 2k K = p(a 2k ), 
for all k = 1, . . . , k', and the corollary follows. □ 
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Furthermore, 

Corollary 9.135. For all I = 1, ... , I', the character P21-1 k ^ ^ Tr (Q2i-i k) * s the un iQ. ue character 
°f Q21-IK = {Q*2i-i K )l K ^at inflates to P^l-i G ^(Qh-i)- Hence (3 2 * l _ l K = PiPZi-i)- 
Proof. In view of (|9. 123f) . the product group Q^-i K = Qi,K ' ' ' Q2i-i,K is the image under p of 
Q21-1 = Qi - ■■ Q21-1, that is, 

Q*2l-l,K = P(Q*2l-l) = (Q*2l-lK)/K, 

for all I = 1, . . . Furthermore, -fT is a subgroup of Qi = Q\, and is contained in Ker(/3i). As 
/?i = PI is the unique character of Q\ lying under fi^i-x^ we conclude that K is a subgroup of 
Ker(/32/_!), for all i = 1, ... , Hence there is a unique character, yo(/?2Z— 1 ) °f {Q%-\K)/K that 
inflates to P^i-i- ^ suffices to show that p(/?2/_i) = P21-1 K ■ 

Indeed, since /X^-i is the P 2 > • • • , i-2«-2-correspondent of 021-1, we get that p(P2i-i) 1S the 
p(i-2 ))•••) p(-P2Z-2 ^correspondent of p(/?2Z— 1); for all Z = 1,...,/', (see Proposition I3.5|) . But 
p{P2i) = P2i,K, for all % = l,...,k', by (ITml. and p(/3 2 *-i) = by (lOTTTl. Hence, 

P(@2i-i) 1S t ne ^*2,i<") • • • > -P 2 /- 2 ,i<-correspondent of 02i-i,K, f° r all / = 1, ... , This completes the 
proof of the corollary. □ 

Even more, the Hall system {A, B} is nicely transfered via p to a Hall system of (j9.111|) . as the 
next theorem shows. 

Theorem 9.136. Let 

A K := p(A) = (AK)/K ^ A and B K = p(B) = (BK)/K = B/K. 

Then {Ak, Bk} is a Hall system for Gk that satisfies the equivalent of (|9.2|) for the K-case. 
Proof. The maps 



p 


G(xi,. 


• • ,Xfc) - 


Gk(xi,k, ■ ■ 


• j X^x 


p 


A(xi,. 


•• ,Xft) - 




• 5 X^-K" 


p 


B(xi,- 


•■)X/l)- 


B^(xi,k, • 


• ,Xh,K 



are clearly onto, as Xi 6 Irr(Gj) with Gj < G, for all i = 1, . . . , h, and all h = 1, . . . , n. This, along 
with (|9.2h . b), implies 

A K G Hall^(G^), B K e HahV(G^), 
Ajc(xi,Jf , X2,K, XH,k) and B(xi,a-, X2,k, XH,k) form a Hall system for 

Gjf (X1,K, X2,K, ■■■ , Xh,K), 

for all h = 1, . . . , n. 

In addition, (|9.2b ^ and Corollary 19. 1341 imply 

Ajf(xi,if, • • • ,Xn,K) = P(A(X1,- • - ,Xn)) = P(-P 2 *fc') = P 2*fc',A'- 

Similarly we get that Bk(xi,k, ■ ■ ■ , Xu,k) = piQzv-i) = Qh'-i K- H ence the groups A^-, Bk form 
a Hall system for Gk, and satisfy (|9.2j) for the -fT-case. 

Since (|A|, \K\) = 1, we clearly have {AK)/K = A. This completes the proof of the theorem. 

□ 
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As a corollary of the above theorem we have 

Corollary 9.137. For any k = 1, . . . , k' and any I = 1, . . . ,1' we have 

p{N{P% k in B(xi, . . . , X 2k))) = N{P* kjK in B k ( X i,k, • • • , X2k, K )), 
Pi N (Q*2l-l in A (Xl, • • • , X2i-l))) = N (Q*2l-l,K in a k(xi,k, • • • , X2i-l,Jsr))- 

Proo/. As (\P* k \, \K\) = 1, we have 

(N(P; k in B(xi, . . ., X 2k))K)/K = N{{P* k K)/K in (B( X i, . . . , X2k)K)/K). 

Also, N((P* k K)/K in (B ( X i,.. . , X2k)K)/K) equals 7V(P* fe ^ in B^Xi,*, . . . , X2k, K )), as P* fe x = 
(P* k K )/K, by Corollary EHU and (B( X i, . . . , X2k)K)/K = B K ( Xl , K , . . . , X 2k, K ), by Theorem 
EMI Furthermore, as (N(P* k in B( X i,. . .,xsk))K)/K = p(N(P* k in B( X i, . . -,X2k))), the first 
part of the corollary follows. 

The proof for the second equation is similar. □ 

Working on the smaller system ()9.112|) . we can now prove 

Theorem 9.138. Let {Ak,Bk} be a Hall system of Gk that arises from {A,B} via Theorem 
\9.13b\ For any fixed m = 1, . . . , n, we choose the groups Q and Qk to satisfy the conditions in 
Theorem \8.1S\ for the systems (|9.112|) and (|9.133|) . respectively. Then 

Qk(M-i&,k) = p(Q(Afc-l,2fc)) = (Q(M-i&)K)/K. (9.139) 

Proof. We choose Q and Qk to satisfy the conditions Theorem 18.131 for the systems (|9,112|) and 
()9.133|) . respectively. Therefore N(P£ k in B(xi, • • • , X2k)) = Q{hk-i,2k)- in addition, we have 

N ( P 2k,K in Bk (xi,k, X2k,x)) = <2^(/32fc-i,2fc,A')- This, along with Corollary EHS3 implies 
Theorem EHTfSl □ 

Similarly we can show 

Theorem 9.140. Assume that {A^,B^} are as above. Assume further that, for any fixed m = 
1, . . . ,n, we choose the groups P and P& to satisfy the conditions in Theorem \8.15\ for the systems 
(|9.112|) and (|9.133j) . respectively. Then 

Pk{o-21-2,21-1,k) = P(P(a2l-2,2l-l)) = {P(a 2 l-2,2l-l)K)/K 

Hence 

Pk((X21-2,21-1,k) = P(a 2 l-2,2l-l)- 

Proof. Choose P and Pk to satisfy the conditions in Theorem I8.15( for the systems (|9.112|) and 
()9.133|) . respectively. Then the first part of Theorem 19.1401 follows from Corollary 19.1371 Note that 
(P(a2i-2,2i-i)K) / K = P(a.2i~2,2i-\), as (|jP(a2i-2,2j-i)|j \K\) = 1- Hence the theorem follows. □ 

As QK{hk-l,2k,K) = p(Q{(32k-i,2k)), while P 2 * fc = P^ kK = p(P 2 * fc ), the action of Q(P 2 k-i,2k) on 
P 2 * fc is carried onto the action of QK(P2k-i,2k,K) on P£k K — ^2*fc> i n * ne sense that 

p(0 = p(^ w £^ (9.141) 
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for any a E P 2fe and any r £ Q{^2k-i,2k)- Let Ik be the image of QK{P2k-i,2k,K) in the auto- 
morphism group Aut(P 2fc ^). As the isomorphism p of P 2 * fc onto P^kK induces an isomorphism of 

Aut(-P 2fe ) onto Aut(P 2 *fc k)> we conclude that this isomorphism carries the image of Q(/?2fc-i,2fc) in 
the former automorphism group onto the image of QK{P2k-i,2k,K) m the latter such group. So we 
have an isomorphism 

p K :I = the image of Q(/? 2 fc-i,2fc) in Aut(P 2fc ) 

-> I K = the image of QK{hk-l,2k,K) in Aut(P 2 * fc ii -). (9.142) 

Furthermore, identifying P 2fc with P 2fc ^- and Aut(P 2fc ) with Aut(P 2fc K ) we conclude 

Corollary 9.143. For any fixed m = l,...,n, the groups Q{fi2k-i,2k) and Q K{@2k-i,2k,K) have 
the same image in Aut(P 2fc K ) = Aut(P 2fc ). 

Similarly, Theorem 19.1401 implies 

Corollary 9.144. For any fixed m = 1, . . . , n, the groups P{ot2i-2,2i-i) and Pk(c(21-2,21-i,k) have 
the same image in Aut(Q 2 /_i k)- 

Proof. As we have seen in Corollary 19. 1351 and Theorem I9.14UI 

Qh-1,K = P(Q*2l-l) = (Q*2l-lK)/K, 
Pk(ol 2 1-2,21-1,k) = p{P(0i2l-2,2l-l)) = P (&2l-2,2l-l) ■ 

So the action of Pk{c^21-2,21-i,k) on Q 2 /-i K ls gi ven (similarly to 119.1411) ) as 

p( X yW = p{x y) e Q * 2l l K (9.145) 

for any x G Q^i-i an< i V £ P(&2l-2, 2l-i)- Furthermore, P{ot2l-2,2l-i) acts also on Q^i-i k V1& 

P (x)y = p( x y), 

for any x and y as above. As the map 

p : P(a 2 i-2,2i-i) —> Pk(o<21-2,21-i,k), 

sending y E P {0.21-2,21-1) to p{y) G Pi<(ct2l-2,2l-i,K), is an isomorphism, Corollary 19.1441 follows. 

□ 

We conclude this section with 

Theorem 9.146. Assume that the character (32k-i,2k € ^(Q2k-i,2k) extends to Q(ft2k-i,2k)- Then 
the character 02k-l,2k,K G Irr(Q 2 fc-i,2fc,i^) extends to the group Qxi^k-i^k^) ■ 

Proof. Obvious, since beta 2 k-i,2k,K = p{hk-i,2k) by (|9.128|). □ 

Similarly we have. 

Theorem 9.147. Assume that the character a 2 ;-2,2/-i € Irr(i-2Z-2,2i-i) extends to P {0.21-2.21-1)- 
Then the character «2Z-2, 2i-\,K € Irr(P 2 «-2,2/-i,_R') extends to the group Pk{&21-2,21-i,k)- 
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9.3.2 Inside P 2 



Assume now that the system (|9.11U|) for the normal series 1 = Go ^ G± < • • • < G n = G is fixed, but 
in addition G2 satisfies (|9.61j) . i.e., G2 is the direct product of a 7r-and a 7r'-group, while \i = A is 
G-invariant. Then the triangular set (|9.11Uc|) satisfies (|9.63j) . i.e., 

G 2 = G 2 (Jh) = P2 x Qi = P 2 x Gi, (9.148a) 
X2 = a 2 X0i. (9.148b) 

Assume further that R is a normal subgroup of G and r\ is a character in Irr(i?) satisfying (|9.70|) . 
i.e., i? is a subgroup of P2 while the irreducible character rj of R is G-invariant and lies under a 2 . 
We write K for the kernel of 77. (Note this is not the same K as in Section 19.3.11 ') Then K is a 
normal subgroup of G, as rj is G-invariant. As in the previous section, we are interested at the 
factor group Gk = G/K. (Note that this time if is a 7r-group.) So we define the factor groups 
G i;K = Gi/K, for all i = 2, ... ,n. We also write G X , K = {GxK)/K. Then (19.148^ implies 

G liK = {G 1 xK)/K^G 1 . (9.149) 

The series 

1 = G ,k < Gi )K < G 2 ,k <■■■< G n , K = G K (9.150a) 

is a normal series of G that satisfies Hypothesis 15.11 Furthermore, for every % = 2, . . . , n the 
character Xi hes above the G-invariant character £. Hence if is a subgroup of Ker(xj), for all such 
i. So we can define again the character Xi,K £ Ir^Gj^), to be the unique character of Gi/K that 
inflates to Xii whenever 2 < i < n. As G\^k — G%, we denote by Xi,k the unique irreducible 
character of G\ k that corresponds to xi> y i a that isomorphism. So we get a character tower for 

{1 = Xo,X, Xi,Jf> X2,K, • • • , Xn,x}, (9.150b) 

that arises from the original tower (|9,110b|) . 

In conclusion, we have created a similar system to that of Section ^. 3. 11 with the only important 
difference being that if is a 7r-group instead of a 7r'-group. The natural map p, on groups and 
characters, that was defined at (|9.114|) . is carried unchanged in this situation. Of course Remark 
19. 1151 and Lemmas 19. 1161 and 19. 1171 are still valid. With the help of the same map p we will define 
a triangular set for (|9.150a|) that corresponds to (|9.150bf) . As we would expect, this set is going to 
be the mirror of the set (|9.124|) . with the roles of the 7r-and the 7r'-groups interchanged. 

We start with 

Lemma 9.151. For all j = 2, . . . , n, all i = 1, . . . , /' and all r = 1, . . . k' , we have 

G*j,K '■= Gj,K(xi,K, ■ ■ -,Xj-i,K) = Gj/K, 
Qli-x = {Q* 2i -iK)/K G HahV(G^_ ljK ), 
P 2 \/K = {P^K)/K e Hall^(G^). 

Proof. See the proof of Lemma 19.1181 □ 

Also in the same way we worked to prove Lemma 19.1191 and ()9.121[) , but this time using the 
characters a2r,«2 and «2,2r-i in the place of f3 2 i-i,Pi and /3i,2* respectively, we can see that 
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Remark 9.152. The intersection K n P 2r is a subgroup of the kernel Ker(a2r) of a 2r & Irr(P 2r ), 
whenever 1 < r < k' . Thus, for all such r, there exists a unique character 

a 2r ,K := p(a 2r ) 6 Irr( (P 2r K)/K), (9.153) 

that inflates to a 2r £ Irr(i-2r)- 

Furthermore, Q 2 %-i is a 7r'-group, and thus has order coprime to \K\, for all £ = 1, ... , Hence 
Q 2 i-i = (Q 2 i-iK)/ K , for all such i. So the character f3 2 i-i € Irr(Q2i-i) determines, under the 
above isomorphism, a unique character 

02i-i,K ■= p{frn-x) G Irr((Q 2i _i*Q/i<Q, (9.154) 

for all £ = 1, ... , i'. 

We can now prove the main theorem of this section, the analogue of Theorem 19.1221 
Theorem 9.155. For every r = 0, 1, . . . , k 1 and % = 1, . . . , I' we define 

P 2r ,K = p(P 2r ) = (P 2r K)/K, (9.156) 

Q 2i -i,K = p{Q 2i -i) = (Q 2l -iK)/K Qn-\. (9.157) 

Then the set 

{Q 2 i-1,K, P 2 r,K \P 2 i-l,K, Ot 2r ,K }jl l r=0 (9.158) 

is a representative of the unique Gx-conjugacy class of triangular sets that corresponds to (|9.15flb|) . 

Proof. The proof is the same as that of Theorem 19.1221 if we interchange the roles of P 2r and a 2r 
with those of Q 2 i-i and 2 i-i, respectively. □ 

We also get 

Corollary 9.159. For all k = 1, . . . , k' , we have P^ K = p(P 2 k)- Furthermore, the character ^ 
is the unique character /o(«2fc) °f P 2 k K ^at inflates to a\ k G Irr(P 2 * fc ). 

Proof. Same as that of Corollary 19.1351 with the roles of ir and tt' -interchanged. □ 
and 

Corollary 9.160. 

Q 2 i~i,k = p{Q 2 i-i) — Q 2 i-ii 

fa-l,K = P(J%-l), 

for all I = 1, ... , I' . 

Proof. See Corollary ESI □ 

The same argument as that of Theorem 19.1361 implies 
Theorem 9.161. Let 

A K := p(A) = (AK)/K and B K = p(B) = (BK)/K ^ B. 
Then {A/^,Bx} forms a Hall system for Gk that satisfies the equivalent of (|9.2|) for the K-case. 
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Until the end of the section, we fix an integer m = 2, . . . , n and consider the smaller system 
(|9.112|) . Of course, as before, we get a smaller X-system (|9.133[1 . where now the triangular set is 
picked to be a subset of Q9.158JI . So as in Theorems 19, 1381 and 19. 14*U1 we have 

Theorem 9.162. Let {A^,Bx} be tha Hall system of Gk that arises from {A,B} via Theorem 
\9.161\ For any fixed m = 1, . . . ,n, we choose the groups Q and Qk to satisfy the conditions in 
Theorem \8.1, 'A for the systems (|9.112|) and (|9. 1331) . respectively. Then 

QK(Jkk-i,Zk,K) = p{Q{hk-l,2k)) = (Q(Pzk-i&)K)/K. (9.163) 

Hence 

QK(P2k-2,2k,K) — Q(/?2fe-l,2fe)- 

Proof. See Theorem 19.1401 □ 
and 

Theorem 9.164. Assume that {Ak,T5k} ar e as above. Assume further that, for any fixed m = 
2, . . . ,n, we choose the groups P and Pk to satisfy the conditions in Theorem \8.15l for the systems 
H9.112|) and (|9. 133f) . respectively. Then 

Pk(0121-2,21-1,k) = p(P(®2l-2,2l-l)) = (P( a 2l-2,2l-l)K)/ K. 

Proof. Same as that of Theorem 19. 1381 □ 

So we get the next two corollaries 

Corollary 9.165. The groups Q{P2k-i,2k) o,nd QK{P2k-i,2k,K), have the same image in the group 
of automorphisms Aut^P^ k)- 

Proof. See the proof of Corollary 19.1441 □ 
and 

Corollary 9.166. For any fixed m = 2, . . . , n, the groups P{u2i-2,2i-i) a nd Pk ((^21-2,21-1, k) have 
the same image in AutdQ^-i k) = ^^(Qtl-i) • 

Proof. See Corollary EE3\ □ 

We conclude the section and the chapter with 

Theorem 9.167. Assume that $2k-\.2k £ Irr(Q2fc-i,2fc) extends to Q{02k-i,2k)- Then the character 
lhk-i,2k,K £ ^{Q2k-i,2k,K) extends to Q K ((hk-i,2k,K) ■ 

Proof. Obvious. □ 
and 

Theorem 9.168. Assume that the character 021-2,21-1 £ I^C-Fbi— 2,2i— 1) extends to P {0.21-2,21-1) ■ 
Then the character a.21—2 21— X K £ I rr (-F2Z-2,2/-i,i<") extends to the group Pk(o21-2 21-1 k) ■ 
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Chapter 10 

Linear Limits 



10.1 Basic properties 

We say that (G, A, <p, N, ip) is a linear quintuple if A < N are normal subgroups of a finite group 

G, <p <G Lin(A) is a G- invariant linear character of A and tp <G Irr(A|0). Note that as cp is G- 
invariant, Ker(0) is a normal subgroup of G. Furthermore, Ker(0) = Ker(^U) < Ker(^). Hence 
Ker(0) is contained in the largest normal subgroup M of G contained in Ker(^). (Note that 
M = f] xGG (Keic(ip)) x .) This, along with the fact that <p is linear, implies that A is abelian modulo 
M, i.e., (AM)/M ^ A/ (A n M) is abelian. 

Let A' < G with A < A' < N. Let cp' G Irr(A') be a linear character of A' extending cp and lying 
under ip. Then (A'M)/M = A' /(A' DM) is also abelian. Indeed, [A', A'] is contained in Ker(0') n ), 
for every n € A, since 0' is linear. Thus [A 1 , A'] < HneiV Ker((<//) n ). As the restriction of ip to A' is 
a sum of A-conjugates of cp', we conclude that [A', A'] is contained in Ker(?/>U') = HneJV Ker((<//) n ). 
So L4',t4'] < Ker(Y>). Furthermore, [A', A'] is a normal subgroup of G, as A' < G. Hence [A', A'] is 
a subgroup of M, which implies that A' /{A' H M) is abelian. 

Furthermore, we can use Clifford theory to form a new linear quintuple (G", A', 0', A', ip'), where 
G' = G(cp') and A' = N(cp') are the stabilizers of cp' in G and A respectively, and ip' is the 0'- 
Clifford correspondent of ip € Irr(A|0'). We say that (G' , A' , cp' , N' , ip') is a linear reduction of 
(G, A, cp, N,ip). We call this reduction proper if the reduced linear quintuple is different from the 
original one, i.e., if and only if A < A' . We can repeat this process and consider a linear reduction 
of the linear reduction (G' , A', cp', A', ip'). Any linear quintuple that we reach after a series of such 
linear reductions, is called a multiple linear reduction of (G,A,cp,N,ip). A "minimal" multiple 
linear reduction is a linear quintuple that has no proper linear reductions We call such a minimal 
linear quintuple a linear limit of (G, A, cp, A, ip). We denote by LL(G, A, cp, A, V>) the set of all the 
linear limits of (G, A, cp, A, ip), and by 

(l(G),l(A),l(<j>),l(N),lty)) 

any element of that set. Assume that H is a subgroup of G with N < H < G. Then the quintuple 
A, A, ip) is clearly a linear one. The definition of linear limits clearly implies 

Remark 10.1. If (/(G), 1(A), l(cp), l(N),l(ip)) is a linear limit of (G, A, cp, A, ip), then (/(G) n 

H, 1(A), 1(<P), /(A), /(Y>)) is a linear limit of (if, A, cP, A, ^). 

The following is also straight forward: 
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Remark 10.2. If we reach the linear quintuple (G', A', ft , N', ip') after a series of linear reductions 
starting with the quintuple (G, A, cp, N, ip), then LL(G', A', ft, N' , ip') C LL(G, A, p, N, ip). 

If (1(G), 1(A), l(p),l(N),l(ip)) is a linear limit of (G, A, <p, N, ip), then we can form the quintuple 
(l(G)/K, l(A)/K, 1(4>)/K, l(N)/K, l(ip)/K) where K = Ker (l(cp))) is the kernel of l(<j)) (and thus a 
normal subgroup of 1(G)) while l(ft)/K and l(ip)/K are the unique characters of the factor groups 
1(A) I K and l(N)/K that inflate to l(ft) and l(ip), respectively. It is clear that the quintuple 
(1(G) /K, 1(A) /K, l(4>) /K, l(N)/K, l(ip)/K) is linear, and that l(ft)/K is faithful. We call this triple 
a faithful linear limit of (G, A, <p, N, ip) We denote by FLL(G, A, <fi, N, ip) the set of all faithful linear 
limits of (G, A, p>, N, ip), and by 

(fl(G), fl(A), fl(ft), fl(N), flty)) (10.3) 

any element of that set. 

Now assume that N <H <G and x £ Irr(i?|^). Then any linear reduction (G' , A' , ft , N' , ip') of 
(G, A, p, N, ip) provides an irreducible character x' 6 Irr(H'), where H' = G' HH = H(ft) and x' is 
the (^'-Clifford correspondent of x, i.e., x' nes above ft and induces x- We can repeat this process 
and consider the Clifford correspondent for x' in the next linear reduction of (G 1 , A', ft, N', ip') 
that we perform. When we reach a linear limit (1(G), 1(A), l(ft),l(N),l(ip)), of (G, A, <p, N, ip) we 
have also reached a character 6 £ Irr(l(G) n H) that induces x- Any such character 9, that arises 
by repeated Clifford correspondences on linear reductions, we call a linear limit of x- We write it 
as 9 = l(f> t ip(x)> or more simply as l(x) if the starting linear quintuple is clear. We also write as 
l^^(H) = 1(H) the domain of l(x), i-e., 1(H) = 1(G) CiH. Clearly l(x) lies above l(ft) and l(ip), and 
induces x- The collection of all linear limits of x we write as LL(x)- Note that LL(x) is a subset 
of CCC N ( X ) as this was defined in [HI. Furthermore, let (f 1(G), f 1(A), fl(ft, fl(N), fl(ijj)) be a 
faithful linear limit, i.e., 

(fl(G),fl(A),fl(ft,fl(N),fl(iP)) = (l(G)/K,l(A)/K,l(ft/K,l(N)/K,l(iP)/K) (10.4) 

where (1(G), 1(A), l(cp), l(N), l(ip)) is a linear limit of (G, A, <p, N, ip) and K = Ker(Z(0)). Then K 
is a subgroup of Kei(l(x)) the kernel of the linear limit l(x) £ ln(l(H)) of x, as x hes above the 
/(G)-invariant character l(ft) € Irr(Z(A)). Thus l(x) is inflated from a unique character l(x)/K of 
the factor group 1(H) /K that we call faithful linear limit of x an d write as fl(x)- We also write 
fl(H) for the domain of fl(x), i-e., fl(H) = 1(H)/ K. The set of all faithful linear limits of x we 
denote by FLL(x)- 

We conclude these preliminary definitions of linear limits with the following straight forward 
observations. 

Remark 10.5. Let (1(G), 1(A), l((p), l(N), l(ip)) be a linear limit of (G,A,(p,N,ip). Let K be the 
kernel Kev(l(ft), and let ( f 1(G), f 1(A), fl(ft, fl(N), fl(iP)) be the faithful linear limit defined in 
(|10.4|) . Then 1(G) is a subgroup of G while fl(G) is the section 1(G) /K of G. Furthermore, 
any subgroup H of G with N < H, has a limit and a faithful limit group 1(H) = 1(G) n .ff and 
//(#) = 1(H)/ K, respectively, that satisfy l(N) < < /(G) and fl(N) < fl(H) < fl(G). 

In addition, (1(H), 1(A), l(ft),l(N),l(ip)) and ( f 1(H), f 1(A), fl(ft, fl(N), fl(iP)) are a linear and a 
faithful linear limit respectively, of (H, A, (p, N, ip). If H is normal in G, then Z(-ff) and fl(H) are 
normal in 1(G) and fl(G), respectively. 

Definition 10.6. By convention, whenever N < H < G and (G, A, N, 1 J r ) is a faithful linear 
limit of (G, A, <p, N, ip), we write (G n H, A, N, *) for the faithful linear limit of (H, A, p, N, ip) 
(described in Remark H0.5|) that (G, A, <&, N, induces. 
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We can say a little more for a special type of subgroup B of G. Assume that B < Cq(N), i.e., 
B centralizes N. Then B centralizes any A' with A < A' < N. Hence it fixes any character 
(ft' £ Irr(-A'), and, in particular, those that extend (ft. Hence B is also a subgroup of G((ft'). 
Furthermore, it centralizes N(<ft') < N. Repeating the same argument at every linear reduction we 
perform (note that all such are inside N), we see that B is a subgroup of 1(G), and centralizes l(N). 
Furthermore, as K < l(N), we get that fl(B) := (BK)/K is a subgroup of fl(G) that centralizes 
fl(N) = l(N)/K. Thus we have shown 

Remark 10.7. If B is a subgroup of G that centralizes N, i.e., B < Cq(N), then B < 1(G) 
centralizes l(N) while fl(B) = (BK)/K < fl(G) centralizes fl(N). If in addition (\B\,\K\) = 1 
then B ^ fl(B) < fl(G). 

The next two lemmas are straight forward applications of the above definitions. 

Lemma 10.8. Any faithful linear limit of (G, A, (ft, N, tft) is a minimal linear quintuple, that is, no 
proper linear reductions can be made to a faithful linear limit of (G,A,(ft,N,ift). 

Proof. Let 

(f 1(G), f 1(A), fl(cft),fl(N),fl(i>)) = (g/K,A/K,$/K,Af/K,y/K), 

be a faithful linear limit of (G, A, (ft, N, ift), where (Q, A, &,N, \&) is a linear limit of the latter, and 
K = Ker($). It is not hard to see that any linear reduction of (Q/K, A/K, $>/K, M/K,^/K) 
provides a linear reduction of (Q, A, A/", *&). Indeed, if 7 is a linear extension of <&/K to a normal 
subgroup f of Q/K, and lies under ^ /K, then T = T/K, where T is a normal subgroup of Q. 
Furthermore, 7 inflates to a unique character 7 G Irr(r), i.e., 7 = j/K. Also, 7 is linear, as 7 is, 
and lies under ^ € Irr(A^), as 7 lies under \E r /K E Iyx(M /K). Hence we can form a linear reduction 
of (Q, A, M, ty), using the extension 7 of $ to V. As no proper linear reductions can be made to 
the quintuple (Q, A, M, \&), the lemma follows. □ 

Corollary 10.9. Let (G, A, <l>, N, be a faithful linear limit of (G, A, eft, N, tft) . Then A is a cyclic 
central subgroup ofG (it could be trivial), and is maximal among the abelian G-invariant subgroups 
o/N. Hence A = Z(N). 

Proof. Clearly A is a normal subgroup of G, while $ is a linear faithful G-invariant character of A. 
Then A is cyclic, as it affords a faithful linear character. The additional fact that $ is G-invariant 
implies that A is a subgroup of the center Z(G) of G. 

Now assume that B is an abelian G-invariant subgroup of N that contains A. Let (3 € Irr(i?) 
be any character of B that lies above $ and under (Clearly such a character exists if the group 
B exists.) Then (3 is an extension of $ to B. Furthermore, if is the /3-Clifford correspondent 
of then the quintuple (G(0),B, (3, N(/3), * p) is a linear reduction of (G, A, N, According 
to Lemma 111). 81 the latter quintuple can't have any proper reductions. Therefore, B = A, and A is 
maximal among the abelian G-invariant subgroups of N. 

As the center Z(N) is an abelian characteristic subgroup of N, it is clearly G-invariant. Fur- 
thermore, A is a subgroup of Z(N), as A is a subgroup of Z(G). So A = Z(N), and Corollary 110.91 
follows. □ 

Corollary 10.10. Let (G,A, <&,N, be a faithful linear limit of (G, A, (ft, N,ip). Assume further 
that N is a p-group, for some odd prime p. Then either N = Z(N) is cyclic, or N is the central 
product N = E A, of a non-trivial extra special p-group E of exponent p, and A = Z(N). In both 
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cases the irreducible character Vl/ G Irr(N) is zero on N — A and a multiple of on A. Hence SI/ is 
G-invariant. 

Proof. According to Coroilarv llU.91 the group A = Z(N) is cyclic, central in G and maximal among 
the abelian G-invariant subgroups of N. Furthermore, the fact that (G, A, N, SI/) is a linear 
quintuple, implies that is G-invariant. 

If N = A = Z(N), then N is cyclic and = SI/. In this case the corollary holds trivially. 

If N > A, then A / 1, or else A = N = 1, since N is a p-group. Furthermore, $ is a faithful 
linear character of the cyclic group A. The fact that the cyclic group A = Z(N) is maximal among 
the abelian subgroups of N, normal in G implies that every characteristic abelian subgroup of the 
p-group N is cyclic and central. Hence P.Hall's theorem (see Theorem 4.22 pp.75 in ^]) implies 
that N is the central product 

N = E Z(N) = E A, 

where E is a non-trivial (or else N is abelian), extra special p-group of exponent p. Hence SI/ must 
be the unique character of N that lies above the faithful character $ of the center, (see Theorem 7.5 
in Even more, this unique character is zero outside A, while its restriction to A is a multiple 
of Sf». In addition, the fact that is G-invariant, while N is a normal subgroup of G, makes SI/ also 
G-invariant. So Corollary 110. 101 follows. □ 

Lemma 10.11. Let (G, A, 3>, N, SI/) be a faithful linear limit of the linear quintuple (G, A, (f>, N, ip). 
//Be Irr(G|<t > ), then there exists a unique x £ ^ TT (G\4>), so that is a faithful linear limit of x, 
that is, = fl(x)- If; i n addition, lies above SI/, then x lies above ip. 

Proof. Let 

(G,A,*,N,¥) = (g/K,A/K,H>/K,N/K,y/K), 

where (Q, A, <3?, J\f, SI/) is a linear limit of (G, A, (f), N,ijj), and K = Ker($). Then inflates to a 
unique character 9 G Irr(£). Clearly 9 lies above If (Q, A, J\f, = (G,A,(p, N,tp), i.e., the 
starting quintuple was already minimal, then the lemma obviously holds with x = 0- 

If [Q, A, <£, Af, St) is a linear reduction of (G,A,(j),N,ip), that is we reach the limit quintuple 
after only one proper reduction, then Q = G{§). Hence Clifford's theorem implies that 9 £ Irr(£/|<3?) 
induces irreducibly to G. Therefore the character 9 G = x is the only character in Irr(G|</>) having 
9 as its ^-Clifford correspondent. Hence x = ® G is an irreducible character of G that lies above (j), 
since <!> is an extension of <fi. It is also obvious that l{x) = while fl(x) = 0- 

If we need a series of linear reductions to reach the limit quintuple (Q, A, J\f, St), then we 
repeat Clifford's theorem as many times as the number of proper linear reductions we perform. In 
conclusion, the character 9 G = x is an irreducible character of G that lies above 0, and satisfies 
the conditions in Lemma llfl.lll 

If, in addition, lies above SI/, then the inflation 9 of to Q, lies above St. Since l(vjj) = St, the 
character St induces ip in N, i.e., *f? N = tp. We conclude that 9 G = x lies above ifi whenever 9 lies 
above St. This completes the proof of Lemma llO.llI □ 

The following is straight forward. 

Lemma 10.12. Assume that (G, A, 0, N, ip) and {H, B, (3, M, /i) are two linear quintuples. Assume 
further that there exists an epimorphism of linear quintuples 

p:{G,A,4>,N^)^{H,B,p,M,ii)- 
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By this we mean that p is an epimorphism of the group G onto H sending A onto B and N 
onto M . Furthermore, (ft = (3 o p A and tft = p o p N . The restriction of p to any linear reduction 
(or multiple linear reduction) (G 1 , A', ()>', N', tft') of (G, A, (ft, N, tft) is an epimorphism onto a linear 
reduction (or multiple linear reduction respectively) (H' , B' , (3' , M' , p') of (H, B, (3, M, p). In this 
way p induces a one to one correspondence between linear reductions ( or multiple linear reductions) 
of (G, A, (ft, N, tft) and linear reductions (respectively multiple linear reductions) of (H,B, (3,M, p). 
Hence p induces a one to one correspondence between linear limits of (G, A, (ft, N, tft) and linear 
limits of (H,B,(3,M,p). 

Proof. If (G', A', (ft' , N 1 , tft') is a linear reduction of (G, A, (ft, N, tft), it is easy to check that its image 
p((G' , A' , (ft' , N' , tft')) under p is a linear reduction of (H, B, (3, M, p). 

Let (H', B', j3', M', p!) be a linear reduction of (H, B, f3, M, p). If G' , A' and N' are the inverse 
images, under p, of H',B' and M', respectively, then the quintuple (G' ' ,A' ,(3' o p' A ,N',p' o p' N ) is 
a linear reduction of (G, A, (ft, N, tft), and its image under p equals (H' , B' , f3' , M' , p'). We conclude 
that there exists a one to one correspondence between linear reductions of {G, A, (ft, N, tft) and linear 
reductions of (H, B, (3, M, p). 

Because a multiple linear reduction is reached after a series of linear reductions, repeated appli- 
cations of the one to one correspondence on linear reductions implies the existence of a one to one 
correspondence between multiple linear reductions of (G, A, (ft, N, tft) and (H, B, (3, M, p). Further- 
more, since any linear limit of {G, A, (ft, N, tft) is a minimal multiple linear reduction of the latter 
quintuple, we also get a one to one correspondence between the linear limits of {G, A, (ft, N, tft) and 
those of (H, B, f3, M, p). Hence the lemma holds. □ 

Corollary 10.13. Assume that the linear quintuples (G, A, (ft, N, tft) and {H,B,(3,M,p) satisfy the 
hypothesis in Lemma \1U.1 6 A Then any faithful linear limit of (H,B,(3,M,p) is isomorphic to a 
faithful linear limit of (G, A, (ft, N, tft). 

Proof. Let (H' , B', (3', M' , p') be a linear limit of (H, B, (3, M, p). Then according to Lemma [HH21 
it corresponds to a linear limit (G' , A', (ft', N' , tft') of (G, A, (ft, N, tft) . Because p maps the latter 
linear limit onto the former, we get that p maps A' onto B' , while (ft' = f3' o p' A . We conclude that 
the kernel Ker(0') of (ft' is mapped, under p, onto the kernel Ker(/3') of j3' , i.e., p(Ker(0')) = Ker(/3'). 
Furthermore, if S equals the kernel of pc then S is a normal subgroup of G' that is contained in 
Ker(c//), (since for all s S 5 we get (ft'(s) = [3'{p{s)) = /3'(1) = 1). Hence the following holds 

G'/KerO') ^ H'/Kei{(3'), 
A'/Kei(<ft') ^ B'/Kei(P'), 
N'/Ker ((/>') ^ M'/Ker(f3'). 

In addition, the unique characters (ft' / Ker((ft') and tft' / Kei((ft') of the factor groups A'/ Kei((ft') and 
N' / Kei((ft') that inflate to (ft' and tft', respectively, correspond under the above isomorphisms, to 
the unique characters /3'/Ker(/3') and ///Ker(/3') of the factor groups B' / Ker(/3') and M'/Ker(/3') 
that inflate to (3' and p! , respectively. This completes the proof of the corollary. □ 

Proposition 10.14. Let [G, A, (ft, N, tft) be a linear quintuple, and T = Ker(^). Then the factor 
quintuple (G/T,A/T,(ft/T,N/T,tft/T) is well defined. Furthermore, any faithful linear limit of the 
factor quintuple is isomorphic to a faithful linear limit of the original one. 

Proof. Observe that the natural epimorphism from G to G/T provides an epimorphism 

p : (G, A, (ft, N, tft) (G/T, A/T, <ft/T, N/T, tft/T) 
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of linear quintuples, so that (G, A, 0, N, tp) and (G/T, A/T, 4>/T, N/T,ip/T) satisfy the hypothesis 
in Lemma ll(),12l The rest of proof is a simple application of Lemma ll().12l and Corollarv llO.lHI □ 



From now on, whenever needed, we will identify any two faithful linear limits of (G, A, eft, N, ip) 
and (G/T, A/T, <f>/T, N/T,ip/T) which are isomorphic under the preceding proposition. 

Corollary 10.15. Assume that the linear quintuple (G', A' , cf)', N 1 , tp') is a multiple linear reduction 
of (G, A, <f>, N, ip), and let T = Ker(0')- Then the factor quintuple (G'/T, A'/T, <j>' /T, N'/T, tp'/T) 
is well defined. Furthermore, any faithful linear limit of the factor quintuple is, under some iden- 
tification, also a faithful linear limit of (G,A,<p,N,ip), i.e., 

FLL(G'/T, A'/T, if/ /T, N'/T, if)' /T) < FLL(G, A, </>, N, -ip). 

Proof. Follows immediately from Remark 110 . 21 and Proposition 110. 1^1 □ 

For the next proposition we will need a nice observation of I.M.Isaacs, that is actually the 
exercise (6.11) in |12j . 

Lemma 10.16. Let B be a normal subgroup of a finite group G, 7 € Lin(S) a linear character 
of B and \ € Irr(G|7) an irreducible character of G lying above 7. // X7 £ I rr (G(7)) is the 7- 
Clifford correspondent of x ^ n the stabilizer G(j) of 7 in G, then x is monomial if and only if X7 
is monomial. 

Proof. It is clear that if x 7 is monomial then x is monomial, as x-y induces x i n G. 

So we assume that x 1S a monomial character, and we will show that x-y is a lso monomial. 
Let K = Ker(x). Of course K <G. It is clear that X7 is monomial if and only if the irreducible 
character x^/K °f the factor group G{~f)/K that inflates to x 7 , is monomial. Hence it suffices 
to prove the lemma in the case of a faithful irreducible character x^ as we can pass to the factor 
groups G/K and (BK)/K. So in the rest of the proof we assume that K = 1. 

Clifford's Theorem implies that the restriction x\b of x to B is a sum of G-conjugates of 7. 
Thus 1 = Ker(x|_e) = C\ s eG/G(j) (Ker^ 5 )). But the derived group [B,B] of B is contained in the 
kernel of 7 s for every s £ G, as 7 is linear. Thus [B, B] < Kermis) = 1. So B is abelian. 

We can now follow the hint of problem 6.11 in ^2]. As x is monomial, there exists H < G and 
A € Lin(.ff) with x = Thus the irreducible character \ HB of HB lies above a G-conjugate 7 s 
of 7, where s £ G. As the G-conjugate X s G Lin(if s ) of A also induces x> we can replace H by 

H s and A by X s 1 . This way X HB is replaced by (X s 1 ) HS B = (X HB ) S 1 , which lies above 7. 
According to Mackey's Theorem 

X hb \b = (X\ H n B ) B . (10.17) 

As B is abelian, the right hand side of ()1U.17|) equals the sum of \B : H Pi B\ distinct character 
extensions of \\hc\B to B, each one appearing with multiplicity one. Thus every irreducible con- 
stituent of X hb \b appears with multiplicity one. This, along with Clifford's theorem, (as X HB lies 
above 7), implies that 

ses ses 

where S is a family of representatives for the cosets H(^)Bs of H{^f)B = (HB)^) in HB, and e is 
a positive integer. Furthermore, Clifford's theorem implies the existence of an irreducible character 
9 € Itt{HB(^)) lying above 7 and inducing X HB . The fact that e = 1 implies that 9\b = 7, i.e., 
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9 G Ivr(HB( , y)) is an extension of 7 G Ivr(B) to HB{^). Thus 9 G Lin(.£fl?(7)|7) induces X HB . 
Hence 9 G = x, as A induces x- Therefore, # G ( 7 ) is an irreducible character of G(j) lying above 7 
and inducing x- As the 7-Clifford correspondent x-y °f X is unique, we conclude that 9 G ^ = Xj- 
Hence x-y is induced from the linear character 9, and thus is monomial. 

This completes the proof of the lemma in the case of an abelian B. So the lemma follows. □ 

Proposition 10.18. Let (G,A,^,N,ijj) be a linear quintuple. Let x G lrr(G\(p) an irreducible 
character ofG lying above <f>, l(x) £ Irr(/(G)|/(0))6e a linear limit ofx, and fl(x) G Irr(/Z(G)|/Z(0)) 
be the corresponding faithful linear limit of x- Then the following are equivalent 

1) X i- s monomial 

®) Kx) * s monomial 

3) fl(x) is monomial 

Proof. Let (G' , A' , (f>' , N' , ip') be a linear reduction of (G, A, tfi, N, ip). According to Lemma "10,161 
the character x £ Irr(G|</>) is monomial if and only its (//-Clifford correspondent x' is monomial. 
This is true for every linear reduction, so at the end we get that x 1S monomial if and only if any 
linear limit l(x) of x is monomial. 

Let fl(x) G Irr(/Z(G)) = Iyy{1(G) / K) be the faithful linear limit of x corresponding to l(x)- 
It is obvious that l{x) is monomial if and only if fl(x) is monomial. This, along with the already 
proved first equivalence, implies that fl(x) is monomial if and only if x is monomial. As this is 
true for any faithful linear limit fl(x) of Xi t ne proof of Proposition I1U. 18*1 is complete. □ 

10.2 Linear limits of characters of j>groups 

Assume that (G, A, cj), N, ip) is a linear quintuple. For the rest of this section we suppose that N is 
a p- group, for some odd prime p. The main result of this section is 

Theorem 10.19. Suppose that (G,A,cj),N,ip) is a linear quintuple with N a p-group, for some 
odd prime p. Assume further that (G, A, N, and (G' , A', <&', N', are two faithful linear 
limits of {G,A,(j),N,ip). Then both N/A and N'/A' are naturaly symplectic , Z P (G(^)/N) -modules. 
Furthermore, N/A is isomorphic to N'/A' as a symplectic Z P (G(?^) / 'N) -module. 

To prove it we will use strongly Theorem 8.4 in [""]. We remark here that the definitions 
of a "stabilizer limit" and an "elementary stabilizer limit" that were given in Sections 2 and 3, 
respectively, in are related to but not the same as our definition of linear limits. 

We start with an elementary construction of symplectic modules, and the associate notation. 
Assume that a p-group R is a normal subgroup of some finite group X, where p is an odd prime. 
Assume further that the center Z{R) of R is central in X, while R is a central product 

R = EQZ(R), 

where either E is 1, or else E is an extra special group of exponent p and 

E n Z{R) = Z{E). 

Then R/Z(R) is an elementary abelian p-group, which may be trivial. So R/Z(R), when written 
additively, can be considered as a vector space over the field Z p of p elements. This way R/Z{R) 
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becomes a Z p (A)-module. Moreover, [R, R] = [E, E] = Z(E) is either trivial or a cyclic group 
of order p. If Z(E) = 1, i.e., R/Z(R) = 1, then R/Z(R) becomes trivially a symplectic Z P (X)- 
module. If |Z(i£)| = p, then we can still make R/Z(R) a symplectic Z p (X)-module. Indeed, if 
A G Irr (Z(E)) is any faithful linear character of Z(E), then we can define a bilinear form <, > from 
(R/Z(R)) x (R/Z(R)) to the multiplicative group C p of complex p-roots of unity as 

<x,y >= \{[x,y]) eC p , (10.20) 

for all x,y G i?, where x denotes the image of x G -R in the factor group R/Z{R), and is 
the commutator of x and y in R. Note that, as the multiplicative group C p of p-roots of unity 
is isomorphic to the additive group of Z p , we can identify these two isomorphic groups, and 
consider the bilinear form <, > as a symplectic form in Z p . As Z(R) is central in X, this form is 
X-invariant. So R/Z(R) is a symplectic Z p (X)-module. 

We assume that R and X are as above, with Z{R) central in X. Let U be a subgroup of R 
containing Z(R), and normal in X. Then, (see the notation in [Q), we call the symplectic Z p (X)- 
submodule U/Z(R) of R/Z{R) isotropic if U < R is an abelian subgroup of R. We call U/Z{R) 
anisotropic if is its only isotropic Z p (X)-submodule, i.e., every abelian subgroup of U which is 
normal in X is contained in Z(R). Observe that is an anisotropic symplectic Z p (X)-module. 

Now we go back to the linear quintuple (G,A,(p,N,ip). Let (Q,A, M, ^) be a linear limit of 
(G, A, <f>,N,if>), and 

(G, A, N, *) = (G/K, A/K, <S>/K,Af/K,y/K), (10.21) 

be the corresponding faithful linear limit of (G, A, (p, N, where K = Ker(<£). Assume further 
that (Gi, Ai, cpi, Ni,ipi), is a chain of linear quintuples, for all i = 0, . . . , n, such that 

(G ,A ,ct> ,N ,iPo) = {G,A,cj>,N,^), (10.22a) 
(G n ,A n ,^ n ,iV n ,Vn) = ASM,*), and (10.22b) 
(Gi,Ai,(pi,Ni,ipi) is a proper linear reduction of (Gj-i, A4-1, 4>i-\, Ni-i, ^i-i), (10.22c) 

whenever i = 1, . . . , n. These objects stay fixed until the end of the section. We also keep fixed an 
arbitrary CG(V')-elementary stabilizer limit A G ESL(ip\CG(ip)) of ip, in the sense of [3], and in 
particular (3.7) of that paper. (Note that the ordered triple (G(ip),N, ip) is a member of the family 
defined in (2.1) of [H]. Thus we can define a CG(^)-elementary stabilizer limit of ip.) 
We start with some results following ()10.22j) . 

Lemma 10.23. Let M be a subgroup of G with Ai < M, for some i = 0,1,..., n. Assume 
further that an irreducible character \ G Irr(M), when restricted to Ai, is a multiple of (pi. Then 
G(x) = G(x,(f>i,- ..,&) = Gi(x)- In particular, G{(pi) = G i; for all i = 0, 1, . . . , n. 

Proof. Clearly (jl(J.22b ) implies that Gj = G((fro, <j>\, . . . , (pi) for every i = 0, 1, . . . , n. For all i = 
1, . . . ,n, the linear character (pi G Irr(^4j) is an extension of (pi-\ G Irr(ylj_i). Even more, for all 
such i the group Ai is a normal subgroup of G((pi, . . . , (pi-\) = Gi-\. 

Assume that i = 0, 1, . . . ,n is fixed. Let M > Ai and x £ Irr(M) with xU; = m( Pi for some 
integer m > 1. For any j = 0, 1, . . . , % — 1, the linear character <pi is an extension of (pj G Irr(^4j) 
to Ai. Hence x\Aj = m<pj for all j = 0,1, ... ,i. Therefore G(x) fixes any such <pj if and only if it 
normalizes Aj. Clearly G(x) fixes the G-invariant character (po of Aq = A. It also normalizes A\, 
as the latter is normal in G. Thus G(x) fixes <p\. Suppose now that G(x) normalizes A\, . . . , Aj-i, 
where j = 2, Then it fixes (p\, <j>j-\, i.e., G(x) < G(x)(</>o> <t>\, ■ ■ ■ > <Pj—l)' But Aj is a 
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normal subgroup of G(0q, <j>\, . . . , <fij-i) = Gy_i. Hence G(x) normalizes Aj as well, and therefore 
also fixes <fij . As this holds for all j = 1, . . . , i, the first statement of the lemma follows. 

The second part of the lemma follows from the first, if we take X = & and M = A{. □ 



Proposition 10.24. For every i = 0, 1, . . . , n, we have 

G(iPi) = Gityi) = Gity) and G{^)N = G(ifi). (10.25) 
Hence G(¥) = G(V) = Q(ifi) and G{^)N = G(ip). 



Proof. As Q = G n and = ip n , it suffices to prove (|1U.25|) . For this proof we will use induction on 
i. As Go = G and tfio = tfi, the equations in ()10.25|) hold trivially for i = 0. Suppose ()10.25|) is true 
for all i = 0, . . . , t — 1, where t = 1, . . . , n. We will show it holds for i = t. 

By (|!U.22b ). both groups At and Nt-\ are normal subgroups of Gt-i- Furthermore, (fit € Irr(ylj) 
is a linear extension of 4>t-i £ Irr(.At_i) and lies under ifit-x- hi addition, ifit E Irr(A^) is the (/it- 
Clifford correspondent of ipt—i £ I rr (-^t-i)- Hence 

Gt-i(^t) = G t -i(^-i,0t). (10.26) 

As Gt is the subgroup Gt-\{(fit) of Gt-i, both sides of this equation are equal to 

G t (Vt-i) = G t (Vt). (10.27) 

Furthermore, any element of Gt—\ that fixes tfit-i permutes among themselves the Nt—\ -conjugates 
of (fit, as A t is normal in G%-\. We conclude that Gt-\{ifit-\) = Gt-i{ifit-i-,4>t)^t~i- This, along 
with (|1U.26|) . implies 



Gt-i(Vt-i) = G t -i(ipt-i, <h)N t -i = G t ^t)N t -i. (10.28) 



Hence 



Gtfofc) = G t (^-i) by 111 

= G t -i{(fit,ipt-i) as G 4 = G t -x((fit) 

= Gt-i(4>t, VO by induction for i = i — 1 

Lemma TlO. 231 implies that G(ipt) = Gt(ifit), as V'tUt is a multiple of We conclude that 

Gttyt) = G t (il>) = G(ifi t ). (10.29) 
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Hence the first part of ()10.25j) follows for the inductive step. For the second part we get 



G(tp) = GOt-OiV by induction for i = t - 1 

= Gwcvt-i, by mrm 

= G t (^_!)iV as G t = G t ^(<p t ) 

= G t (4> t )N by mm 

= G(ik)N by (tTIM 

This completes the inductive proof of ()10.25|) for i = t. Hence Proposition I1U.2H follows. □ 

Corollary 10.30. The inclusion G{^>) — > G(ip) induces an isomorphism of Q{^)/M onto G{ip)/N , 
where s maps to sN , for any s E G(^)/N. 

Proof. Obvious, as Q(W)N = G(W)N = G(ip), while g(V) (IN = Q (1 N = M. □ 

Corollary 10.31. The character ^ E Irr(TV) is Q-invariant. Furthermore, ^> is zero on N — A, 
and it is a multiple of <3? on A. Hence 

G = G{^>) = G(ip) = G(V). 

Proof. According to (jlU.21j) . we have G = G/K,N = Af/K and A = A/K, where K = Ker($). 
Furthermore, \1/ is the unique character of the factor group M jK that inflates to ^ E Irr(.4,). But 
as iV is a p-group, Corollary I1U.1UI implies that the character \1/ E Irr(N) is G- invariant. Hence \E r is 
(/-invariant. The same corollary implies that \1/ E Irr(N) vanishes outside A and is a multiple of <I> 
on A. Thus a similar property holds for its unique inflation ^ E Irr(AA). The rest of the corollary 
follows easily from Proposition 110.241 □ 

The next result follows immediately from the above two corollaries. 

Corollary 10.32. The isosmorphism of G{ip)/N onto G(^)/N in Corollary Mil. 3 "(A composed with 
the natural isomorphism of GIN = G{^)/N onto G/N, provides an isomorphism j from G(ip)/N 
onto the factor group G/N. So any coset t E G(ip)/N gets mapped under j, to the image of the 
coset (t H G{^))/N under the natural isomorphism of G/N onto G/N. 

Proposition 10.33. The factor group N/A is an anisotropic symplectic 7L V (G/N) -module, which 
may be 0, with respect to the bilinear G -invariant form defined, as in (|10.2()|) . by 

< xA, yA >= $([x, y]) E C p = Z+, (10.34) 

for any x,y E N. Here the G/N-action is induced by conjugation in G. 

Proof. As N is a p- group, Lemmas 110.91 and I1U.10I imply that either N = A or N is the central 
product N = E Z(N) = E A, of a non-trivial extra special p-group E of exponent p, and 
A = Z(N) which is central in G. Furthermore, 3? E Irr(A) is a faithful linear character of A. 
In both cases, the factor group N/A, becomes a symplectic Z p (G)-module, where G acts on N/A 
by conjugation, and the symplectic form is defined via commutation in N, (see H10.20|) and the 
paragraph that follows it). In addition, Lemma 1 1 . 91 implies that A is maximal among the abelian 



188 



subgroups of N which are normal in G. Hence N/A is an anisotropic symplectic Z p (G)-module, 
which may be 0. 

Clearly N centralizes the factor group N/A, as [N, N] < A. Hence the action of G on N/A 
induces one of G/N on that symplectic group. So Proposition 110.33"! follows. □ 

Proposition 110.331 along with the isomorphism j defined in Corollary 110.321 implies 

Corollary 10.35. The factor group N/A is an anisotropic symplectic r L v {G{ip)/N)-module, with 
respect to the bilinear form defined in ()10.34|) . Here the G(ip)/N -action is defined as through the 
isomorphism j, defined in Corollary 1 10.321 as 

(xA) s = x j(s) A € N/A 

for all x G N and s G G(ip)/N. 

Corollary 10.36. The factor group N/A is an anisotropic symplectic 7* P (G /N) -module, that may 
be 0, with respect to the bilinear form defined by 

< sA, tA >= *([«, t\) £ C p = Z+, (10.37) 

for any s,t G N. Here the Q / N -action is induced by conjugation in Q. Hence with respect to the 
same form, N/A is an anisotropic symplectic 7 lp (G(ip)/N)-module, where the action of G(i{j)/N = 
g(m)/N = G/N is defined by 

(sA) tN = (s T )A G N/A, 

for any s,t G N and r G Q. 

Proof. Let K = Ker($). Then, as we have already seen, 

N/A (N/K)/(A/K) = N/A, (10.38) 

where the isomorphism is (/-invariant. Furthermore, $ is the unique character of the factor group 
A/K = A that inflates to $ G Irr(.A). Hence, under the isomorphism in p0.38jl . Proposition 110. 3Tfl 
implies that N/A is an anisotropic symplectic Z p (t//A/")-module, with respect to the bilinear form 
that (|10.34|) determines. (Note that this bilinear form translates to (|10.37J1 .) Furthermore, Q acts 
on N/A by conjugation, while N centralizes it. But Q = Q(^f) = G(^f), by Corollary 110.311 while 
Corollary 110.301 implies that G(ip)/N is naturally isomorphic to G(^>)/N = G/N. Hence N/A 
becomes an anisotropic G(ip)/N- module. This completes the proof of the corollary. □ 

Proposition 10.39. If N is a p- group, then ^ is a CG(ip)- stabilizer limit of ip as this is defined 
in 0/, that is, * G SL(t/j\CG{-ifj)). 

Proof. According to (|10,22b ). for every i = 1, ... ,n, we have a normal subgroup A{ of Gj_i con- 
tained in Ni—i, and a linear character G Irr(Aj) lying under ipi-i G Irr(iVj_i). Furthermore, 
ipi G Irr(iVi) is the ^-Clifford correspondent of tpi-i. As the ordered triple (Gi-i^i-i), Ni-i, ipi-{) 
is a member of the family defined in (2.1) of [3], while Ai is a normal subgroup of Gj_i( , 0i-i), we 
conclude that ipi is an element of the set DCC(V>i-i|CGi_i(^>i_i)) defined in (2.2) of |Sj. Accord- 
ing to Proposition 110.241 we have G^-i^-i) = G(^i-i). Hence we get a sequence of characters 
ip = ipo, ipi, . . . ,ip n = ip, such that 

if>i GDCC(^_i|CG(Vi-i)), 
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for alH = 1,. . . ,n. Hence lies in the set CC(ip\CG(ip)), (see (2.3) in 0). 

According to the definition of stabilizer limits, in (2.16) of 0, we can complete the proof of the 
proposition by showing that G Irr(AA) is the only member of DCC( X I / |CG( X I')). By (2.14) and 
(2.15) in 3 , it suffices to show that whenever M is a normal subgroup of G(^f) contained in J\f, 
the restriction *$>\m is a multiple of of a single irreducible character. Suppose such an M < J\f is 
fixed. Let 9 G Irr(M) be an irreducible character of M that lies under \& . It is enough to show that 
9 is (j'(^')-invariant. We know from Corollary 110.311 that G{%) = G(^>) = Q. So it suffices to show 

that g{6) = g. 

lies above the (/-invariant linear character <3> G Irr(^4). Hence we can replace M with M ■ A 
and 9 G Irr(M) with 9 • <3? G Irr(M^4) (where (9 • $)(ma) = 9(m)&(a), for all m G M and a <E A). 
This way Q{9) = Q{9 ■ <&) remains the same. So we may assume that A < M < M, and that 9 lies 
above <E>. Then M/A is a Z p (^/A/")-submodule of M/A. But the latter is an anisotropic 7L V (Q /M) 
module by Corollarv llO.361 Hence its symplectic form <, > (see (|10.37j) ). restricts to a non-singular 
bilinear alternating form on {M/A) x (M/A). It follows that 9 is zero on M — A and a multiple of 
<I> on A. Therefore Q(9) = Q, and the proposition follows. □ 

According to (2.12) in [3], we may define another triple, denoted by (G(tp){^}* , iV{\I/}*, ^*), 
using the CG(V')-stabilizer limit of ip. The star groups are defined in (2.12) of [3], as the factor 
groups we get when we divide the triple (G(^){^}, N{^f},^f) by Ker(^). So Vl/* in jSj denotes 
the unique character Vlz/Ker^) from which ^ is inflated. Note also that X{9} denotes in [3] the 
stabilizer X(9) of 9 in X, for any group X and any irreducible character 9 of any subgroup of X. 
In our case, where N is a p-group, the kernel Ker^) of \& coincides with K = Ker(<I>), by Corollary 
110.311 Furthermore, the same corollary implies that G(tfj){^>} = G(ifj)(*$>) = G(^>) = Q. Of course 
N{^} = N(V) = G{fy) PiN = <3r\N = J\f. Hence the star triple (G(ip){^}*, N{^}*, #*) in 0, is 
what we write as (G,N, *) (see (110.211) ). 

Even more, according to (2.13a) in [3] the stabilizer limit ^ of tp defines a natural isomor- 
phism denoted by from G(ip)/N to G(ip, ^)*/N(^f)* = G/N. Observe that this is exactly the 
isomorphism j defined in Corollary 110.321 Having explained this, we can now prove 

Theorem 10.40. Let A G ESL(ip\CG(ip)) be a CG (if))- elementary stabilizer limit of ip, with 
K = Ker(A) and JV(A)* = N(A)/K . Then N(A)*/Z(N (A)*) is isomorphic to N/A as symplectic 
Z p (G(ip)/N) -modules. 

Proof. We are going to apply Theorem 8.4 in [3], for the triple (G(ip), N, ip) here in the place 
of (G, N, ip) there, the CG(V')-elementary stabilizer limit A of ip here, in the place of the CG- 
elementary stabilizer limit <p> of ip there, and the CG(V')-stabilizer limit of ip here, in the place 
of 9 there. (Note that the hypotheses (7.1) and (7.2a) in |3j are satisfied.) Observe also that A is 
an irreducible character of N(A), by (2.4c) in as A G CC(ip\CG(ip)). Hence Theorem 8.4 gives 
us a monomorphism fi of the group G(V>){A}* = G(ip, A)/Kq into the group G(ip){^}* = G that 
satisfies the equivalent of (6.1) in [3j. Furthermore, the relations (8.5)in [3j tell us that 

G = A^(G(^,A)*) = AfM(G(ip,A)/K ) and N = A fi(N(A)*) = A fi(N(X)/K ). (10.41) 

(Note that in our case Z(N{*S>}*) = Z(N) = A.) Furthermore, fi satisfies (6.1), and, in particular, 
(6.1a), of 3 . Hence the triple (^(G(^,A)*),//(iV(A)*),/i(A*)) is a restrictor of (G,N,¥), in the 
sense of (5.1) in [5]. (Where the irreducible character A* is the unique character of the factor group 
N(A)* = N(A)/K from which A G Irr(A^(A)) is inflated, and fJ,(A*) G Irr(/u(iV(A)*)) is the unique 
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character of //(iV(A)*) whose composition with /j, is A*.) Therefore (5.1) of [3] implies 

/i(iV(A)*) = NnMG(V,A)*) and M (A*) = *U(jv(A)*)- (10-42) 

Hence restricts to an isomorphism 

N{A)/K = N{A)* ^ n(N(A)*) = N n fji(G(ip, A)*) (10.43) 

that sends the irreducible character A* G Irr(A r (A)*) to the restriction of \I/ to fi(N(A)*). Even 
more, in view of (|lU.41j) we have A n (i(N(A)*) = Z(p,(N(A)*)), and thus 

N/A - M (JV(A)*)/(A n /x(iV(A)*)) = M (JV(A)*)/Z0*(JV(A)*)). 

According to 1)10.43(1 . the group A r (A)* = N(A)/Kq is isomorphic to n(N(A)*). Hence the inverse 
image under \x of z[fi(N(A)*)) = A n /i(JV(A)*) in AT(A)* is the center Z(iV(A)*). Furthermore, 

Ar(A)*/Z(AT(A)*) 9* / u(iV(A)*)/Z(/i(JV(A)*)) ^ N/A. (10.44) 

Let i be the above isomorphism that sends the factor group N(A)* /Z(N(A)*) onto N/A. (Of course 
i is induced by the restriction of fi to N(A)* .) As we have seen (at 1)10.42(1 ). the character A* maps, 
under fj,, to the restriction of \l/ to //(iV(A)*). Hence A* has a structure similar to that of ie., 
A* G Irr(A r (A)*) lies above the unique linear character A* of Z(N(A)*) that is carried, under /x, to 
the restriction of 3> to A n fi(N(A)*) = Z(/j,(N(A)*)). There is a natural alternating bilinear form 
on N(A)*/Z(N(A)*) x N(A)* /Z(N(A)*) defined by 

< x Z(N(A)*), y Z(N(A)*) >= A*([x, y\) = *fl/x(a;), /%)]) G Z p , (10.45) 

for all x, y G A r (A)*. The isomorphism i carries this bilinear form onto the form <, > of N/A x N/A, 
defined in ((10.34(1 . Hence N (A)* / Z (N (A)*) is a symplectic group isomorphic to the symplectic 
group N/A. 

In view of ((10.411) and ()10.42() . we get a natural isomorphism between the groups G/N and 
fi(G(i{j, A)*)//i(iV(A)*). This, composed with provides an isomorphism //* of G(t^,A)*/N(A)* 
onto G/N. The group G(tp,A)*/N(A)* acts on N(A)* /Z(N(A)*) via conjugation in G(ip,A)*, and 
leaves the form ()10.45() invariant. As [i preserves conjugation, and induces the isomorphism i, it 
follows that /j,* and i send the action of G(ip, A)*/JV(A)* on AT (A) */Z(N(A)*) to the action of G/N 
on N/A in the sense that 

i(x 5 ) = i(x)^* (5) GN/A, (10.46) 
for all x G AT(A)*/Z(Ar(A)*) and s G G(iff,A)*/N{A)*. 

The group G(ip)/N is naturally isomorphic to the factor group G(ip,A)*/N(A)*, via the iso- 
morphism -/A in (2.13a) of Any coset 7 G G(ip)/N gets mapped under -/A, to the image 7/A 
of the coset 7 n G(^>, A)inG(ip, A) /AT (A) under the natural epimorphism of Cr(y>, A) onto G(V>, A)*. 
We use this isomorphism to make the symplectic Z p (G(ijj, A)*/A r (A)*)-module N(A)* /Z(N(A)*) 
into a symplectic Zp(Gr(^>)/./V)-module. As we have already seen in Corollary 110. 35( we may turn 
the Z p (G/N)-module N/A into a Z p (G(V')/A^)-module, using the isomorphism j of Corollary 110.321 
But j is the natural isomorphism -/iff, as this is defined in (2.13a) of[3I • According to (6.1b) in [3], 
the isomorphism -/A is the composition of = j with fi*. We conclude that i is an isomorphism 
of N(A)*/Z(N(A)*) onto N/A as symplectic Z p (G(V>)/A^)-modules. So Theorem gEOl follows. □ 
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Theorem 110.191 is now an easy corollary of Theorem I1U.4UI as 



N/A ^ N(A)*/Z(N(A)*) ^ N'/A', 

as symplectic G(V')/-/V-modules. 

We conclude this section with a characterization of any faithful linear limit (G, A, $,N, of 
(G, A, (j), N, ip) when A" is nearly extra special. 

Proposition 10.47. Assume that (G, A, (p, N, ip) is a linear quintuple with N a p-group, such 
that A = Z(N) is cyclic and central in G. Assume further that A is maximal among the abelian 
characteristic subgroups of N, while <p is a faithful linear character of A. Then V = N/A is a 
symplectic Z p (G/N)-space with the symplectic form < wA,yA >= <p([w,y\), for any w,y € N. If 
(G, A, <&,N, is a faithful linear limit of (G,A,cp,N,tp), then N/A is isomorphic as a symplectic 
Z P (G/N) -module to W^/W, where W is a maximal G / N -invariant totally isotropic subspace of 
V , and W 1 - is the perpendicular subspace to W with respect to the above bilinear form. 

Proof. As A = Z(N) is maximal characteristic abelian subgroup of N, we conclude that N is the 
central product of A with an extra special p-group of exponent p. Hence the factor group V = N/A 
is a Z p (G)-module and thus a Z p (G/A") module (see the discussion after Theorem 110. 19j) . Note 
also that ip is the unique character of N that lies above <p, and thus is G-invariant as <p is. 

Let W be maximal among the G/AMnvariant totally isotropic subspaces of V. If X is the 
inverse image of W in N, then X is an abelian normal subgroup of N that contains A = Z{N). 
(Note that X could be A.) Then (j) £ Lin^) extends to a linear character A of X. In addition, 
the stabilizer X' of A in is the inverse image in A^ of W- 1 -, while X' /X is naturally isomorphic 
to the factor symplectic space W /W. Furthermore, if £ Irr(X') is the A-Clifford correspon- 
dent of ip, then the quintuple (G(X), X, X, X' ,tp\) is a linear reduction of (G, A,<j), N,ip). Now, 
G = G(A) ■ N as G fixes the unique character ip of N that lies above A. As W is a maximal 
GyA-invariant totally isotropic subspace of V, we conclude that (G(X), X, A, X' , ip\) is a linear 
limit of (G,A,(p,N,ip). (Or else, A would be extended to an abelian normal subgroup B of G{X) 
contained in N(X). Thus the image of B in V would be a G(A)-invariant, and thus G-invariant, 
totally isotropic subspace of V, contradicting the maximality of W .) Hence, if K = Ker(A), then 
(G(X)/K, X/K, X/K, X'/K, if>\/K) is a faithful linear limit of (G, A, 0, N, ip). But (X'/K)/{X/K) 
is isomorphic to X'/X (see (jl0.38(l ). and this isomorphism is G(A)-, and thus G-, invariant. We 
conclude that, for the faithful linear limit (G(X)/K, X/K, X/K, X'/K, ip\/K) of (G, A, 0, N, ip), 
the proposition holds, that is, (X'/K) /(X/K) is isomorphic to W ± /W for some maximal G/N- 
invariant totally isotropic subspace of N/A. 

According to Theorem ll0.19l if (G, A, N, is another faithful linear limit of (G, A, <p, N, ip), 
then N/A is isomorphic to (X' /K)/(X/K), and this isomorphism is invariant under G(ip)/N = 
G/N. This completes the proof of Proposition 110.471 □ 
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10.3 Linear limits, character towers and triangular sets 

Assume that we have the same situation as in Chapter That is, we have a fixed normal series 

1 = Go < Gx < • • • < G n = G, (10.48a) 
of G that satisfies Hypothesis 15.11 We also fix a character tower 

{l = Xo,Xl,---,Xn} (10.48b) 
for that series, along with a representative of its corresponding conjugacy class of triangular sets 

{Qai-l, P2r\p2i-l,CX2r}'i=l'r=0- (10.48c) 

Along with the above system we fix a Hall system {A,B} of G that satisfies (j9.2|) . that is, 

A G Hall 7r (G), B G HahV(G), (10.48d) 
A(xi,X2,- • -,Xh) and B(xi,X2,-- • ,Xh) form a Hall system for G(xi,X2, • • -,Xh), (10.48e) 
A(xi,X2, • • • ,Xn) = Pw and B (Xl,X2, ■ ■ ■ ,Xn) = Qw-i, (10.48f) 

for all h = 1, . . . , n. The way the above character tower, its triangular set, and the Hall system 
change, if we take a linear limit with respect to a subgroup Gi of G, is in general arbitrary. In some 
special cases we can control these changes, as we will see in the next two subsections. The basic 
results were already proved in Chapter |5J Here we will apply them multiple times and translate 
them into the language of "linear limits". 

For the rest of the chapter, we fix an integer m = 1, ... ,n. Whenever necessary we consider 
the smaller system 

1 = G < G\ < • • • < G m < G, 

{1 = Xo,Xi,---,Xm}, (10.49) 

{Q2i-1 ,P2r | @2i-l ) a 2r }'Li r=0 , 

where the integers k, I are related to m via l|5.7|) . Of course, as always, along with the above system 
the groups Q(P2k-i,2k) and P (0121-2,21-1) are uniquely defined, up to conjugation, via Theorem l8.13l 
and Theorem 18.151 respectively. 

We first work, as in Chapter inside a 7r'-group. 

10.3.1 "A^y'-invariant linear reductions 

Assume that the normal series (|10.48aj) . its character tower ()10.48b|) . the triangular set ()10.48c|) 
and the Hall system ()10.48d|) are fixed. In addition, we assume that S is a subgroup of G satisfying 

S < G with S < Qx, and (10.50a) 
C G Lin(5') is G-invariant and lies under f3\. (10.50b) 

Note that ()10.50b .b) are the conditions in (|9.5|) . Furthermore, the quintuple (G, S, (, Qi, Pi) is a 
linear one. 
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Let E be a normal subgroup of G with S < E < Qi, and Ai € Lin(P) be a linear character of 
E lying above C, and under So Ai is an extension of £ to P. Then we can use all the results of 
the first section of Chapter We also use the same notation as that introduced in Section f9. II In 
particular, Remark 19 . 71 implies that some Gi-conjugate A € lri(E) of Ai is A(xi) = A(/3i)-invariant 
and extends (. So the quintuple (G\, E, A, Qi,x, Pi.x) is a linear reduction of (G, S, £, Qi, Pi)- We 
call it an " A(/3i)" ' -invariant linear reduction, as A was picked, among its Gi-conjugates, to be 
A(/?i)-invariant. We saw in ()9.15|) that the series 1 = G^a G^a ^ ' " ' ^ G ni \ = G\, formed by the 
stabilizers of A in the various subgroups Gi of G, is a normal series of G\. Along with that series of 
groups, we get the tower of characters {xi,x G G^\\™ =Q , where Xi,x 1S the A-Clifford correspondent of 
Xi (see (|9.17a|l ). As in Section l9~T| we add a subscript A to any object such as Pin Q2i-l,c*2r, P21-1 
etc, to indicate the corresponding object for the A-situation. We pick the groups {P2r,x,Q2i-i,x}, 
for all r = 1, . . . , k and all i = 1, . . . , I, to satisfy the conditions in Proposition 19.221 In particular, 
we get P 2r = P 2rA by (|9.24a|) . while Q* 2i _ x = Q^-i.A °y <|9.24bj) . whenever r = l,...,k' and 
i = 1, . . . , I', respectively. Then the triangular set 

{Q2i-l,X, P2r,x\P2i-l,X, O12t,x}\Li^=0 

satisfies the conditions in Theorem 19.261 In addition, the A-Hall system {Aa,Ba} for G\ can be 
chosen to satisfy the conditions in Theorem 19.461 In particular Q9.47JI implies 

A a (xi,a) = A(xi). (10.51) 



Also for the fixed smaller system 111). 491 all the conclusions of Theorems 19.481 and I9.5UI hold. 
Hence the groups Q(p 2 k-l,2k) an d P(&2l-l,2l-l) an d their A-correspondents can be chosen to satisfy 
the conditions in Theorems 18.131 and 18. 151 respectively, along with Q9.49JI and Q9.51JI . Thus 

Q(/32fc-i, 2 fc)(A) = Qx((3 2 k-i,2k,x), (10.52a) 

P(a 2 i-2,2i-i) = Px(a 2 i-2,2i-i,x), (10.52b) 

<2(A) > Q\ (10.52c) 

V = V x , (10.52d) 

where the groups Q and V are defined as in l|9.4j) . Also (|9.4c|) . along with ()1U.51|) . implies 

P(aa-2,a-i) < V < A( X i) = A A ( Xl>A ). (10.52e) 

Furthermore, Corollary 19.541 implies that the image I of Q(/?2fc-i,2fc) 111 Aut(P 2fe ) equals the im- 
age h of Q\(/hk-i,2k,\) in Aut(J£ fc)A ) = Aut(P 2 * fc ). Similarly, the images of P(a 2 i-2,2i-i) and 
Px(at2l-2,2l-l,x) in ^ ut (Q 2 i-i,x) coincide, by Corollary [9^561 

The following observation turns out to be very important for the ultimate proof of Main Theorem 
1. We define the group U as 

U := Q* 2l _ t x J, (10.53) 

where J is the image of P(o!2i-2,2/-l) in Aut(Q 2 i-i)j as this was defined in (|9.1()6|h (Clearly the 
group U depends on the smaller system (|1U.49|I and thus on m). We observe that the quintuple 
(U,S,C,Q2i_i,P2i-i) i s a hnear one. The "A (Pi)" -invariant linear reduction (G\, E, A, Qi,a, Pi,x) 
of (G, S, C, Qi, Pi) determines naturally the linear reduction (U(X),E, A, Q^-i A' $k-i x) °f the 
quintuple (U, S, (, Q^-D @2i~i)- Note that U(X) = Q21-1 x x ^1 as Q21-IX = Q21-1W an d A is 
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A(ft) > P(a2i-2,2Z-i)-i nv ariant. We call such a reduction a G '-associate linear reduction of 
(U, S, C, Q21-I1 /?2J— l)' as ^ ne -^-g rou P we are choosing for this reduction is not only normal in f7, as 
it is the common case in linear reductions, but it is normal in G. We remark here that the group 
U is isomorphic to a section of G. 

Assume now that there exists another pair (E' , A^), where E' is a subgroup of Qi t \, normal in 
G\, such that S < E < E' < Qi t \, and A' x is a linear character of E' that extends A and lies under 
ft A. Then, by Remark 19.71 we can replace X[ with one of its Qi,A-conjugates A', that is Aa(xi,a) _ 
invariant and also lies under ft^. By ()1U.51|) the above character is A(ft) = A(xi) = Aa(xi,a)- 
invariant. So we can repeat the same process and consider an "A (ft)" -invariant linear reduction 
(Gx',E',X',Qi ) x,\',Pi > x,X') of the "A (ft) "-linear reduction (G\, E, A, Q 1>x , ft,>). That is, we apply 
again the methods of Section l9~Tl but this time for the normal series 1 = GQ t \<Gi t x<- ■ -<!G n> A = G\, 
the normal subgroup E of G\ in the place of S, and the GA-invariant character A in the place of 
£. Clearly E' satisfies (j9.5c|) . So Proposition 19.221 Theorems 19.261 19.481 and I9.5UI along with their 
Corollaries 19.541 and 19.561 can be applied. We conclude that 

P2k,A,\> = PSk,X = P2k, (10.54a) 
Q*2i-i,x,x> = Q»-i,a(A') = Q5j_i(A, A'), (10.54b) 

We also have a Hall system {A^y,By} for Gx,x' that satisfies the conditions Theorem 19.461 and 
is derived from {Aa,Ba}. For any fixed m = 1, ... ,n, the groups Qx,x' and Pa, A' can be chosen 
with respect to the above Hall system. Hence they satisfy 

QA,A'(/5 2 fc-l,2M,A',A) = Q(ftfc-l,2fc)(A, A'), (10.54c) 
-Pa,A'( q 2/-2,2«-1,A,A',a) = ^ > A(«2i-2,2i-l,A,A) = P(<*2l-2,2l-l), (10.54d) 

Sa,a'<S(A,A'), (10.54e) 
V x ,x> = V. (10.54f) 

Hence (|10.54d|l and repeated applications of (|9.4c() and (|9.47fa ) imply 

P (0121-2,21-1) is a subgroup of A(ft) = A(xi) = A a (xi,a) = A Aj a'(Xi,a')- (10.54g) 
Furthermore, (|l(J.54a|) implies that Aut(P 2 * fc A A ,) = Aut(P| fc ). Thus Corollary 19.541 implies 

I = h = the image of Qx,X'(02k-l,2k,\,\') in ^tiP^^y), (10.54h) 
where I is the image of Q(ftfc-i,2fc) m Aut(P 2fc ) and I\ that of QA(ftfc-l,2fc,A) m Aut(P 2fc A ). Also 

The subgroups Pa,a'( q 2/-2,2Z-i,a,a') and P (0121-2,21-1) have the same images in 

Aut(Q*,_ liA v)>Aut(Q* A ) and Aut(Q*,_i). (10.54i) 



As far as the quintuple (U(X), E, A, Q^-i a>^2Z-i a) ^ s concerned, we clearly have that one of 
its Cr\-associate linear reductions is the quintuple (U (A, X'),E', A', Q^-i A A" P21-1 A A') - Further- 
more, the group P {0121-2,21-1) fixes A, as it is a subgroup of A(xi), by (|ll).54t i). It also fixes A', 
as P (0121-2,21-1) is a subgroup of Aa(xi,a)j by (|10.54h ). Hence the image J of P (0121-2,21-1) m 
Aut(Q*;_ 1 ), fixes A, A'. Thus J < U(X,X'). Even more, Q* 2l _ ixx , = Ql^X, X'), by (|10.54bl) . We 
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conclude that 

U(\,\') = Q* 2l „ lxy xJ. 
We can continue this process until we reach a linear limit 

(1(G), l(S), 1(C), Z(Qi), l((3i)) € LL(G, S, C, Quft) (10.55) 

of (G, S, £, Qi,(3\). As this was done in a very specific way, at every linear reduction we were using 
a character that is invariant, under A((3i), we call any such limit an " A(/?i)" -invariant linear limit 
of (G, S, C, Qi, Pi)- The fact that we only consider "A (Pi)" -invariant linear characters in every 
linear reduction does not restrict our options in the possible linear reduction we can perform, as, 
according to Remark 19 .71 we can always replace any given linear character with one of its conjugates 
that is "A(/?i)"-invariant. 

Of course, along with the limit group 1(G), we reach a limit normal series of 1(G) 

1 = /(G ) < l(Gi) < l(G 2 ) <■■■< l(G n ) = 1(G), (10.56) 

where l(G { ) = Gin 1(G). 

Along with the series (|10.56|) we get a limit character tower 

{l( Xi ) € Irr(Z(G,))}? = o, (10.57a) 

where l(xo) = 1 an d 

l(Xi) £ LL(xi) is a linear limit of Xii (10.57b) 
for alii = 1, . . . , n. We also write 

{/(Q 2i _i),/(P 2r )|/(/3 2i _i),/(a 2r )}2' r=0 (10-58) 

for a representative of the unique /(G)-conjugacy class of triangular sets of ()10.56|) that corresponds 
to the character tower (jl0.57a|) . and is derived from the original triangular set ()10.48cj) following 
the rules in Theorem 19 .261 In addition we write {1(A), /(B)} for a Hall system of 1(G) that satisfies 
(|8.4I) for the limit case. 

Of course, the above system restricts to the smaller 

1 = l(G )<l(Gi) < l(G 2 ) <■■■< l(G m ) < 1(G), 

{l( Xi ) G IrT(l(Gi))}T =0 , (10.59) 

{l(Q2i-l)AP2r)J(Po)\l(p2i-l)J(a 2 r)}^l,r=0- 

We also write /(-P^jfc) f° r the product group l(Po) • /(-P2) • • 'l(P2k)> an d KQ21-1) t° r the product 
l(Qi) ■ ■ ■l(Q 2 i-i)- Similarly, working for a fixed m and looking at the smaller system (|10.59|) . we 
denote by l(Q) the analogue of Q in this limit case, and by l(P) the analogue of P, i.e., l(Q) and 
l(P), satisfy Theorems 16. 191 and 18. 1\ respectively, for the limit case. 

Using this notation we can easily see that results similar to (|10.54[) hold. In particular, 

Theorem 10.60. Assume that the normal series, the character tower and the triangular set in 
(jl0.48fl satisfy the conditions (|10.50j) . Assume further that (|l().55j) is an "A(/5i)" -invariant linear 
limit of (G, S,C,Qi, Pi), and ()10.57a|) a character tower that arises as a linear limit of (|10.48b|) 
(see ()10.57b|) ), Then the triangular set (|10.58|) . that corresponds to the tower (|10.57a|) . can be 
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chosen to satisfy 

KPk) = Pk- (10.61a) 

Furthermore, a Hall system {I (A), 1(H)} of 1(G) can be derived from {A,B}, so that at every 
linear reduction the conditions in Theorem \9.46\ hold. Then, for any m = l,...,n, the groups 
l(Q)(l(02k-i,2k)) and l(P)(l(a 2 i- 2 ,2l-i)) , for the smaller system (jlU.59|) . can be chosen in associa- 
tion to /(B) and 1(A) respectively. Therefore we have 

l(P)(l(a 2 i- 2 ,2i-i)) = P(a 2 i-2,2l-i), (10.61b) 
l(V)=V, (10.61c) 
1(1) = I, (10.61d) 

where 1(1) is the image of l(Q)(l(P2k-i,2k)) in Aut(/(P 2 * fc )). 

Proof. Follows immediately by repeated applications of Proposition ^. 22l Theorems l9.26ll9.46U9.45l 
I9.50l and Corollaries 19 . 541 and 19 . 56| at every "A (/?i)" -invariant linear reduction that we perform. □ 

Remark 10.62. The fact l(P£ k ) = P^ implies that the groups Q((3 2 k-i,2k) and l(Q)(l((3 2 k-i,2k)) 
have the same image, that is /, in the automorphism group A\it(P2* k ) = Aut(Z(P2 fc )). 

Similarly, 

Remark 10.63. The equation l(P)(l(a.2i-2,2i-i)) = P((*2i- 2) 2i-i) implies that both these groups 
have the same images in the automorphism groups Aut((52j_i) and Aut(/(Q2;-i))- 

Along with the limit (|1U.55|) . we reach the quintuple 

(l(U)J(S)J(()AQli-i)M-i)), (10-64) 

This is a multiple linear reduction, but not necessarily a linear limit, of (U, S, £, Q 2 i~n P 2 i-i)^ as 
we could possibly reduce it further using a normal subgroup of l(T), that is not normal in 1(G), 
and a linear extension of l(Q to that normal subgroup. We call (l(U),l(S),l((),l(Q2i_ 1 ),l(P2i_ 1 )) 
a G-associate limit of (U, S, (, Q 2i _ 1 , 2 i-i)- Note that l(U) is isomorphic to a section of 1(G) . We 
clearly have 

Remark 10.65. The G-associate linear limit (l(U),l(S),l(Q,l(Ql l _ 1 ),l(f32i_ 1 )) of the quintuple 
(U, S, C, Q21-1, P21-1) satisfies 

KQ21-1) = KG) n Q21-1, (10.66a) 
l(U) = HCfa-i) * J- (10.66b) 

Repeated applications of Theorems 19.591 and I9.6UI at every "A (/?i)" -linear reduction that we 
perform, imply 

Theorem 10.67. // /?2fc-i,2fc extends to Q(f3 2 k-i,2k)> then the character l(f3 2 k-i,2k) also extends to 
l(Q)(l(fl2k-i,2k))- Similarly, if a 2 i-2,2i-i extends to P(a 2 i-2,2i-i), then /(a 2 /-2,2i-i) also extends 
to l(P)(l(a 2 i- 2 ,2l-l))- 

Now let K be the kernel of the limit character /(C)- As we have seen in the previous section 
(see (|10.3[) '). we can form a faithful linear limit 

(fl(G), fl(S), fl(Q, fl(Qi), fl(Pi)) = (1(G) I K, l(S)/K, 1(C) /K, l(Q x )/K, l(Pt)/K) 



197 



of the linear quintuple (G, S, £, Q\, f3\). We call such a limit an " A(/3i)" -invariant faithful linear 
limit , as it is obtained from an 'A. -invariant linear limit. Along with that we have a normal 
series of fl(G) 

= //(Go) < /*(Gi) < fl(G 2 ) <■■■< fl(G n ) = fl(G), (10.68a) 

where fl(Gi) = l(Gi)/K, for all i = 1, . . . , n. Along with the series (|10.68aj) we get a character 
tower 

{fl( Xl ) € Irr(//(Gi))}™ =0 (10.68b) 

where fl(xi) is the unique character of fl(Gi) = l(Gi)/K that inflates to l(xi) G Irr(/(Gj)), for 
each i = 1, . . . , n. Let fl(xo) = 1) then 

fl(Xi) G FLL(xi) is a faithful linear limit of Xi (10.68c) 

for alH = 0, 1, . . . , n. Let 

{/i(Qai-i),/K^)l/i(^-i),/K«ar)}t fc i' P =o (10-68d) 

be the representative of the unique //(G)-conjugate class of triangular sets that corresponds to 
(|10.68bj) . that is derived from the set (|10.58j) . 

The fact that the quintuple (1(G), l(S), 1(C), l(Qi), KM) is a linear one implies that the group 
l(S) and its irreducible character 1(C) satisfy (|9.5jl . Thus we can apply the results of Section 1931 
In particular, Theorem 19. 1221 implies that the set (|10.68d|) satisfies 

fKQx-i) = (l(Q 2l ~i)K)/K, (10.69a) 
fl(P 2r ) = (l(P 2r )K)/K * l(P 2r ). (10.69b) 

whenever 1 < i < I 1 and 1 < r < k' . Hence 

fKQll-i) = (l(Q* 2l -i)K)/K, (10.69c) 
fl(P 2 \) = (l(P 2 \)K)/K - l(P* k ). (10.69d) 

Even more, we can pick a Hall system {/7(A), //(B)} of fl(G) to satisfy the conditions in Theorem 
IM i.e.. 

fl(A) = (l(A)K)/K ^ 1(A) and //(B) = (l(B)K)/K. (10.70) 
For every fixed m = 1, . . . , n, the smaller limit system (|10.59|) provides the faithful limit system 

= //(Go) < fl(G{) < fl(G 2 ) <■■■< fl(G m ) < fl(G), (10.71a) 
{fl(Xi) G lTr(fl(Gi))}T =0 (10.71b) 
{fl(Q^i)J^P2r)\fl((3^i),fl(a 2r )} l ^r=o (10.71c) 

where its triangular set (|10.71fc ) satisfies ()10.69j) . Even more, having fixed the Hall system 
{//(A), //(B)}, Theorem 19 . 1 381 implies that the group fl(Q) can be chosen, (in relation to //(B)), 
to satisfy the conditions of Theorem 16.191 for the faithful linear situation (|10.71|) , along with 

fKQ)(fl(Jkk-i#.)) = (l(Q)(l(P 2k -i,2k))K)/K. (10.72) 
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Even more, if 

fl(I) := the image of fl(Q)(fl(P 2 k-i. 2 k)) m the automorphism group Aut( f l (P 2 }.)), (10.73) 

then identifying l(P 2 u) with fl(P 2 u), Corollary 19, 1431 implies that 

//(/) * Image of l(Q)(l(P 2k -i, 2k )) m Aut(/(P 2 * fc )). 

But this last group equals the image I of Q((3 2 k-i )2 k) i n Aut(P| fc ), by Remark llU. 621 Hence 

fl(I) 1(1) = I. (10.74) 

In addition, Theorem 19 . 1401 implies that we may choose the group fl(P), (in relation to fl(A)), 
for the system (J1U.71JI to satisfy (|8.1|) . along with 

fl(P){fl(a 2 i-2,2i-i)) = l(P)(l(a 2 i-2,2i-i))- (10.75) 

Thus (see Corollary I9.144|) . the above two isomorphic groups have the same image in the au- 
tomorphism group Aut(//((5^_i))- This, along with Remark 110, 63| implies that the groups 

fl(P)(fl(a 2 i-2,2i-i)) and P(a 2 i-2,2i-i) have the same image in Aut(/ /(Q^-i))- 
In conclusion we get 

Theorem 10.76. Assume that the normal series, the character tower, the triangular set and the 
Hall system in (|10.48|) are fixed. Along with them we fix S and ( € Irr(S') to satisfy (|10.50j) . Let 
{f 1( G), fl(S) , fl(Q, fl(Qj), W0) be an "A(/?i)" -invariant faithful linear limit of (G, S, £ Qi, Pi) 
and (|10.68b|) be the character tower for the normal series (|10.68a|) . that arises as the faithful linear 
limit of the tower (|10.48b|) . Then we can pick the triangular set 1)10. 68d|) to satisfy (|10.69j) . In 
particular P 2 * r is naturally isomorphic to fl^P^), for all r = 1, . . . , k' . We also derive a Hall system 
{f 1(A), f 1(B)} of f 1(G) from the original {A, B}, via (|10.70|) and Theorem \lU.6(A Then for any 
m = 1, . . . ,n, the groups fl(Q) and fl(P), for the smaller faithful system (|10.71j) . can be chosen, 
(in association to //(B) and fl(A)), to satisfy 

1. the associated isomorphism of Aut(P2* k ) onto Aut(//(i-*2fc)) sends the image of Q(/?2fc-i.2fc) in 
Aut(P* fe ) onto that of fl(Q)(fl((i 2k -i, 2k )) in Aut(fl(P* k )), i.e., 

fl(I) - /. 

2. P(ci 2 i- 2j2 i-i) = fl(P)(fl(a 2 i- 2 ^ 2 i-i)), and they both have the same image in A\xt(fl(Q2i_i)) ■ 
Proof. Follows from Theorem HoUUl and equations (|10.71H ). (|10.74j) and (|10.75|) . □ 

Furthermore, Theorems 19. 1461 and 19. 14*71 along with Theorem 110.671 easily imply 

Theorem 10.77. // the character j3 2 k-i, 2 k € Irr(<52fc-i,2fc) extends to Q((3 2k -i, 2 k), then the char- 
acter //(/?2fc-i,2fc) G Irr(//(Q 2 fc-i,2fc)) extends to fl(Q)(fl(/3 2 k-i, 2 k))- Similarly, if the character 
"2Z-2,2Z-i £ Irr(P 2 «-2,2«-0 extends to P(a 2 l-2,2i-i), then the irreducible character fl(a 2i ^ 2j2 i^i) of 
fl(P 2 i~2,2i-i) extends to /Z(P)/Z(a 2 j-2,2;-0- 

Finally, the group K = Ker(Z(£)) is a normal subgroup of 1(G), as l(Q is £(G)-invariant. Fur- 
thermore, K < l(Q\) < l(Q^i_i), thus K <l(Q2i_ x ). Since the group l(U) is isomorphic to a section 
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of 1(G), and K is a subgroup of l(Q 2 i_i) — KU), we conclude that if is also a normal subgroup of 
l(U). Hence we can form the faithful linear quintuple 

(l(U)/K, l(S)/K, l(Q /K, l(Q* 2l -i)/K, 1(^)1 K) = (fl(U), fl(S), //(C), /i(Qa-i), -i)- 

(10.78a) 

We call the above quintuple a G- associate faithful linear limit of (Z7, 5, Q<y_i> The fact 

that if is a 7r'-normal subgroup of Z(Q^-i)' wnne J is the image of the 7r-group P(oj2Z-2,2Z-i) = 
Z(P)(Z(a 2 j-2,2J-i)) in Aut(Q^-i); a l° n g wit h (|lU.66b ). implies 

//([/) = l(U)/K = (l(Q* 2l ^)/K) x J = fl(Q* 2l -!) x J- (10.78b) 

Corollary 110.1,51 clearly implies 

Proposition 10.79. Let (fl(Q 2i _ x ) x J> fK&)i fK0> fKQZl-l)' fl(flzi-l) ^ e a G- associate faithful 
linear limit of (U, S, £, QXi-n @2l-l) ■ Then any faithful linear limit of the former quintuple is also 
a faithful linear limit of (U, S, £, Q9/-I' 

10.3.2 "B(a 2 ) "-invariant linear reductions 

Assume that the normal series (|10.48ajl , its character tower (|10.48bj) and the triangular set 1)10. 48c|) 
are fixed. In addition, we assume that G 2 is a direct product 

G 2 = G 2jW x G 2y (10.80a) 

while 

Xi is G-invariant, (10.80b) 

that is, Q9.61JI holds. Hence (|9.63f) holds for the triangular set (|10.48c|l . In particular we have 

G 2 = P 2 xG 1 = P 2 xQ 1 , (10.80c) 
X2 = a 2 x Pi, (10.80d) 
G( X 2) = G(a 2 ). (10.80e) 

Furthermore, we assume that the normal subgroup R of G and its irreducible character r] E Irr(R), 
satisfy ([9.70)1 . that is, 

R<G with R < P 2 , (10.80f) 
77 € Lin(P) is G-invariant and lies under a 2 . (10.80g) 

The quintuple (G, R,n, P 2 ,a 2 ) is clearly a linear one. As with the "A -invariant linear reduc- 
tions, we will get a linear limit of the above quintuple with respect to the group B(a 2 ) = B(% 2 ). 

To get a linear reduction of (G, R, rj, P 2 ,a 2 ) we start with a normal subgroup M of G contained 
in P 2 and a linear character /ii of M that extends ij and lies under a 2 . Note that all the hypothesis 
of Section 19.21 are satisfied, and therefore all the results of that section hold. Thus, according to 
Remark 19. 72 1 there exists a P 2 -conjugate /i G Lin(M) of n\, such that [i is B(a 2 )-invariant, extends 
rj, and lies under a 2 . We proceed using the same notation as that of Section 19.21 As in (|9.78d|) we 
form the series 

1 = G 0lM < G l4l <■■■< G n ^ = Gfj,, (10.81a) 
consisting of the stabilizer of fi in the groups Gi and G for i = 2, 3, . . . , n. In addition (see 1)9. 79)1 ). 



200 



we write 

G 1>fl = 1, (10.81b) 
G 2)M = P 2 (//). (10.81c) 

Along with that we get, as in (|9.80|) and (|9.81aj) . the //-character tower {xi,M}?=0' where 

Xo, M = 1, (10.81d) 
Xl,„ = 1, (10.81e) 
X2,k = a 2 ^. (10.81f) 

Furthermore, a 2 ,/i and Xi,fi are t ne //-Clifford correspondents of a 2 and Xh respectively, for all 
i = 3, . . . , n. Proposition 19.871 and Theorem 19.911 show that we can choose a triangular set {Qi tfl = 

V k' 

1) Q 2 i-l j( u> P2r,fj\Pl,n = 1) a 2r,fi}i=2 r=c that corresponds to the above /i-character tower, so 

that P2r,fi = P^rip)) w hile Q*2i-\^ = Q\%-\i whenever 1 < r < k' and 1 < i < I 1 . In addition, 
Theorem 19.1001 implies that the /t-Hall system {A^,B^} for can be chosen to satisfy (|9.101[) . 
Then B fM (xi, f i,X2^) = B(xi,X2)- As %2 = a 2 x xi, where xi is G-invariant and X2,fi = "2,^, we 
conclude that 

B„(a 2 , M ) = B M ( X2)M ) = B( X i, X2) = B(a 2 ). (10.82) 

We assume fixed the smaller system (|10.49|) . In addition, we assume that m is any integer so 
that 

m > 2. 

Then Theorems 19.1021 and I9.l03*l hold for this smaller system. Hence the groups Q{P2k-i,2k) and 
P(ct2l-2,2l-l), along with their /i-correspondents Q fJ ,(P2k-i,2k, f i) and -P /t (a 2 /_ 2i2 «-i, M ), can be chosen 
to satisfy 

Q(P2k-i,2k) = Qn(fek-l,2k,n), (10.83a) 
P((*2l-2,2l-l, (J) = P^{a2l-2,2l-l,ti), (10.83b) 
Q = Q„, (10.83c) 
P(jj) > V„. (10.83d) 

Equation Q1U.82|) . along with Remark 19.741 implies 

Q(ftfc-i,2fc) < Q < B(X2) = B M (a 2j(U ). (10.83e) 

Furthermore, Corollary 19.1041 implies that Q ^(/^fc-l^fc,^) and Q(f32k-i,2k) have the same im- 
ages in both Aut(P 2 * fc ) and Aut(P 2 * fc ^). Similarly Corollary 19.1071 implies that the image J of 

-P(a 2 z-2,2/-i) in Aut(Q^-i) equals the image J /t of P^(a 2 i-2,2i-i^) in Aut(Q^_i )/1 ) = Aut^^). 
The quintuple (G M , M, //, P 2)At , ct 2 ,/i) is clearly a linear reduction of (G, i?, 77, P 2 , q 2 ). We call it a 
"B (a 2 )" -invariant linear reduction, as // is B(a 2 )-invariant. 
Similarly to the group U, we write T for group 

T = P* k x / (10.84) 

where (as always) 

I = Image of Q((3 2 k-i,2k) in Aut(P 2 * fc ). 
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It is clear that the quintuple (T, R, 77, P^u > a 2k) * s a nnear one - Furthermore, the "B (02) "-invariant 
linear reduction (G^, M, /J,, -P 2jAt , a 2,fi) of (G, R, r], P2, a 2 ) determines naturally a linear reduction 
(T(^,M,/j,P* kfl ,a* 2kfl ) of (T,R, V ,P* k ,a* k ). Note that, as Q(/3 2 fe-i,2fe) fixes /1 by flEE®, its 
image I in Aut(P 2 * fe ) also fixes //. As P 2 * fc/J = -^(/-O) we conclude that the stabilizer T(/x) of 
/i in T satisfies T(/i) = P^ * ^- We call such a reduction a G-associate linear reduction of 
(T, P, 77, P 2fc , a 2fc)' as * ne g r °up we are choosing for this reduction is normal in G We also 
remark that T and are isomorphic to a section of G and G^, respectively. 

Now we can repeat the procedure. So assume that there exists another pair (M',/^), such that 
M' is a normal subgroup of G^ satisfying R < M < M' < P 2 ,«, and fi'^ £ Lin(M') is an extension 
of /i, and thus an extension of r], that lies under a; 2l u- Again, using Remark 19.721 we can replace 
fj,' t with a P 2i ^-conjugate // of ^ that is B^a^^-invariant, extends fi, and lies under a 2|A t. (So 
fj,' is B(a 2 ) = B jU (a;2 )At )-invariant, by (|10.82|) ). We apply the results of Section l9~2*l to the series 
Gq^ = 1 < = 1 < G 2|(U = P 2iM < G 3jfl < • • • < G njfl = G M , its character tower {xi,Mjf=o> and the 
triangular set {Q^-i,^, ^WyJ/^i-i,^) «2r,/Lt}j=i r= o> already picked at the previous reduction. We 
also use the normal subgroup M of G^ in the place of R, the G^-invariant character /i in the place 
of 77, and the normal subgroup M' of G^ in the place of M. Notice that ()9.7U|) holds, with M' here 
in the place of M there, and M here in the place of R there. Furthermore, the group G 2i « splits 
trivialy as the product G 2> ^ x 1 of a 7r-and a 7r'-group. Thus the conditions (|9.61|) and (|9.7U|) are 
satisfied. Hence all the results of Section f9.2l hold. In particular, we have a normal series 

1 = Gq^^i < Gx :IM)ft i < G2^^< < ••• <! G n ^^i = G Mi/ /, 

of the stabilizer G^/ = G(/x,//) of // in G M = G(/x). In addition, 

Gi^^i = Gi i(U = 1, 

and 

Gi^^i = Gi tfM n G^/ = //), 

for all z = 2, 3, . . . , n. We also get a character tower {Xi^/u'liLo f° r that series, where Xi,n,p' 1S the 
//-Clifford correspondent of Xiu: f° r each i = 2, . . . ,n. Furthermore, as in 1)10.81(1 . we have 

XW = h (10.85c) 
X2,ft,n< = <X2,ii,n', (10.85d) 

where o.2,n,u' is the //-Clifford correspondent of Q!2,u- 

Hence Proposition 19.871 Theorems 19. 911 I9.1U2I and 19.1031 along with their Corollaries 19.1041 
and!9.1071 imply that we can pick a triangular set {Q 2 i-i,/V > ^W,/*' l&i-l,/^' , «2r,^' }i=i\ r =o that 
corresponds to the character tower {Xm,^'}?=o> so that 

= ^4,>') = P 2**W) = ^ n G,y, (10.86a) 

= ^ = = L ( 10 - 86b ) 

Qa-W = = <&-!■ (10-86c) 

We also pick a Hall system {A„„/,B„„'} of Ga,u'i that satisfies the conditions in Theorem 19.1001 
and is derived from {A^B^}. So it is derived from the original {A,B}. Therefore, for any fixed 
m = l,...,n, the groups Q(/?2fe-i,2fc) and P(q; 2 /_ 2>2 /_i) for the smaller system 1)10.49(1 . can be 



(10.85a) 
(10.85b) 
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chosen via B„ „/ and A„ „/, respectively, (see Theorems 18 . 1 31 and 18. 1 5|) . Hence, as in Theorem l9,102l 
and 19 .103*1 they satisfy 

Qli,H'{^2k-X,2k,n,n') = Q n{&2k-l,2k,n) = Q(Jhk-l,2k)i (10.86d) 

P^/j,' {021-2,21-1,^') = P(a 2 i-2,2i-i){^,fJ-'), (10.86e) 

Qm,m' = 2m = 2' ( 10 - 86f ) 

<V{fx,fx'). (10.86g) 

Furthermore, 

Q{02k-i,2k) is a subgroup of B(a 2 ) = B M (a 2 ,^) = B^/ (a 2iAt y ), (10.86h) 

Ga,^' = J W- (10.86i) 



Equation ()10.86d|) implies that the groups Q(/3 2 fc-i, 2 fc) and Q (fhk-i,2k,n,n') have the same 
image in Aut(P 2 * fc ,). Also, (|l(J.86c|> . along with Corollary 19,1071 implies that = J^', where 

J (j,, [j, 1 denotes the image of P^> {021-2,21-1,^') in ^{Qtl-l,^') ■ So 

J = J^ = J^'- (10.87) 



As far as the linear reductions are concerned, we have that {G^'M', fj,', Pv,^', 02,^) is a 
"B(a 2 )" -invariant linear reduction of (G^, M, /i, -P 2lAt , 02,^1)- Furthermore, the reduced quintuple 
(? , (W'')>jW' 1 ^^, w " a a, w ') is a ^-associate linear reduction of (T(ji), M, /x, P* k fi , a* k fl ). 
Note that 

T(/i,//) = {P* k x I) (//,//) = P 2 %^, x /, (10.88) 
as both \i and //, are B(a 2 ) > Q(/9 2 fe_i j2 ifc)-invariant, (by (J10.86h.jl ). and thus /-invariant. 

We continue this process until we reach a linear limit 

{l{G),l{R),l{r]),l{P2),l{o2)) G LL{G,R, V ,P2,a 2 ), (10.89) 

that we call a "B(a 2 )" -invariant linear limit of the linear quintuple {G, R, rj, P 2 , a 2 ). We also reach 
a limit normal series for the group 1{G) 

1 = /(G ) < < Z(G 2 ) < ■ • • < l{G n ) = /(G), (10.90a) 

where Z(Gj) = Gj n /(G), for all i = 2, . . . , n, and 

Z(Gi) = 1, (10.90b) 
l{G 2 ) = l{P 2 ), (10.90c) 

as the same holds at every linear reduction. Observe also that the above normal series has the 
same notation as the one in (|10.56() . but of course is produced in a different way. 

Along with the series (|10.90a|) we get a character tower 

{l{ Xi ) G Irr^G,))}^ (10.90d) 
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where 



for all i = 3, . . . , n. Let 



i(xi) = i = Kxo), 

KX2)=l{a 2 ), (10.90e) 
l(Xi) S LL(xi) is a linear limit of Xi 

{KQ2i-l),l(P2r)\l(P2i-l),l{a2r)}i£, r=0 (I0.90f) 

be the representative of the unique /(G)-conjugate class that corresponds to (jl0.90d|) . and is derived 
from the original triangular set ()10.48c|) following the rules in Theorem 19.911 . We also denote by 

{1(A), 1(B)} (10.90g) 

a Hall system for 1(G) that satisfies (j8,l|) . for the above limit case. 
Of course the above system restricts to the smaller 

1 = /(Go) < KGi) < l(G 2 ) <■■■< l(G m ) < 1(G), 

{l( Xi ) € Irr(Z(Q))}™ (10.91a) 
{l(Q 2i -i), l(P 2r )\l(P 2 i-i), l(a 2r )} l £ 1)r=0 

Note that we have the same notation as that in ()10,59j) . Similar to the notation there, we write 
Z(P 2 * fc ) and l(Q2i-\) f° r the product groups 1(Pq) -l(P 2 ) • • • l{P 2 k) an d l(Qi) • • • l{Q 2 i-i), respectively. 
Also for any fixed m, we denote by l(Q) the analogue of Q in this limit case, and by l(P) the analogue 
of P, for the smaller system (|10.91j) i.e., l(Q) and l(P), satisfy the conditions in Theorems 16. 191 and 
18. 1( respectively, for the limit case. 
Then 

Theorem 10.92. Assume that the normal series, the character tower, the triangular set and the 
Hall system in (|l().48j) satisfy the conditions (|1().8()[) , Assume further that (|1(),89|) is a "B(ct2)"- 
invariant linear limit of (G, R, rj, P 2 ,a 2 ) and (|lU.9Uaj) a character tower that arises as a linear limit 
of (|10.48b|) (see (|l().9()e|) ). Then the triangular set (|10.90fj) . that corresponds to the tower (|l().9()a|) . 

can be chosen to satisfy 

l(Q*2i-l) = Q*2i-i, (10.93a) 

for all i = 1, . . . , Furthermore, a Hall system {1(A), /(B)} for 1(G), can be derived from {A, B} 
so that at every linear reduction theconditions in Theorem \9.10(A hold. Then, for every m = 1, . . . , n, 
the groups l(Q)(l((3 2 k-i, 2 k)) an d l(P)(K a 2i- 2 , 2 i~i)) for the smaller system ()1U.91|) . can be chosen, 
using the groups 1(B) and 1(A), respectively, to satisfy 

0(/%*-i,2fc) = KQ)(l{fck-i,2k)), (10.93b) 
Q = l(Q), (10.93c) 
J = l(J), (10.93d) 

where l(J) is the image of l(P)(l(ot 2 i- 2 ,2l-l)) i n Aut(Z(Q^-i))- 

Proof. We reach the linear limit (|10.89fl doing, at every step, "B (a 2 ) "-invariant linear reductions. 
Therefore at every step we are picking a triangular set that satisfies the conditions in Proposition 
19.871 and Theorem 19.911 We also pick, at every linear redution, a Hall system that satisfies thecon- 
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ditions in Theorem l9.1UUI Furthermore, for any fixed m = 1, . . . , n, the groups Q and P satisfy the 
conditions in Theorems 19 . 1( )2I and 19 . Hence at every step equations (|10.86[) hold. In particular, 
repeated applications of (|lU.86c|) . (|10.86d|) and (jl0.86ij) imply qi0.93h .b) and (|10.93c|) . respectively. 
Similarly, repeated applications of (|10.87|) imply (jl0.9<3d|) . Hence Theorem 110.921 follows. □ 

As an easy consequence of (|10.93aj) we have 

Remark 10.94. The groups Q((3 2 k-i,2k) and l(Q)(l((32k-i,2k)) have the same images in both au- 
tomorphism groups Aut(P 2 * fe ) and Aut(Z(P 2 * fc )). 

Also repeated applications of Theorems 19. 1081 and 19. lDUl at every "B (a 2 ) "-invariant linear re- 
duction imply 

Theorem 10.95. // /?2fc-i,2fc extends to Q(P2k-i,2k); then the character l((3 2 k-\,2k) a ^ so extends to 
the limit group l(Q)(l(P 2 k-l,2k))- Similarly, if a 2 z-2,2/-i extends to P(a 2 «-2,2Z-i) then l(a 2 i-2,2l-l) 
also extends to l(P)(l(a 2 i-2,2l-l))- 

Notice that, along with the limit in ()10.89|) . we reach the quintuple 

(l(T),l(R),l( V ),l(P^ k ),l(a* 2k )), (10.96) 

that we call a G-associate limit of (T, R, 77, P 2k i Note that, as with (|1U.64|) . the G-associate 

limit is a multiple linear reduction, but not a linear limit, of (T, R, 77, P 2fc , cx 2k )- Because (|10.88|) 
holds for every "B(a2)" -invariant linear reduction, we have 

Proposition 10.97. The G-associate linear limit (l(T), l(R), Z (77) , l(P 2k ), l( a 2k)) of the quintuple 
(T,R,r],P* k ,aZ, k ), satisfies 

l(P2k) = KG)riP^ (10.98a) 

l(T) = l(Pi k ) x /. (10.98b) 

We want to pass to a faithful linear limit of (G, R,rj, P2,a 2 ), as we did with the "A(/3i)"- 
invariant case in ()10,68|) . So we first note that l(G 2 ) = l(P 2 )- So l(G 2 ) is the product of a 7r-and 
a trivial 7r'-group. Furthermore, l(R) is a normal subgroup of 1(G), while l(rj) € Lin(/(P)) is an 
/(G)-invariant linear character that lies under l(a 2 ) G Irr(Z(P2)), as (l(G),l(R),l(rj),l(P 2 ),l(a 2 )) is 
a linear quintuple. Hence all the conditions of Section f9.3.2l are satisfied. Thus if K = Ker(Z(r;)) is 
the kernel of l(rj), then we can form the faithful linear limit 

(fl(G)Jl(R), fl(rj),fl(P 2 ), fl(a 2 )) = (1(G)/ K, l(R)/K, l( V )/K, l(P 2 )/K, l(a 2 )/K) 

of the linear quintuple (G, R,ij, P 2 ,a 2 ). We call this a "B(a2)" -invariant faithful linear limit , as 
it is obtained from a "B (a 2 )" -invariant linear limit. Along with it we have a normal series of fl(G), 

as in inm 

1 = //(Go) < fl(G{) < fl(G 2 ) <■■■< fl(G n ) = fl(G), (10.99a) 



where 



fl(d) = l(G{)K/K = 1, (10.99b) 
fl(G 2 ) = l(G 2 )K/K = l(P 2 )/K (10.99c) 
fl(Gi) = l(Gi)/K, (10.99d) 
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for all i = 3, ... j n. Along with the series (jlU.99a|) we get a character tower, see (|9.150b|) . 

WXi) G MfKGiM=o (10-99e) 

where 

fl(xi) = 1, (10.99f) 

fKX2) = fKa 2 ), (10.99g) 

fKXi) G FLL(xi) is a faithful linear limit of Xi (10.99h) 

for all i = 3, . . . , n. That is, fl(xi) is the unique character of fl(Gi) = Gi/K that inflates to 
Xi G Irr(Gj). Let 

{/«(««-!), fl{P2r)\fl(fa-l), /Z(«2r)}tT, r =0 ( 1(L99i ) 

be a representative of the unique //(G)-conjugate class that corresponds to (|10.99ej) . Then Theorem 
19. 1551 implies that we can pick the set (|10.99ij) so that 

fKQx-i) = (l(Q 2i -i)K)/K l(Q 2i -l), 

fl(P 2r ) = (l(P 2r )K)/K. (10.100a) 

whenever 1 < i < I' and 1 < r < k' . Hence 

fKQh-i) = (i(Qli-i)K)/K - i(Qa-i), (lo.ioob) 

/Z(P 2 * fe ) = {m k )K)/K = 1{P^)/K. (10.100c) 
Furthermore, we can pick a Hall system {//(A), //(B)} for fl(G) to satisfy Theorem l9,161| that is 

//(A) = (l(A)K)/K and //(B) = (i(B)J)Q/# /(B). (10.101) 



For every fixed m = 1, . . . , n we have the smaller faithful limit system 

= //(Go) < fl{Gi) < fl(G 2 ) <■■■< fl(G m ) < fl(G), (10.102a) 
{fl( Xi ) G Irr(//(G t ))}™ (10.102b) 
{fl(Q.2i-i), fl(P2r)\fl(P2i-i), fl(a 2r )}^ l r=0 (10.102c) 

withn the triangular set picked so that (|10.100b|) holds. Furthermore, if fl(Q) denotes the cor- 
responding to Q for the system (|10.102j) . then Theorem 19. 1621 implies that, having fixed the Hall 
system H(). 1011 we can choose fl(Q) so that 

fl(Q) = (l(Q)K)/K - l(Q). 

Even more, Corollary 19. 1651 implies that 

fl(Q)(fl(p2k-i,2k)) and Z(Q)(/(/3 2 fc-i,2fc)) 

have the same image in the automorphism group Aut(//(P 2 *fc))- (10.103) 

In addition, Theorem 19.1641 implies that we may choose the group fl(P) for the smaller system 
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qznpz) so that 

fl(P)(fl(a 2 i- 2 ,2l-l)) = {l{P){l{a 2l ^2i-i))K)/K. (10.104a) 
Thus, as in Corollary 19.1661 identifying l(Q 2i _i) with the isomorphic group fl(Q 2 i_i), we conclude 
that the image /i(J) of fl(P)(fl(a2i-2,2i-i)) in Aut(/Z(Q2;-i)) is isomorphic to the image /(J) of 
l(P)(l(ot2i-2,2l-i)) in Aut(l(Q2/-i))- But tne latter equals J, by l)10.93dj) . Hence 

fl(J) ^ /(J) = J. (10.104b) 

In conclusion we get 

Theorem 10.105. Assume that the normal series, the character tower, the triangular set and the 
Hall system in 1)10.48(1 are fixed and satisfy klO.HCJia ). Along with them we fix R and rj € Irr(i?) 
to satisfy \l().H(fb .c). Let (fl(G), fl(R), fl(rj), fl(P 2 ), fl(a 2 )) be a "B(a 2 )" -invariant faithful linear 
limit of (G,R,rj,P 2 ,a 2 ), and ()10.99e() be a character tower for the normal series (|10.99a() . arising 
as a faithful linear limit of the tower (|10.48b(l . Then we can pick the triangular set (|10.99i|) to 
satisfy (|10.100() . In particular, Q^i-l * s naturally isomorphic to fl(Q 2 i-\), f or all i = 1, . . . , I' . We 
also reach a Hall system {f 1(A), f 1(B)} for fl(G), from (A, B) via 1(10.101(1 and Theorem UUUR 
Then for any m = 1, . . . ,n, the groups fl(Q) and fl(P) for the smaller system ((10.102(1 . can be 
chosen, with respect to fl(B) and fl(A) respectively, to satisfy 

1. Q(P 2 k~i 2 k) is isomorphic to fl(Q)(fl((3 2 k~\ 2 k))> an d they both have the same image in 
Aut(fl(P* k )). 

2. the associated isomorphism of Aut(Q 2l _ 1 ) onto the group of automorphisms Aut(fl(Q 2 i_ 1 )) 
sends the image of P(a. 2 i- 2t2 i-\) inside Aut(Q2z-i) on t° the image of fl(P)(fl(a 2 i- 2j2 i-i)) 
inside Aut(/Z(Q2z_i))> 

fl(J) = J- 

Proof. We have already seen that we can pick the set (I10.99il) so that (110.1001) holds. The rest 
follows from (H 0.1 (LSI) and (110.104(1 . □ 

Furthermore, Theorems 19. 1461 and 19. l5Hl along with Theorem 110.951 easily imply 

Theorem 10.106. If the character /?2fc-i,2fc £ I rr (Q2fc-i,2fc) extends to Q((3 2 k-i, 2 k)> then the char- 
acter fl(P 2 k-i, 2 k) E Irr(/Z(Q 2 fc-i,2fc)) extends to fl(Q)(fl(P 2 k-i,2k))- Similarly, if the character 
ct 2 i- 2 . 2 i-\ £ Irr(P 2 /_ 2 ,2Z-i) extends to P(a 2 i- 2>2 i-i), then the irreducible character f I (a 2 i- 2 ,2l-l) of 
fl(P2i-2,2i-i) extends to fl(P)fl(a 2i _ 2 ^ 1 ). 

The character l(rj) is l(T)-invariant and thus /-invariant. Furthermore, K = Ker(Z(r^)) is a 
subgroup of l(P 2 ) < P 2 . Hence equation ((10.98b() implies 

fl(T) = l(T)/K = (l(P; k )/K) x I = fl(P; k ) x /. 

So we can form the quintuple 

(fl(T) = fl(P* k ) x I, fl(R), fl( V ), fl(P* k ), fl(a* 2k )), (10.107) 

that we call a G-associate faithful linear limit of (T, R, rj, P 2k , oi% k ). Corollary 110. 151 clearly implies 

Proposition 10.108. Any faithful linear limit of (fl(T), fl(R), fl(q), fl(P 2k ), fl(a* 2k )) is also a 
faithful linear limit of (T, R, rj, P 2k ,cn 2k ). 
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Chapter 11 

Main Theorem 



11.1 An outline of the proof 

We start with a monomial group G of order p a q b , for distinct odd primes p, q and integers a, b > 0. 
Of course G is solvable. Hence there exists some chain 

l = G <G 1 <G 2 <---<G n = G 1 (11.1a) 

of normal subgroups Gi of G that satisfy Hypothesis 15.11 So G% is a (/-group, while Gi/Gi-i is a 
p-group if i is even, and a g-group if i is odd, for each i = 2, . . . , n. Let Xo> Xl> • • • ; Xn satisfy 

Xi G Irr(Gj) lies under Xj G Irr(Gj) (11.1b) 

for any i,j = 0, 1,2, ... , n with i < j, i.e., the \i form a character tower for the series (Jll.laJI . 
Assume further that the integers k' and I' are related to n via (|5.7|1 . while the set 



{Q2i-l,-P2r|/?2i-l,a2r}U fc i jr . =0 (11. lc) 

is a representative of the unique conjugacy class of triangular sets that correspond to ()ll.lb|) . 
We fix a Sylow system {A,B} of G satisfying ()8.4|) with ir = {p}, that is, 

A G Syl p (G) and B G Syl,(G), (11. Id) 

A(xi,X2, • • • ,Xi) G Syl p (G(xi,X2, • • • ,Xi)) and B(xi,X2, • • • ,Xi) G Syl ? (G(xi, X2, • • - ,Xi)), 

(ll.le) 

A(xi,-- • ,Xn) = -P 2 V = p 2 ■ Pa- ■■P2k' and B(xi,.. • ,Xn) = Q2V-1 = Qi • Q3 • • -Q2i'-i, 

(ll.lf) 

for each i = 1, 2, . . . , n. Therefore 

G(xi,X2, • •• ,Xi) = Mxi,X2, • • • ,Xi)B(xi,X2, • • • ,Xi) (H-lg) 

for i = 1, 2, . . . , n. 

We are going to perform a series of linear reductions of a very special form. We set S = 1, 
and let £ be the trivial linear character of S. We also set R = 1, and let 77 be the trivial character 
of i?. Then (G, S 1 , £, Gi, xi) is a quintuple satisfying qil).5U[) . So we may pass to an arbitrary 
"A(^i)"-invariant faithful linear limit (G^, C (1) , } , ef } ) of the quintuple (G, 5, C, G u xi). 
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Of course along with that we obtain (see Q1U.68J) ) a normal series 

1 < = G (i) < . . . < gW = G (1) , (11.2) 

of G^ 1 ), from the series (jll.laf) . In addition we reach a tower of characters ©^ G Irr(G^), for 
i = 0, 1, . . . , n, such that ©q 1 ^ = 1 and @^ lies under @j and above whenever 1 < i < j < n. 
We also get a triangular set 

{Q&i.^Wa^HU (11-3) 

for 1)11.2(1 that corresponds uniquely to the tower {©; }£=o and satisfies Theorem 111). 761 Further- 
more, the original Sylow system {A,B} for G, (see (jl 1. ld(l 1 . provides a Sylow system {A*- 1 ), B*- 1 )} 
for GW, that also satisfies Theorem 110.761 

Obviously the trivial group R is still a subgroup of P| , an< ^ trivial character rj lies under ck^ • 
We denote by M*- 1 ** = 1 = R the trivial group, seen inside P| , an d by G Irr(IR^ 1 )) its trivial 
character. Hence 

1 x S (1) = x §W is a central subgroup of G {1) (11.4a) 
1 x C (1) = V W x C (1) G Irr( K(1) x S (1) ). (11.4b) 

If n > 2 then in addition we have 

x §W < P^ 1} • Qf } = G^ 1} (11.4c) 
t/ 1 ) and £^ lie under ck^ an d /3i , respectively . (11. 4d) 

Notice that, as (G^, §W, C (1) , Gf), ©f^ is a faithful linear limit of (G, S, £, Gi, xi), Corollaries 
HE2I and imply 

Remark 11.5. = Z(G^) is a cyclic central subgroup of maximal among the abelian 
G^-invariant subgroups of G^ . Furthermore, the character = 0^ is G^-invariant. 

Note also that Corollary 110.151 easily implies 

Remark 11.6. Any faithful linear limit of (G^ 1 ), S^, G^ , O,- 1 ^) is also a faithful linear limit 
of (G, 1, 1, Gi,Xi), for all i = 1,2, ... ,n. 

As far as the monomial characters of G are concerned we have 

Proposition 11.7. Any character ©^ G Irr(G^)) that lies above 1 x £W = x £W e Irr^ 1 ) x 
S^ 1 )) is monomial. 

Proof. Let ©^ be an irreducible character of G^ 1 - 1 that lies above t/ 1 ) x C , an d thus above 
According to Lemma ll().ll| there exists an irreducible character x G Irr(G), that lies above £ = 1 
and satisfies ©^ = fl{x)i that is, ©^ is the faithful linear limit of x- But x is monomial, as G is 
a monomial group. Therefore, Proposition IK). 181 implies that ©W is also monomial. □ 

The first critical result, which we will prove in Section [11.31 is 

Theorem 11.8. After the above reduction, the group G^ is nilpotent, if it exists, i.e., ifn>2. 
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This theorem implies that G^ is the direct product 

= p (i) x q(1) = p (i) x G (i) ( 1L9a ) 

of its p-Sylow subgroup P 2 ^ and its g-Sylow subgroup Qj = It also implies that is the 

direct product 

= ct^ x /3f } (11.9b) 

of cJp £ Irr(P^) and ffl = 6^ e IrrCQ^) = Irr(G^). Therefore, in the case of n > 2, the 
relations in (jll.4h .d) imply 

RW x S (1) < P^ x qS 1} 
r/ (1) x C (1) lies under atp x ^ = . (11.10) 



Furthermore, the character is G^ -invariant. Hence the normal series (|11.'2[) . along with its 

n 

i=0» 



character tower {0^}" =o , satisfies ()8,18)) of Section 1531 So we shift the series by one, and consider 



the series 

1 < < G^ 1} < • • • < G^ = G {1) , (11.11a) 

of normal subgroups of G^ 1 ) , that satisfies Hypothesis 15.11 Then, as we have seen in Section 18.31 
and in particular Theorem 18.291 the characters 

i,<x£\eU,...,eW, (ii.iib) 

form a tower for the above series, with corresponding triangular set 

{QaJ-U F 2r \0X-V a 2r }!=2,r=l • (H-Hc) 

(Note that we have dropped the first q and p groups, Q^' s and F^' s (see ()8.2flc|) and l)8.30cjl ) 

respectively, along with their characters, as these are assume trivial for the shifted system.) Fur- 



thermore, as Theorem 18 . 291 implies . the above shifted system and the one for 1)11. 2|) have in common 
the Sylow system {A^^B^ 1 )}, i.e., this Sylow system satisfies 1)8.4)1 for 1)11.111) . 

The quintuple (G^ ) is clearly a linear one. Therefore we may pass to a 

B^ 1 ) (a:^ )-invariant faithful linear limit (G^, R^ 2 ), rj^\ P2 > a 2 ) of the former quintuple. So, (see 
()10.99)0 . the chain ()ll.lla)) reduces to a chain 

1 < pj> 2) < G^ 2) < G% ) < • • • < G^ 2) = G (2) , (11.12a) 

of normal subgroups G^ of G^ 2 \ The character tower 1)11. lib)) reduces (see l)lU.99e|) ) to the tower 

{l,a( 2) ,eS 2) }r =3 (H.12b) 

(2) (2) (2) (2) 

where a 2 £ Irr(P 2 ) and @\ G Irr(G^ ) , for all i = 3, ...,n. According to the Theorem 

EnMl the Sylow system {A^B^} for G^ reduces to a Sylow system {A( 2 ),B( 2 )} for G^. 

Furthermore, the same theorem provides a unique, up to conjugation, triangular set 

{®$_ v p£> 10® ! , og? }£t =1 , (11 . 12c) 
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that corresponds to (|11.12b|) . (Note that we have dropped two trivial groups and their characters.) 

Clearly, the characters an d ©j he above the limit character rj^ , for all i = 3, ...,n. 
As (G( 2 ),R( 2 ),f/ 2 ),P^\c4 2) ) is a faithful linear limit of (G^, PJ 1 ) , rjW, P^, a^), Corollaries ITTHI1 
and 110.101 imply 

Remark 11.13. PJ 2 ) = Z(P^ 2 ) is a cyclic central subgroup of G^ 2 -*, maximal among the abelian 
G^-invariant subgroups of > while the character cc^ is G( 2 ) -invariant. 

In addition, the way we perform the linear reductions, along with Remark 111.61 and Corollary 
110.151 implies 

Remark 11.14. Any faithful linear limit of (G( 2 ),P( 2 ), r/ 2 ), G^ , 9- 2 ^) is also a faithful linear limit 
of (G, 1, l,Gi,Xi), for alH = 3,4, ... ,n. 

Furthermore, the fact that S^ 1 ) is a normal subgroup of G^ 1 ) that centralizes Pg implies, by 
Remarks 110.51 and 110.71 that there exists a subgroup §( 2 ) of G (2) such that 

§(i) ^ §(2) < G (2) (11.15) 

and §( 2 ) centralizes p[, 2 \ Thus, it also centralizes PJ 2 - 1 < P^. In addition, §( 2 ) is a central subgroup 
ofG( 2 ) , as 8^ is a central subgroup of GW, and G( 2 ) is a section of G^ 1 ) . Under the isomorphism in 
(111. 15)1 . the irreducible character Q 1 ' G Irr(S^^) maps to an irreducible character £^ G Irr(§( 2 )). 
If n > 3 we can say more about §( 2 ) and its character Indeed, the fact we used a B^^o^ )- 
invariant faithful limit to get (|11.12a|l . implies (see Theorem HnHHSI that Q^* ^ Q^* for all 
I = 2, ... ,1' . In particular we have 

The group §W is a subgroup of . But the latter is a subgroup of , as G^ = P^ x Qi < 
G 3 . Hence §^ is a subgroup of Q 3 . We conclude that its isomorphic image §( 2 ) is a subgroup 
of Qq . Furthermore, its irreducible character £^ G Irr(S ( - 1 - ) ) lies under . But lies under 
$\ as Qj 1} < Q^ 1} . Hence C (1) hes under (3^. As C (1) maps to C (2) G Irr(§( 2 )), while /3^ 1} maps 
to /3g 2 ^ G Irr(Qg 2 ^), we conclude that C^ 2 ** lies under /3g . Hence 

M (2) x S (2) is a central subgroup of G (2) (11.16a) 

^(2) x £(2) £ Irr ( M (2) x §(2))_ (11.16b) 

If in addition n > 3 then 

R( 2 ) x §( 2 > < P^ 2) • Q 3 2) = G 3 2) , (11.16c) 

r}^ and ne under a;^ and (3^\ respectively. (11.16d) 

Now we can extend Proposition II 1 .71 to 

Proposition 11.17. Every irreducible character G Irr(G^) that lies above 
Irr(PJ 2 ) x §( 2 )) is monomial. 

Proof. Obviously any 6 (2) G Irr(G^) |?7 (2) x £ (2) ) lies above t/ 2 ) G Irr(pJ 2) ). As the quintuple 
(G( 2 ),M( 2 ),r/( 2 ),P^ 2) ,Q^ 2) ) is a faithful linear limit of (GW.RW,^ 1 )^,^), Lemma fTTTTTTI im- 
plies the existence of an irreducible character 0^ G Irr(G^^), lying above rj^\ so that 9^ is a 
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faithful linear limit of under the BW (a:^) -invariant reductions we performed. As we have 
already seen, under those reductions the (/-subgroup SW of G« maps isomorphically to the sub- 
group §( 2 ) of G( 2 ). Hence the only way the faithful limit character 0( 2 ) G Irr(G^ 2 )) can lie above 
C {2) G Irr(§( 2 )), is if 9^ lies above C (1) G Irr(§W). In conclusion G Irr(GW) lies above 
77W x C (1) € Irr( R(1) x §W). Now we can apply Proposition 111.71 to conclude that is mono- 
mial. But e( 2 ) is a faithful linear limit of Hence Proposition 111.71 implies that 0( 2 ) is also 
monomial. This completes the proof of the proposition. □ 

The next important theorem, that is proved in Section fl 1.41 is 

(2) 

Theorem 11.18. After the above reductions, the group G 3 is nilpotent if it exists, i.e., ifn>3. 
(2) 

Hence G 3 is the direct product 



11.19a) 



(2) (2) 
of its p-Sylow subgroup P2 and its g-Sylow subgroup Q 3 . Furthermore, its irreducible character 

(2) 

O3 is the direct product 

ef = c4 2) x pf\ (n.i9b) 

/Q\ fr)\ /Q\ /Q\ 

of a\ > G Irr(P 2 ; ) and p\ ' G Irr(Q 3 '). Hence (tTTTTHl) in the case of n > 3 becomes 

1R( 2 ) x S (2) < P^ 2) x ©j 2) = g|, 2) , (11.20) 
v (2) x ^(2) Ueg under Q (2) x ^(2)_ (11.21) 

The fact that G 3 is a nilpotent group permits us to shift the series (|11.12aj) by one, and apply all 
the results of Section T8.3I (Note that the roles of p and q are interchanged.) Thus we get the series 

1 < Q ( i ] < &f } < • • • < G^ 2) = G (2) , (11.22a) 

of normal subgroups of G^ 2 ^. Then, according to Section f8.3l and, in particular, Theorem 18. 29( the 
characters 

l,(3¥\@W,...,e%\ (11.22b) 
form a tower for the above series, with corresponding triangular set 

(As expected, (see (IH^OcT) and (jOlcT ). there are 3 trivial groups (the p[, 2),s , P^ 2),s and Q[ 2) ' s ) in 
()11.22c|) that have been dropped.) Furthermore, the Hall system {A( 2 ),B( 2 )} for G^ 2 ), that was 
obtained via the second faithful linear limit, satisfies the equivalent of (|ll.ldl f ) for 1)11.22(1 (see 
Theorem I8.29|) . Of course the groups §( 2 ) and PJ 2 ) remain central subgroups of G^ 2 ** that satisfy 

Gnsi). 

At this point we can repeat the process from the beginning, with R^ 2 ) and §( 2 ) in the place of R 
and S respectively. (So the next step would be to take an A( 2 )(/3 3 2 ^)-invariant faithful linear limit 

(G( 3 ),S( 3 ),C (3) ,Qf,M 3) ) of the quintuple (G( 2 ), §( 2 \ C (2) , P^).) 

Suppose, for the sake of our inductive hypothesis, that we have repeated this process t—\ times, 
for some integer t with 2 < t < n, i.e., we have taken t — 1 invariant faithful limits and, after each 
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such, we have shifted our series by one. So we arrive at a group G^ 1 ^ = Gn , that is a section 
of the original group G. Note that according to the inductive hypothesis, the last group shown to 
be nilpotent is the group Gf . Therefore, depending on the parity of t, the group Gf ^ equals 

Gf _1) = pf~ 1} x Qf~i\ when t is even (11.23a) 

G (t-i) = p (t-i) x q(*-1) > when i is odd . (11.23b) 

According to the inductive hypothesis, we can also generalize (|11.1|) and Remark 111.131 Thus we 
can assume that 

R (t-i) x §(*-!) < x q(*_-!) = G (*-l) (11.24a) 

^(t-i) x ^(t-i) ^ under x ^fj^ = ef _1) , (11.24b) 

§(*-!) = ZfQ^) and is G^Unvariant, (11.24c) 
in the case of an even t. If t is odd then 

K (t-i) x §(*-!) < pfj/) x Qf _1) = Gf _1) (11.24d) 
^(t-i) x ^(t-l) ^ under af-V x ^f- 1 ) = ef _1) , (11.24e) 
p^*" 1 ) = Z(P$~p) and a^ 1J is G (t_1) -invariant. (11.24f) 

Furthermore, the last group dropped is the g-group Q.f_i^ in the case of an even t, or the p- group 
wf_i^ in the case of an odd t. 
Case 1: t is even 

Assume first that t is even. So we reach the series (after the g-group Qf_i is dropped) 

1 < pf _1) < Gf~i ] <■■■< G^ 1} = G^-V, (11.25a) 
of normal subgroups of G** -1 ). Then G-' /Gf_^ is a p-group if i is even, and a g-group if i is 



(t-i) m (t-i) ■ „ p (t-i) 



odd, for each i = t + 2, . . . , n, while for i = t + 1 we get G\ +1 /Pj is a g-group with 
p- group. Along with the above series, we reach the characters 



t 



a 



1, ctf ~ 1} G Irr(pf _1) ), ef ~ 1} G Irr(Gf _1) ) (11.25b) 
for each i = t + 1, . . . ,n, that form a tower for (|11.25aj) . Furthermore, we have the triangular set 

r (*-i) p(*-i)|fl(*-i) f v(*- 1 h»'' fe/ (1125ol 

\V2i-l) r 2r |P2i-l5"2r Jj=(t/2)+l,r=t/2 ^-L-L./OCJ 

that corresponds uniquely, up to conjugation, to (|11.25b|) . (Note the first t groups in (|11.25c|) . have 
been dropped as they are trivial.) Also the Sylow system {A,B} has been transfered to a Sylow 
system {A^ -1 ), B^ -1 )} of G^ -1 ) that satisfies the properties in ()8.4|) . for (|11.25|) . In addition, 
we reach two central subgroups of G^" 1 ), the p-group M.^ ^ and the g-group §(* 1 \ along with 
their characters r/* -1 ) G Irr(]R( t_1 )) and G Irr(§(* -1 )). We assume that n > t, so that our 

inductive step will be the t-th step. So we get the linear quintuple (see (|11.24j) ) 

- 1 ),R(*- 1 ),r 7 ('- 1 ),pf- 1) ,a^ 1) ). (11.26) 
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Furthermore, our inductive hypothesis implies that every irreducible character 0(* ^ £ Irr(G(* ^) 
that lies above r/* -1 ) x ^( t_1 ) g Irr(M^~ 1 ^ x §( i_1 )) is monomial. Also any faithful linear limit 
of the quintuple (G^ 1 ), M^ 1 ), r/'- 1 ), Gf ef ~ X) ) or the (G^ 1 ), , C (t_1) , Gf -1) 5 ef is 
also a faithful linear limit of (G, 1, 1, Gj, Xi) for all i = t — 1, i, . . . , n. 

For the inductive step, we take a G^~ l \af ^-invariant faithful linear limit 

of (G^ -1 ) , IR^ -1 ) , T7^ _1 ) , pf , af ~^ ) . The series 1)1 1 .'25aJ> reduces to 

1 < < G f ( 5i < • • • < G^ = G {t) . (11.27a) 
Furthermore, the character tower ()11.25b|) reduces to the tower 

l,af\ef ] £lTT{Gf y ) (11.27b) 
Along with the above character tower we get a triangular set 

that satisfies Theorem 111). 1051 Hence the Sylow system {A^ -1 ), B^ -1 ^} for G^ -1 ), reduces to a 
Sylow system {A^,B^} for G^, that satisfies ([8,4)1 for the above reduced t-system. As with 
Remarks 111.51 and 111.131 the fact that we have taken faithful linear limits, along with Corollaries 
nTnU and fTrHTTl implies 

Remark 11.28. The group R^ = Z(P^) is a cyclic central subgroup of G^, maximal among the 
abelian G^-invariant subgroups of G^ , while the character af' is G^-invariant. 

In addition, the way the reductions are done, along with Corollary I1U. 151 implies 

Remark 11.29. Any faithful linear limit of the quintuple (G^ , , rj® , G^ , Qf ) or the quintuple 
(GW, SW, C W , &f\ &f } ) is also a faithful linear limit of (G, 1, 1, G it Xi) for all i = t,t + 1, ... , n. 

Even more, Theorem IIP. 1U5I implies that 

Q21-1'* = Qa-i. ( 1L30a ) 

for all / = i + 1, . . . , I', where Q^i-i'* and Qa-l denote the product groups Q^-i = Qt+i^ ' 
Qt+l? • • • Qm-? and Qa-i = Qt+i • Qt$3 • • • Qa_u respectively. In particular, 

Qt+i -Qt+i^- (11.30b) 

(Observe that Q^ 1 ^'* = Q.f+i^ and Q^j-'i = Qt+iO ^he group S^ -1 ) is a central subgroup of 
G^" 1 ) that centralizes pf _1) (see <|11.24a)l ). Hence Remarks FTo31 and [10771 imply that S (t ^ maps 
isomorphically to a normal subgroup 

g(t) ^ g(*-i) (11.30c) 

of G^, that centralizes P^. In addition, is a central subgroup of GW, as S^ 1 ) is a central 
subgroup of G^" 1 ), and is a section of G^* ^. Furthermore, under the group isomorphism in 
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H11.3Uc[) . the irreducible character ^ ^ G Irr(S^* ^) maps to 

C (i) G Irr(gW). (11.30d) 
As n > t + 1, the group Q^_|_i ^ exists. Furthermore, as 

G (*-l) = p(t-l) x Q^-l) 

is nilpotent we get 

that Q^x 1 ^ is a subgroup of Q£, i , while its irreducible character G Irr(Q|^_ 1 1 ^) lies under 

Pt+i ] G Irr(Q^" 1 1) ). Hence S^ -1 ) < qf~^ is a subgroup of Qj+ 1 1) . This along with implies 
that §W is a subgroup of Q[+i- Even more, its irreducible character £® G Irr(S^) lies under pfl.\, 
as C (<_1) lies under (see (lll.24bj) N ) and that under Z^^. Hence 

Proposition 11.31. We have two central subgroups of the p- group R<*) and i/ie q- group S' ^ . 
Along with them we get their irreducible characters rj^ G Irr(RO) and G Irr(S^). These 
groups and characters satisfy 

R a) xS (*)< P w .q® 1 = g® 1 , 

t)^ and C,^ lie under af and Ppli, respectively. 

We can also show 

Proposition 11.32. Every irreducible character G Irr(GO) that lies above 
Irr(RW x S'**'), is monomial. 

Proof. The quintuple (G^, R(*), r/^*^ , P^, ck^) is a faithful linear limit of the linear quintuple 
(G^ -1 ) , R(* -1 ) , f/* -1 ) , P^~^ , <xf~ lS> ) . If 0W G Irr(G^) lies above f/W xC W , then it lies above 
hence Lemma implies the existence of an irreducible character B^ -1 ) G Irr(G^ -1 ^) above 

■q( l ~ l \ so that e<*) is a faithful linear limit of 0(* 1 ), under the B(* ^-invariant reductions 

we performed. As we have already seen, under those reductions, the g-subgroup of G^ -1 ^ 

maps isomorphically to the subgroup §W of GW, see pi.3Uc(l . Hence the only way the faithful limit 
character 8^ G Irr(G^) can lie above C W G Irr(SW), is if e(* -1 ) lies above C (i_1) G Irr(S(* -1 )). In 
conclusion £ Irr(G(* _1 )) lies above rj^ -1 ) x g Irr(R(* -1 ) x S^* -1 )). According to our 

inductive hypothesis, 0(* _1 ) is monomial. As is a faithful linear limit of O^ -1 ), Proposition 
111.71 implies that 0w is also monomial. This completes the proof of the proposition. □ 

The main theorem for the inductive step, in the case of an even t, will be 
Theorem 11.33. After the above reductions, the group G^ is nilpotent if it exists, i.e., ifn > t+1. 

Observe that, as before, the fact g{^ x is nilpotent allows us to shift the series (|11.27a|) by one. 
So, provided that t + 2 < n, we get the series 

1 < Q f ( ?i < Gg 2 < • • • < = G w . (11.34a) 

The character tower and its corresponding triangular set are carried over to the shifted series, as 
in the Sylow system. Hence the characters 

i,/3g 1 ,eJ2 2 ,...,eW (n.34b) 

form a tower for the series (|11.34a|) . Its corresponding triangular set is 
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Case 2: t is odd 

We work similarly if t is odd. Note that, after we drop the p-group E^Li (see ([11.23)0 . we 
reach the system 

1 < qf~^ < G$~p <■■■< G^-V = G^" 1 ), (11.35a) 

1, /3f~ 1} G Irr(<Q>f _1) ), ef~ 1} G Irr(Gf ~ 1} ) (11.35b) 

> r 2r IP2i-l' a 2r J i=(t+l)/2,r=(t+l)/2 

that is equaivalent to (|11.25() for the even case. 

Observe that we can adjoint the trivial group at the bottom of (j 11.35a)) and consider the series 

1 < 1 < Qf~ 1} < Gf~i ] <■■■< G^~ 1} = G ( '~ 1} , (11.36) 

This way t has become even. We can now interchange the roles of p and q, and apply the already 
proved results of Case 1. For clarity we remark that, to prove the inductive step in this case of an 
odd t, we take an A( t_1 )(/3j* ^-invariant faithful linear limit 

(GW §w c^Qf,/^) 

of (G(*- 1 ),S(*- 1 ),C ( *" 1) ,Qf -1) ,/3f" 1) )- So the system (tTPBl reduces to 

1 < Qt } < <&t+l < • • • < = G (t) . (11.37a) 

l^f.ef Glrr(Gf ) (11.37b) 

' ^2r iMi-D a 2r }j=(t+l) /2,r=(t+l) /2 (1 1.37c) 

All the conclusions of the even case are transfered to the odd case. In particular we get, 

Remark 11.38. The group = Z(Q^ ) is a cyclic central subgroup of G^, maximal among the 
abelian G^-invariant subgroups of G^, while the character is G^-invariant. 

Remark 1 1 .39. Any faithful linear limit of the quintuple (G^ , ,r}^\ , ) or the quintuple 
(GW, SW, C W , Gf } , ef } ) is also a faithful linear limit of (G, 1, 1, G i9 Xi) for all i = t,t + 1, ... , n. 

Proposition 11.40. We have two central subgroups ofG^, the p-group R(*) and the q-group S^. 
Along with them we get their irreducible characters tj® G Irr(R^) and Q*' G Irr(S^). These 
groups and characters satisfy 



77^*-* and lie under af^ and f3f\ respectively. 

Proposition 11.41. Every irreducible character 0® G Irr(G^) f/iaf /ies above tj^ x £W G 
Irr(R(*) x is monomial. 

The main theorem for the inductive step in the case of an odd t, will be 
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Theorem 11.42. After the above reductions, the group &fli is nilpotent if it exists, i.e., ifn > t+1. 

Observe that, as before, the fact &f+i is nilpotent allows us to shift the series (|11.37ajl by one. 
So, provided that t + 2 < n, we get the series 

1 < ^fli < g[% <■■■< = G w . (11.43a) 

The character tower and its corresponding triangular set are carried over to the shifted series, as 
in the Sylow system. Hence the characters 

l,ag 1 ,eg 2 ,...,0W (11.43b) 
form a tower for the series (|11.43a|) . Its corresponding triangular set is 

{QL-l ' ^2r \02i-V a 2r }j=(t+3) /2,r=(t+l) /2 (11.43c) 

Now we can repeat the process at the t + 1-st step. 

11.2 Conclusions for the smaller systems 

Before giving the proofs of the three theorems stated in the previous section, we will analyze the 
behavior, under the described reductions, of the smaller system 

l<G 1 <G 2 <---<G m <G, (11.44a) 
{ Xl E Irr(Gi)}£o (11.44b) 

{Q2i-l,P2r, l/?2i-l,a2r}-=i jr . =0 (11.44c) 

for any fixed, but arbitrary, m = 1, . . . ,n. The integers k and I are, as usual, related to m via 
(|5.7j) . Associated to this system are the groups T = P 2fc x / and U = Q^-i * ^ wnere ^ is the 

image of Q(^2it-l 2fc) i n Aut(P 2fc ) an< ^ ^ that of P{ct2i-22i-i) in Aut(Q2z_i)> (f° r their definitions 
see JHEH1 and JHESSI)). 

After the first A(/3i)-invariant reductions the above smaller system reduces, along with the 
original 1)11. to the system 

1 < gS 1} < G 2 X) < ■ • • < G$ < G (1) , (11.45a) 

{9« E Irr(Gf J)}^, (11.45b) 
i p(i) 



(1) IPil^" (11.45c) 



(Note that this last triangular set is a subset of 1)11.3)1 .) Of course the groups T and U reduce 
to and U^, respectively. So = p£j?'* * where is the image of Q (1) (y9 2 fc-i 2fc) in 
Aut(P 2 1 fc ) '*). Similarly, = Q 2 }^ x where is the image of P (1) («S-2,2*~l) in Aut(Q^). 
Then, according to Theorem I1U.761 

Theorem 11.46. The groups Q^(/^2fc-i2fc) an ^ ^ 1 ^( a 2/-i 2i-i) can ^ e chosen to satisfy 

P 2fc «s naturally isomorphic to P 2 ]t '*• 
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This isosmorphism sends the image of Q(P2k— 1,2k) ^ n ^^(-f^fc) on ^° that of Qf 1 ^ (P^k-i 2k) ^ n 
AutflP^'*). So I iW. In addition, 

rp F|p(l) 

Image of P(a 2 i- 2 ,2i-i) in Aut(Q^*) = = /ma 5 e o/P^c*!^^) m Aut(Q^) . 

(1) * 

Note that as P 2 * fc is naturally isomorphic to P^ , we get that 

Image of Q(/3 2fc _i, 2fc ) in Aut(Pg'*) = = Image of Q« (J3^_ lflk ) in Aut(P^'*) (11.47) 

As we have already seen, the group R = 1 seen inside P^ 1 "* < P^i is denoted by PJ 1 ) , and its irre- 
ducible character r\ = 1, by t/ 1 ). So we can form the linear quintuple (T^, PJ 1 ), r/ 1 ), Pol"*'*) a 2^'*)- 
Furthermore, = T, while P^l is naturally isomorphic to P^, (so that the character ot9~ k 
maps to a^fc)- This, along with the equations in l|10.78|) . implies 

Corollary 11.48. After the first A(/?i) -invariant reductions we have 

(TW.RW.nW.pW'*,^'*) = (T,i^P 2 * fe ,a4). (11.49) 
Furthermore, the quintuple (UW^W.C^^Q^-i'^S-l) 

is a G-associate faithful linear limit of 
(U, S, C, Q^-i' /?2i— l)- Hence any faithful linear limit of the former quintuple is also a faithful 
linear limit of the latter one. 

From now on, we will identify the quintuples in ()11,49|) . 

Note that when we shift the series (|11,2|) by one in (|ll.llj) . the same happens to the series 
1)11.44^ . Thus we get the system 

1 < P 2 1} < G^ < • • • < GW < G (1) , (11.50a) 

i, a p,e£\...,e£\ (ii-50b) 

that is a smaller system for (jll.llj) . Observe also that, according to Theorem 18.291 none of the 
groups l( 1 ),JjW,T( 1 ) and UW chan ges passing to the shifted case. 

When the next series of (a!, 1 "^-invariant reductions is performed the system (|11.5(J|) reduces 

to 

1 < Pj, 2) < G^ 2) < • • • < G$ < G (2) , (11.51a) 

i,a 2 2) ,e< 2) ,...,e#, (n.5ib) 

{Q2-1> P 2?> lM?-l>4?}&,r=l (H.51C) 

The groups I (1) ,J (1) and T^lK 1 ) reduce to the groups I (2) ,JI (2) and T( 2 ),U (2) , respectively, so 
that Theorem UHIinSl holds. (The notation is as expected, that is T^ 2 ) = P^'* x I^ 2 ), where I (2) 

is the image of Q (2) (/3 2 fc-i,2fc) in Aut ( P 2fc'*)' and u(2) = Qh-i * j(2) > where j(2) is the ima S e of 
p(2) ( Q 2-2.2«-i) in Aut (QS-i)0 In view of Theorem HTHUS! we get 
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Theorem 11.52. The reduced system (|11.51|) satisfies 

(1) * (2) * 

^2/-i ^ S na turally isomorphic to Q^Z-i' 

This isosmorphism sends the image of pW(a4;^ 2 9z-i) ^ n Aut(Qoi^*) onto i/iai o/ P^ 2 ^ (a4z-2 2Z— l) 
in Aut(Q§^). So JW ^ j( 2 ). Jn addition, 

7ma fl e o/Q (1) (/3^_ 12fe ) m Aut(P^'*) = I (2) = /maje o/ Q^S-i^fc) in Aut(Pg'*) . 

Note that similar to (|11.47jl . the fact that Qol-i * s na turally isomorphic to Qm-i' a l° n § with 
Theorem 111.521 implies 

Image of FW(c$_ 2 2l _ x ) in Aut(Q^-l) = J (2) = Ima g e of ^ (2) ( Q 2 l-2 a-i) in Aut (Q2-i)- 

(11.53) 

Furthermore, the group E>^ is isomorphic to §( 2 ), (see (|11.15[l ). while its irreducible character 
C (1) G Irr(SW) maps under the above isomorphism to Q 2 ' € Irr(§>( 2 )). This, along with the 
isomorphism between and V^ 2 \ and the remarks following Theorem I1U.1U51 (see (jlU.107|) ). 
implies 

Corollary 11.54. After the second (oi 2 ) -invariant reductions we have 

(UW^W^W^S^,^) = (^\S^,C {2 \Q^^). (11-55) 

Furthermore, the quintuple (T^ 2 \ M^ 2 \ r/ 2 \ P^'*, a^'*) * s a -associate faithful linear limit of 
(TW , PJ 1 ) , r/W ; p|j/'* , ctoi ) • Hence any faithful linear limit of the former quintuple is also a faithful 
linear limit of the latter one. 

From now on we will identify the quintuples in (|11.55|) . 

Corollary II 1 .481 and II 1 .541 combined (with the appropriate identifications) imply 

Theorem 11.56. Any faithful linear limit of the quintuple (T^ 2 ), PJ 2 ), r/( 2 \ P^'*, a 2k'*)> or 
(U^ 2 ), §( 2 ), C^ 2 \ Qm-I' * s a ^ so a faithful linear limit of the quintuple (T, R, rj, P 2k , ot 2k ), or 

(U, S, C, Qli-i,(3%-i), respectively. 

Furthermore, for the image J^ 2 -* of ¥^ 2 \cx^_ 2 2/-l) m Aut(Q2/-i) we have 

Jj( 2 ) = Image of P (1) («2-2^j-i) in Aut (Qa-i) by (fTT331) 

= Image of P(a 2 i-2,2/-i) in Aut(Q 2 ^) by Theorem HTM since Q^-i - Q21-1 

Even more, equation (jll.47|) . along with the fact that P^'* is a factor of Pojfc , i m P nes 
Image of Q{f3 2 k-i,2k) in Aut(pg'*) = Image of Q« (/S^Li^fc) in Aut ( P 2'*)- 
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Therefore, for the image I^ 2 ) of Q (2) (/32fc-i 2k) in Aut ( P 2fc'*) we have 

I (2) = Image of (Ml-i,2fc) in Aut ( P 2fc'*) b y Theorem ITT321 

= Image of Q(fhk-i,2k) in Aut(P^'*) . 

In conclusion, we get 
Theorem 11.57. 

J( 2 ) = Image of P(a 2 i-2,2l-i) in Aut(Q^*) , 

I< 2 ) = Image of Q((3 2 k-l,lk) m Aut(P^'*) . 

When we shift the series (|11.12a() by one to get Q11.22b ). the system (|11.51j) is also shifted by 
one. Thus we reach 

1 < Q| 2) < Cj 2 ) < • • • < G$ < G (2) , (11.58a) 
l,/3f,ei 2) ,...,G^, (11.58b) 

{Q^pPg^K?-!,^?}^ (11.58c) 

According to Theorem 18.291 the groups I( 2 ),J( 2 ),T( 2 ) and U( 2 ) remain unchanged passing to the 
shifted system (|11,58|) . 

According to our inductive hypothesis, after t — 1 steps (where 2 < t < m), we reach the system 



1 < pf _1) < G^ < ■ • • < G**" 1 ) < G^-V, (11.59a) 
l.aS'-^.e^,...^^- 1 ), (11.59b) 

{q£i i » . > }!i(t/ 2 )+i,r=t/2 (n- 59c ) 

when i is even. In the case of an odd i we get 

1 < Q? _1) < < • • • < G^ < (11.60a) 

i,^- 1) ,eg: 1 1) ,...,e^- 1 ) ) (li.eob) 

r Q (t-l) p (*-l) iflG-l) „(*-!) 1'.* fn 60c ) 

\V2i-l '■ r 2r ! \P2i-\ i "2r Ji=(t+l)/2+l,r=(t+l)/2 ^ll.OUCJ 

Furthermore, the groups J, J, T and [/ are reduced to the groups 

j(.t-i) jT (t-i) and U (*-1) > 

where T^" 1 ) = P^^^xl^" 1 ), and!** -1 ) is the image of Q (t-1) (/3?fcl3,2fc) in Aut(pj fc -1) '*). Similarly, 

U(*-i) = Q^'* x where jC* -1 ) is the image of F (2t-1) (a^la-i) in Aut (QaI?'*)- These 

groups satisfy 

Theorem 11.61. Any faithful linear limit of (T^ -1 ),^* -1 ),^ -1 )^^ ^'^ct^l ) or ^ e Q™ n ~ 
tupZe (U^ 1 ^S('- 1 \C ( ^ 1) ,Q2/- 1 i ) '*>/ 3 2«-i ) '*) is afeo a faithful linear limit of (T,R,r],P* k ,a* k ) or 
(U, S, C, Q21-D 02i-i)> respectively. 

Furthermore for the groups iC*- 1 ) and JJ^- 1 ) we have 

Theorem 11.62. 

JJ^- 1 ) = Image of F ; (a 2 J-2,2i-i) m Aut(Q^I^'*) , 
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iC- 1 ) = Image of Q(P 2k -i,ik) in Aut(P£ 1} '*) . 

At the inductive step (the t-th step), either we perform a series of TS^^^af ^-invariant 
reductions, if t is even, or a series of A.&^^flf ) -invariant reductions, if t is odd. The systems 
(|11.59j) and Ql 1.60)1 reduce to 

1 < pf } < < ■ • • < G$ < G w , (11.63a) 

i,c4* ) ,eg 11 ...,ew, (n.63b) 

{Q^,Ht^lMli>42}^/ 2 ) + i )r=t / 2 (11.63c) 

when i is even, and 

1 < < Gj$! < • • • < G$ < G (i) , (11.64a) 

i,^ t) ,eg 1 ,... J eW, (n.64b) 

{QL-l'Hr > l^2i-l' a 2r}iL=(<+l)/2+l,r=(t+l)/2 (11.64c) 

when i is odd. 

Case 1: f is even 

Suppose first that t is even. Then the groups l(*- 1 ),j(*- 1 ),T(*- 1 ) and U^ 1 ) (for the system 
(|11.59j) ). reduce to the groups Iw,Jjw,TW an d U^, (for the system (|11.63)l ). so that Theorem 
I1U.1U5I holds. (Observe we can use Theorem 111). 1051 as the reductions we used to get (|11.63(l were 
B(* -1 )(a:j ^-invariant.) In particular we get 

Qa-l * s naturally isomorphic to Q21-V (11.65a) 
this isosmorphism sends the image of IP^~ 1 H 4*-2^2l-l) 

in Aut(Q2l 1 1 ) '*) onto that of P (t) (« 2 ?-2,2Z-i) in Aut(Q^_:*),i.e., ^ J {t) , (11.65b) 

(W) ^U W , (11.65c) 

Image of (Plk-i,2k) in Aut(Pg'*) = Image of Q (t) (Mli^) in Aut(Pg'*). (11.65d) 

Similar to (|11.53j) . the above implies 

Image of P ( * _1) (« 2 *-2 2Z-i) in Aut(Q$li) = J W = Image of P^(c4?_ 2 21-1) in Aut (Q2i-i)- 

(11.66) 

This, along with the fact that S (t) = S (t_1) (see pi.30c)0 . implies that 

^1)^-1)^-1)^^ (1L67) 

From now on we identify these two quintuples. Observe that (T^ , Mfi^ ,TJ^\ P 2 fc'* > a 2k'*) 1S a 
associate faithful linear limit of (T( t ~ 1 \R( t ' 1 \r]^ 1 \^~ 1) '* ,a { ^~ 1) '*), (see (110.1071) ). Hence, 
Proposition I1U.1051 implies that any faithful linear limit of (T^, MM\ r}^\ P 2 fc'*' a 2fc ) 1S a ^ so a 
faithful linear limit of (T^" 1 ), M^ 1 ), r]^, p£ _1) '*> "Sr 1 ^*)- This ' alon § with <nTn7|) and Theo- 
rem 111.561 implies 
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Theorem 11.68. Any faithful linear limit of the quintuple (iS*) , IR® , 77^) , Pi*/ '*, a^i !'*) or (jron- 
tepZe (U^, S^, Q2*— 1 ' f^ti-i) ^ s a ^ so a faithful linear limit of the quintuple (T, R, r\ y P^ k , a; 2fe ) or 
(U, S, C, Qw-vP-il-l)' respectively. 

So Theorem 111.611 holds for the inductive i-th step, in the case of an even t. In addition, 
Theorem 111 ,621 is still valid for an even t, i.e., 

Theorem 11.69. 

jW = Image o/P(a 2 /-2,a-l) in Aut(Q^l* 1 ) , (11.70a) 
# = /m V of Q{p 2 k-l,2k) in Aut(pg'*) ■ (11.70b) 

Proof. For the proof of (|11.70aj) , note that Theorem 111.621 along with the fact that the section 
®2*-l °^ ^21—1'* ^ s isomorphic to Q^-i^'*( see pi-'MajQ - implies that 

Image of ^^(agl^-i) in Aut(Qg ) l* 1 ) = Image of P(a 2 *- 2 , 2 ,-i) m Aut^'/l*) . 
This, along with (|11.66|) . implies 

= Image of ^"^("S-^-i) in A ^(^S-i) 
= Image of P(a 2 i- 2 ,2i-i) in Aut(Q 2 * z ) :*) . 

Hence (|11.70a)l follows. 

As far as (|11.70b|) is concerned, first observe that 

# = Image of Q< 4 > 1)2fc ) in Aut(pg'*) 

= Image of Q (t_1) Gsgl 1 ^) in Aut(pg'*) by (pTOHH ). (11.71) 

On the other hand, Theorem 111.621 implies that 

it*" 1 ) = Image of Q^^^ 2fc ) in Aut(P^ 1) '*) = Image of Q(/3 2 fc-i,2fc) in Aut(P^ 1) '*) . 

(11.72) 

But P(*)>* is a section of P^" 1 )-*. Hence (111.721) implies that 

Image of Q (t_1) (^l 1 ^) in Aut(Pg'*) = Image of Q(/3 2 fe-l,2fe) in Aut(Pg'*) • 
This, along with (|11.71f) . implies the desired equation in (|11.7Ua|) , □ 



Case 2: i is odd We can work similarly in the case of an odd t, to prove that Theorems II 1.681 
and lll.6TH are still valid. This time we use Theorem 110.761 on the system fl 1.641 as the reductions 
we used to get 111.641 were AP'~ l \(3 < f ^-invariant. Note that the analogue to 1)11.65(1 in this case 
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IS 




(11.73b) 
(11.73c) 



(11.73a) 



-jp(t-i) ^ j{t) 



Image of P ( * -1) («S-2,22-i) in Aut (Q 2 ?-i) = Ima g e of ^ ( a $-2,2l-l) in Aut (Q 2 /-i)- ( n -73d) 



Furthermore, Proposition 111), 79"! implies that any faithful linear limit of (U^, S^, QS'*' /^2fe'*) 

is also a faithful linear limit of (itf*" 1 ), C (t_1) , QSr 1 ^*' Mfc"^'*)- These are enough for the 

proof of Theorem 111.681 when t is odd. 

The proof of Theorem 111.691 in the case of an odd t, is in the same spirit as the one we have 
already given for even t, so we omit it. 

We can now give the proofs of Theorems lll.8( 111.181 and 111.331 




(11.74) 
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11.3 The t = 1 case 



In this section we handle the t = 1 case, i.e., we give the proof of Theorem 111.81 For that we need 
a result stated as Theorem 111.761 b elow . which is interesting on its own. 

We use the same notation about symplectic modules as the one introduced in Section H0.2I The 
"magic" theorem of this chapter is Theorem 3.2 in [Q. An equivalent form of this theorem we give 
here as Theorem 111.751 

Theorem 11.75. Suppose that F is a finite field of odd characteristic p, that G is a finite p-solvable 
group, that H is a subgroup of p-power index in G, that B is an anisotropic symplectic FG -module 
and that C is an FG-submodule of B. Then the G -invariant symplectic form on B restricts to 
a G -invariant symplectic form on C . If C , with this form, restricts to a hyperbolic symplectic 
FH-module C\h, then C = 0. 

Proof. Since B is symplectic and FG-anisotropic, so is its FG-submodule G. Theorem 3.2 of pQ, 
applied to G, tells us that G is FG-hyperbolic if C\h is FiFhyperbolic. In that case G is both 
FG- anisotropic and FG-hyperbolic. So it must be 0. □ 

After these preliminaries we can prove the first important theorem of this chapter. 

Theorem 11.76. Assume that G is a p, q-group, where p and q are distinct odd primes, and 
that N, M are normal subgroups of G. Let M = P x S and N = P x Q, where P is a p-group, 
and S,Q are q-groups with S < Q. Assume that the center Z(P) of P is maximal among the 
abelian G-invariant subgroups of P. Let \, a, (3 and £ be irreducible characters of G, P, S and Z(P) 
respectively that satisfy 

X G Irr(G|a x (3) and a G Irr(F|C), (11.77a) 
Q is a faithful G-invariant character of Z(P), (11.77b) 
G(J3) = G, (11.77c) 
X is a monomial character of G with x(l)<? = /^(1)> (11.77d) 

where x(l)g denotes the q-part of the integer x(l)- Then Q centralizes P. 

Proof. First observe that S, P are normal subgroups of G, as they are characteristic subgroups of 
M <G. The existence of the G-invariant faithful character Q 6 Irr(Z(F)) implies that Z{P) is 
a cyclic central subgroup of G, i.e., Z(P) < Z(G). Furthermore, the fact that Z(P) is maximal 
among the abelian subgroups of P that are normal in G implies that every characteristic abelian 
subgroup of P is contained in Z(P) and thus is cyclic. Hence P. Hall's theorem implies that either 
P is an abelian group or it is the central product 

P = TQZ(P), (11.78a) 

where T is an extra special p-group of exponent p and 

THZ(P) = Z(T). (11.78b) 

Note that the group T is unique, as T = Q(P). 

In the case that P = Z(P) is an abelian group, Theorem II 1 . 761 holds trivially, as P = Z(P) < 
Z(G) is centralized by G. Thus we may assume that P > Z(P) and (|11.78|) holds. 

Since x is monomial, there exists a subgroup H of G, and a linear character A G Lin(if) that 
induces x = Then the product HS forms a subgroup of G. Furthermore, 
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Claim 11.79. \G : HS\ is a p-number, and (X HS )\ S = (3. 



Proof. Indeed, as S < G, Clifford's theory, along with (|11.77c|) . implies that 

x \s = m- (3, 

for some integer m > 0. Hence deg(x) = mdeg(/3). Since x(l) g = we have that m is a power 
of p. As H < HS < G, the induced character A lies in In(HS) and induces (X HS ) G = X G = x- 
So 

deg(A^ 5 ) • \G : HS\ = deg(x) = mdeg(/3). 

Clifford's theorem also implies that A^ 5 |s = s/3, for some integer s. As deg(X HS ) = \HS : H\ = 
\S : H D S\ we get that both deg(A |s) and s are ^-numbers. But 

sdeg(/3)|G : HS\ = deg{X HS ) ■ \G : H5| = mdeg(/3), 

with m a p-number. Hence s = 1, while |G : P$| is a power of p. This completes the proof of the 
claim. □ 

The fact that A € Lin(P) induces irreducibly to G implies that the center, Z(G), of G is a 
subgroup of H. This, along with the fact that Z(P) < Z{G), implies 

Z(P) < Z(G) < H. (11.80) 

Let E 1 := [P, Q]. Then B is a characteristic subgroup of N and thus a normal subgroup of G. Even 
more, we have 

Claim 11.81. E = [P, Q] is an abelian group. 

Proof. Suppose not. Then E is a non-abelian normal subgroup of G contained in P = T ■ Z(P). 
As Z(P) < Z(G) (by (fm^l Vwe have E = [P,Q] = [T,Q] < T. Furthermore, Z{E) is an abelian 
normal subgroup of G, contained in T < P. Hence Z(E) is contained in T n Z(P) = Z{T). As E 
is non-abelian and Z(T) has order p, we conclude that Z(E) = Z(T) < Z{P) < Z{G). Therefore 
E = [T, Q] is an extra special subgroup of T of exponent p, whose center is central in G. Hence 
the group E satisfies condition (4.3a) in 1 . In addition, Q is a p'-subgroup of G such that QE 
is normal in G (as P = [P, Q]C(Q in P) and thus G = EN{Q in G)). Clearly the commutator 
subgroup [E, Q] = [[P,Q],Q] coincides with E = [P, Q]. Hence (4.3b) in 1_ holds with Q here, in 
the place of K there. 

As the index of HS in G is a power of p, and PQ = N is a normal subgroup of G, we conclude 
that HS contains a g-Sylow subgroup of PQ. Hence HS contains a P-conjugate of Q. Therefore, 
we may replace H and A by some P-conjugates, and assume that HS contains Q. 

The subgroup H(~) (E x S) of E x S is equal to (Hf]E) x (HnS), since \E\ and \S\ are relatively 
prime. Note that S centralizes E, as the latter is a subgroup of P. This implies that 

HS n (P x s) = (H n (E x s)) ■ s = (H n e) x s. 

Hence H n E = HS fl E. Thus H n P is a normal subgroup of PS 1 . Furthermore, the restriction 
-M^nE of A to PflP, is a linear character of HPiE that is clearly P-invariant. It is also S- invariant, 
as S centralizes P > H n P. Hence A|#n£; is P<S-invariant. We conclude that the restriction of the 
irreducible character X HS of HS to H n P is a multiple of the linear character A|#n£- Of course 
the irreducible character X HS of P<S induces irreducibly to x € Irr(G), and lies above a non-trivial 
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character of Z(E) (as Z(E) < Z(P) and Q £ Irr(Z(P)) is non-trivial). Hence we can apply Lemma 
(4.4) and its Corollary (4.8) of pQ, using HS here in the place of H there, and X HS here in the 
place of 4> there. We conclude that HS (~) E = H D E is a maximal abelian subgroup of E. 

Let P := P/Z(P). Then P is a symplectic Z p (G)-module. According to the hypotheses of the 
theorem, Z{P) is the maximal abelian G-invariant subgroup of P. Hence P is an anisotropic Z P (G)- 
module. If E is the image of E in P, i.e., E = E/Z(E), then E is a symplectic Z p (G)-submodule 
of P, as E is normal in G. Furthermore, E is Z J) (i?S')-hyperbolic as HS H -B is a maximal abelian 
i/S'-invariant subgroup of E. Since the index [G : HS] is a power of p, Theorem II 1 . 751 forces E to 
be trivial. Hence E = Z(E) is abelian, and the claim follows. □ 

Now E = [P, Q] is an abelian subgroup of P normal in G. According to the hypotheses of 
the theorem, Z(P) is the maximal such subgroup. Therefore 1 < [P, Q] < Z(P) < Z(G). So Q 
centralizes [P, Q], which implies that [P, Q, Q] = 1 and thus [P, Q] = [P, Q, Q] = 1. 

This completes the proof of the theorem. □ 

Lemma 11.82. Assume that G is a p,q-group, where p and q are distinct odd primes. Let M = 
P x S be a normal subgroup of G, where P is a p-group and S is a q-group. Assume further 
that f3 is a G-invariant irreducible character of S that can be extended to a q-Sylow subgroup Q 
of G. Let a 6 Irr(P) be a Q-invariant character of P. Then there exists an irreducible character 
X G Irr(G|o x (5) with = (3(1). 

Proof. Let A/S be a p-Sylow subgroup of G/S. Then the g-special character (3 € Irr(S') can be 
extended to A, as (|^4 : S\, f3(l)o((3)) = 1, (see Corollary 8.16 in ^2])- As f3 is also extendible to a 
g-Sylow subgroup of G, we conclude that it is extendible to G (see Corollary 11.31 in 12 ). Let (3 e 
be an extension of (3 to G. 

The irreducible character a of P is Q-invariant. Hence Proposition 21.5 in 18. implies that 
the canonical extension a e of a to P x Q is the unique p-special character of P x Q lying above 
a. Furthermore, the index of the group P x Q in G is a p-number, as Q is a q-Sylow subgroup 
of G. Therefore, the same proposition implies that any character of G above a e is p-special. Let 
^ G Irr(G|a e ) be such. 

As is a p-special character, while (3 e is a g-special character of G, Theorem 21.6 in JH] implies 
that the product \ := ^ • (3 e is an irreducible character of G. Obviously x nes above a x /3, while 
x(^)q = f3{X)i as ^(1) i s a p-number. So the lemma follows. □ 

We can now complete the proof of the t = 1 case. 

Proof of Theorem \ 11.81 According to Remark |ll.5l the character is G^-invariant, while = 
Z(G^) is maximal among the abelian G^-invariant subgroups of Furthermore, is a 

g-group (as a section of Gi = Q\), while Gg /G^ is a p-group. Hence G^ = P2 K ^1 3 where 
P^ 1} is a p-Sylow subgroup of G^ = G^(/3 (1) ). 

We can now apply Theorem 111.761 with the roles of p and q interchanged. So we work with 
GWjGJ^G^.SW and in the place of G,N,M = P,Z(P) and Q, respectively. As S there, 
we take the trivial group here. We also use = 0^ and here, in the place of a and £ there. 
Of course (3 € Irr(5*) there, is the trivial character here. Clearly, Q 1 ' is a faithful G^ 1 ) -invariant 
character of = Z(G^ 1} ). Thus (lll.77bl) holds. Also (lll.77cl) holds trivially as 1 € Irr(l) is 

-invariant. 

We are missing a monomial character of G^ 1 ) that will play the role of x £ Irr(G) there. For 
that we will use some baby 7r-special theory. Indeed, the character (3^ is g-special, as a character 
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of the g-group Gjj 1 . Furthermore, G^ is a normal subgroup of GW, while is G ( ''-invariant. 
Hence Corollary 4.8 in [7j, implies that there exists a g-special character O^ 1 ) € Irr(G) that lies 
above , and thus above £^ . According to Proposition 111.71 the character 0^ is monomial. 
Now all the hypothesis of Theorem 111.761 are satisfied. We conclude that Pi centralizes &}\ 
Hence G^ = P^ x g[ 1} = P^ x g[ 1} . This completes the proof of Theorem ITT81 □ 



11.4 The t = 2 case 

(2) 

In this section we handle the t = 2 case. So we ultimate prove that the group Gg is nilpotent. 
For the rest of the section we assume that n > 3. We also fix the subsystem 

1 = G < Gi < G 2 < G 3 < G, (11.83a) 
{ Xi € MGi)}U (H.83b) 

{Q2i-l,-f2r|^2i-l,Q!2r}i4l )r =o (11.83c) 

of the system (jll.ljl . (Note that this is the m = 3 case for 1)11.44)) . So k = 1, Pgfc = ^2 an d 
02k-i,2k = A, 2-) We also pick and fix the groups Q and P, for the above system, so that Theorems 
18. 131 and 18.151 hold. This way the groups T and U are also fixed. 

According to 1)11.45)1 , after the first set of reductions the above system reduces to 

1 = G^ < gS 1} < G 2 1] < G^ 1} < G (1) (11.84a) 
{0« € Irr(Gf >)}f =0 (11.84b) 

{®$-i,V$\/3$-i,c*%}Ui,r=o (11.84c) 

According to R,emark lll,5) the character f3± is G^-invariant. Furthermore, Theorem 111.81 implies 

that the group G^ is nilpotent. Hence = C(P 2 1) in Q^ 1} ) = So the character (3^ 2 

coincides with /3± (its P^-Glauberman correspondent). Thus G-W (/^l) = GW(/3i ) = G^. In 

particular, for the g-Sylow subgroup of G^^(q^ 2 ^) we have Q^Oi^) = ■ This, along with 
p 1.47)1 . implies (note that k = 1) 

Image of Q{(3 1>2 ) in Aut(P 2 1} ) = Image of Q (1) in Aut(P^). (11.85) 

Furthermore, 1)11.49)1 holds. 

For the next set of reductions, we first have to shift the system 1)11.84)1 (see (jll.5U)0 . and then 
we perform the B W (cKgj-invariant reductions. We end up with the system 1)11. 51)1 . which for 
m = 3 (i.e., the case here) gives 



»(2) *i <rW 



2 



<G (2) , (11.86a) 



l,c4 2) ,9< 2) (11.86b) 
{Qf,p( 2) |/3( 2) ,af} (11.86c) 

Note that, as Qj is a normal subgroup of G^ 1 ) that centralizes P^, Remark 110.71 implies that 
the group maps isomorphically to a normal subgroup of G^ 2 ) that centralizes P^- In 
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addition, its irreducible character (3\ E Irr(Q^ ) maps to (3\ £ Irr(Q^ ). The fact that (3\ is 
t&i 1 ) -invariant, while G^ 2 ) is a section of G^, implies that (3^ is G( 2 )-invariant, and thus Q( 2 )- 
invariant. This, along with Theorem lll.571 implies 

Image of Q (2) in Aut(P^ } ) = Image of Q(/?i, 2 ) in Aut(P^ 2) ). (11.87a) 
Even more, Theorem II 1.561 implies 

Any faithful linear limit of (T^.R^.i/^^P^aJ^) is also a 

faithful linear limit of (T, R, r/, P 2 , a 2 ). (11.87b) 

According to Remark 111 .131 the character ct^ is G( 2 ) -invariant. Hence the g-Sylow subgroup Q^ 2 ) 
of G( 2 )(c4 2) ) satisfies 

Q (2) G Syl 9 (G {2) ). (11.88) 



Having fixed the system (jll.83j) . and the groups Q and T, we can get a new system, via Corollary 
17.291 That is, we get a new character tower 

l = Xo,Xi,X2 (H.89a) 

for the series 

1 = G < d < G 2 < G, (11.89b) 

along with a triangular set 

{1 = iff, P^Q\ |1 = o%,a%,ft} (11.89c) 
and a g-Sylow subgroup Q v of G(a 2 ), so that (|7,30|) holds. In particular, we have 

P 2 = p% = P%>* and a 2 = a v 2 = a 2 '* , (11.90a) 
ffi j2 extends to Q = Q v . (11.90b) 

Observe that the character j3\ 2 is g-special, as it is an irreducible character of the (/-group Q\ 2 . 
Hence the fact that it extends to a g-Sylow subgroup of G(a 2 ) implies (see Corollary 11.31 in jT2]) 
that it extends to G{a 2 ). As expected, we write I u for the image of Q v {(i\ 2 ) = Q u Aut(P 2 * ,iy ). 
Therefore ()11.90|) implies that l v is the image of Q in Aut(P 2 )- 



Assume we perform the reduction procedure described in Section 111.11 for this new system. 
We assume that m = n = 2 here. We keep the same notation as earlier, with the addition of 
the superscript v to any group that refers to the new system. So we first start with A u (f3'()- 
invariant linear reductions of the quintuple (G, S u , C ', G\, xl), where S u = 1 = S and Q 1 = 1 = (. 
Furthermore, G\ = G\ and X\ = P\ ■ Let 

( G (iV g(lV ^(l),^ G (l)^ 5 pP),*) ( 1L91 ) 

be an A y (/^-invariant faithful limit of (G, S v , G\, Xi)- Note that, even though we start with 
S u = S and G\ = G\, the limit groups SW' 1 ', " and S^ 1 ), G^ are not the same, as the reductions 
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we perform may be different. At this point the system (jll.89f) has been reduced to 

1 = G^'" < G ( l lu < G { 2 1] ' v < gW'", (11.92a) 
l,/3p,G^ (11.92b) 
{l = F^'\F^'\Q^' u \l = a^,a?'\^} (11.92c) 

where, (according to Theorem II 1.8jl . the limit group G^' u is nilpotent, i.e., G^p'" = Pi 1 ^'" x Q^' u . 
So 

and the limit character coincides with its P^'^-Glauberman correspondent, i.e. 

According to Theorem llU.771 the character pfy v = extends to Q^ ,U ((3^2 U ) , as the character 

fti 2 extends to Q = Q u . But /S^ v is '''-invariant by E.emark 111.51 Hence /3j extends to 
qC 1 )^. Even more, in this case we have Plfe''"'* = ^2 = Therefore, if l^' u denotes the 

image of Q^'"(/3i 2 m Am^P^ 1 '*), the above equations, along with (|11.47|) for the new system, 
imply 

Image of (Q = Q") in Aut(P 2 1),! = = Image of Q {1) ' u in Aut(P 2 1),!y ). (11.93) 
Furthermore, (jll.4j) implies that M^ 1 ^^ < ¥^' u , while its irreducible character ri^ ,u lies under 



To perform the next set of reductions on ()11.92|) . we have to shift it first (see (fll.5UD with 

m = 2). So we get 

1 < F 2 1] ' u < GW' V , (11.94a) 

l,a { 2 1)>v (11.94b) 

{Pj ),iy |a 2 1),v } (11.94c) 

Now we can take a B^'^aj^'^-invariant faithful linear limit 

(G( 2 V M( 2 V r/^pf^af'*), (11.95) 

of the quintuple (G^KpJ 1 ^ = l,^ 1 )-" = l.P^'", a?'")- This wa Y <|TT^4l is reduced to 

1 < F { 2 2) ' u < G {2) ' u , (11.96a) 
l,a ( 2 ) > u (11.96b) 
{P^'V?^} (11.96c) 

Then, according to Remark II 1.131 the center p( 2 )' l/ of pi 2 '*' 1 ' is maximal among the abelian G^- 
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invariant subgroups of Pg , while is G^'^-invariant. Hence 

G^'"(a^' v ) = GW'^a®"*) = G^ u . (11.97) 

Thus the g-Sylow subgroup Q^' u of G^ ,u (a^' u ) is actually a g-Sylow subgroup of G^ 2 )'". Fur- 
thermore, Remark 111). 71 implies that the normal subgroup Q^' u of G^ 1 )'", that centralizes '' u , 
maps isomorphically to a normal subgroup Q;^' u of the limit group So 

^ ^(2),u ^ G ( 2 ),u_ (11-98) 

Therefore the group M := F {2) '" x is a normal subgroup of G^ ,u . Under the isomorphism 

in (|11.98|1 . the character /3^' u of Q^'" maps to the character (3f ),u G Irr(Qf ),y ). Note that 
Q? is the faithful linear limit of Q^'", under the BW'^aj^'^-invariant linear reductions we 
perform. In addition, @^' u is the faithful linear limit of p\ v and M = pi x Qi that of 
P? 5 '" x Qi^'" = G 2 ] ' U - The character ^j 2 ^ is G^ 2 ) '"-invariant as /3^ ] ' u is G^^-invariant. Hence 
p^'' v is Q^'^-invariant. This, along with Theorem 1 11. 5 71 implies 

Image of Q {2) ' u in Aut(pj, 2),!y ) = Image of Q u in Aut^'"). (11.99a) 
Furthermore, Theorem 111.561 implies for the new system 

Any faithful linear limit of (T (2)liy , R (2) '", t/ (2),1/ , F { 2 a^'") is also a 

faithful linear limit of (T u , R p \if ', P%, a u 2 ). (11.99b) 

(Observe that (111.991) is the analogue of (111 .KYI) for the new system (111.891) .) Note that R v = 1 = R 
while if = 1 = rj. Furthermore, P 2 = Pi and a 2 = a v , by (jll.90b \ In addition, the image I v of 
CytMp) in Aut(P;f) equals the image of Q in Aut(P 2 l/ ), as Q = Q v = Q v (^ 2 ) by flOnb l Hence 

the image I of Qifli^ in Aut(i-2), is a subgroup of I u . So T v = P 2 x I w = P2 X I v contains 
T = P 2 x I, while T > P% = P 2 . This, along with Remark fTTDfl Definition MM and (111.991) . implies 
that 

If (T',R v ,Tf,WZ,o%) is a faithful linear limit of (T^' u ,R^' U ,r]^' u ,¥^' v ,a ( 2 2) ' u ) 
then (IT n T, R", 77", P^, ag) is a faithful linear limit of (T, R,r], P 2 , a 2 ). (11.99c) 

We give the rest of the proof in a series of steps 

Step 1. The character (3^ ' u is G^ ,u -invariant, and extends to a q-Sylow subgroup ofG^' u . 

Proof. The group Q^' u is both a faithful invariant limit of (Q>( 1 ) ,!/ , and isomorphic to the latter 
group. Similarly, Q^' u is both a faithful invariant limit of, and isomorphic to, " . In addition, 
(3^' u is the faithful linear limit of (3^' P '. Hence the fact that p^ ,v is G^'^-invariant implies that 
(3^' u is G^'^-invariant. Furthermore, as (3^' u extends to , we conclude that (3^' u extends 

to Q( 2 )'", that is a g-Sylow subgroup of G^ 2 )'". So the first step follows. □ 

Step 2. There exists a monomial character Q^' u £ lrr(G^ ,u ) lying above cx 2 2 ^' u x p^ ,v and 
satisfying 6^(1), = ^?' V {1). 
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Proof. As p\ v extends to a g-Sylow subgroup of G^' u , while is G( 2 )'^-invariant, and F 2 u x 

Qj 2 ^'" is a normal subgroup of G'- 2 )' 1 ', Lemma ll 1.821 implies the existence of an irreducible character 
0(2),^ G i rr (G( 2 )-^) that lies above a { 2 2) ' u x pf ] ' u and satisfies e^' u (l) q = /^'"(l). It suffices 
to show that Q^' u is monomial. The character f3^' v lies above C,^ ,v (see (jll.91|) ). hence its 
faithful linear limit v lies above the faithful linear limit ^ 2 ^' u of C,^' v (see (f!1.15f) and the 
following remarks for the definition of C,^' v ). In addition, o;^ lies above rf^' u (see (|11.95|) V 
Hence 0( 2 )>" G Irr(G( 2 )^) lies above rj^^ x C (2),1/ G Irr(R( 2 )- i ' x S^). Therefore, Proposition 
111.171 implies that B^ 2 )'^ is monomial. □ 

Step 3. 

Image ofQ(lG 3 in Aut(pf ),u ) = 1. 

Proo/. Let TV be any normal subgroup of with M = F ( 2 2) ' u x q[ 2) '^ < N < G^' u , and 

N/M a q- group. Then N = p£ 2) '" X Q for some g-group Q, with Q^ 2 - 1,17 < Q. Furthermore, 
as we have seen, Z(P { 2 ] ' U ) = R^' 1 ' is maximal among the abelian G^'^-invariant subgroups of 
P^'^, while a^' u G lxr(P^' u ) lies above the G^ 2 ^"-invariant faithful irreducible character rj^ ,u G 
Irr(K( 2 ) ,ly ). This, along with Step ^ and El implies that we can apply Theorem 111.761 with the 
groups G^ 2 ^, F^' u , Q^' u , Q here, in the place of the groups G,P,S,Q there, and the characters 
Q( 2 \ a^' u , (3^' u and r)^^ here, in the place of Xi a iP and C there. We conclude that any such 
normal subgroup N of G^' u is nilpotent, i.e., 

Q G Syl 9 (iV) centralizes ¥^ ),v G Sylp(JV), whenever (11.100) 
M < N < G {2) ' u with N/M a g-group. 

The group G3 is a normal subgroup of G that contains G\ = G\ and G2 = G 2 . Hence, see 
Remark llU.51 when the normal series Q11.89b ) reduces to (|11.96b ). the group G3 reduces to a normal 
subgroup G^'" of G^' u . Furthermore, G^' v /M is a g-group as G3/G2 is a (/-group, and M is the 
limit of G { 2 1] ' u and thus of G 2 . As Q< 2 ^ is a g-Sylow subgroup of G^> u , we get that Q (2),1/ n G^'" 
is a g-Sylow subgroup of G ( 3 ] ' u . Hence (Ill.lOOll implies 

Q< 2 ^ n G$ ] ' u centralizes P 2 2) '" G Sj\ p (Gf )>v ). 

This, along with (jll.99a|) implies 

Image of Q v n G 3 in Aut(P 2 2),iy ) = Image of Q (2)>1/ n G^'" in Aut^'") = 1. 

As Q = Step El follows. □ 

Assume that (T, R, r], P2, 0:2) and (T", K", 77^, P 2 , a 2 ) are faithful linear limits of the quintuples 
(T( 2 ) , R( 2 ) , 77^ , P 2 2 ^ , a 2 2 ^ ) and (T^' u , PJ 2 ^, r)W> v , F ( 2 ] ' v , a®'"), respectively. Then according to 
(nXSTj) and (tTTMl) the quintuples (T, R, rj, F 2 , a 2 ) and (V D T,R U ,rj u ,F^,a^) are both faithful 
linear limits of (T, R, rj, P 2 , a 2 ). Hence Theorem 110.191 and Corollary 110.351 imply that F 2 /R and 
F 2 /R u are isomorphic anisotropic symplectic Z p (T(a2)/P2)- m odules. The group T = P 2 x I fixes 
a 2 G Irr(P2), as Q fixes a 2 = a 2 and J is the image of Q(/3i i2 ) in Aut(p2)- Hence T(a 2 )/P 2 is 
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naturally isomorphic to the (/-group /. So 

P 2 /M = W%/m." as anisotropic symplectic Z p (/)-modules. (11.101) 

In view of Step the group QnG 3 centralizes P 2 2 ),v . As W 2 is a section of Pi , we conclude that 
QiPip) n G3 centralizes P 2 . Hence it also centralizes the factor group F2/W. As the latter factor 
group is isomorphic to P 2 /M as /-modules, and / is the image of Q((3i, 2 ) i n Aut(P 2 ) = Aut(P 2 v ) 5 
we conclude that Q(/?i, 2 ) H G3 also centralizes P 2 /R. (The action of / on the above two isomorphic 
factor groups is defined in Corollary 110.351 ) If G 3 denotes the limit group to which G3 reduces, 
as G reduces to G^ 2 ) , then H11.87a|) implies 

h := Image of Q(/?i, 2 ) n G 3 in Aut(P^ 2) ) = Image of Q (2) n G^ 2) in Aut(p[, 2) ). (11.102) 

(2) ^ 

Since P 2 is a section of P 2 , the fact that Q(/3i 2 ) D G3 centralizes P 2 /P, implies 

J 3 centralizes P 2 /P. (11.103) 

Let V := P 2 2) /P {2) - Then V is anisotropic Z p (G (2) )-module (by Remark HHgj) . Thus V, when 
written additively, is the direct sum 

V = V 1 + V 2 , (11.104a) 

of the perpendicular Z p (G( 2 ))-modules, V\ = C(Gf ] in V) and V 2 = [V,Gf\ Note that, as Q (2) 
is a g-Sylow subgroup of G^ 2 \ see 1)11.88)1 . we get that = n Gg 2 ^ is a g-Sylow subgroup of 
G 3 . Thus G3 = Qg x P 2 . We conclude that the direct summands in ()11.104a)) are 

Vi = C(Q^ 2) in V) and V 2 = [V,Qf ] ]. (11.104b) 

Both V\ and V 2 are anisotropic Z p (G( 2 ))-modules. 

As (T, M, rj, P 2 , o; 2 ) is a faithful linear limit of (T^ 2 ), PJ 2 ), rj^ , p[, 2) , } ), we have that C7 := P 2 /M 
is isomorphic to a factor subgroup of V . Furthermore, U is isomorphic, as a symplectic Z p (/)- 
module, to the orthogonal direct sum f7 = U\ + £7 2 , where C/j is a limit module for V^, for each 
i = 1,2. In view of (I11.104bjl we have 

Ux = C{h in U) and C/ 2 = [U, J 3 ], (11.105) 

where ^3 is the image of Q^ 2) in Aut(p[, 2) ) (see 1)11.1021 ). In view of 1)11.103(1 we get U 2 = 0. 

According to Remark II 1.131 the center PJ 2 ) of P 2 2 ^ is a cyclic central subgroup of G^ 2 \ maximal 
among the abelian G( 2 )-invariant subgroups of P^ 2) . As T( 2 ) = pj> 2) x l( 2 ), where I^ 2 ) is the image of 
O v ; in Aut(P^ 2) ), we get that PJ > is a central subgroup ofT^ 2 ). Even more, it is maximal among 

(2) ______ 

the characteristic abelian subgroups of P 2 . Thus Proposition 110.471 applies to the faithful linear 
limit (T, R, r], P 2 , a 2 ). So U is isomorphic to W /W for some maximal /-invariant totally isotropic 
subspace W of V. Then W = W\ + W 2 , where Wi is a maximal totally isotropic /-invariant 
subspace of Vi, for i = 1,2. But U 2 = 0. Hence W 2 m ust equal W 2 . Thus V 2 contains a self 
perpendicular /-invariant subspace. We conclude that V 2 is hyperbolic as a Z p (/)-module, and so 
as a Zp(Q( 2 ))-module. As Q^ 2 ) is a g-Sylow subgroup of G^ 2 \ it has p-power index in G^ 2 ). Since V 2 
is an anisotropic symplectic Z p (G*- 2 ^)-module, Theorem 3.2 in 1 , implies that V 2 is both hyperbolic 
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and anisotropic. Therefore V 2 is 0. So V = V x = C(Q^ 2) in V). Thus Q^ 2) centralizes p(, 2) /R( 2 \ 

^(2) (2) (2) 

We conclude that the g-Sylow subgroup Q 3 of G 3 centralizes the p-Sylow subgroup P;> of the 
same group. Hence G 3 is nilpotent, and Theorem II 1 .181 follows. 
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11.5 The general case 



The aim in this section is to prove Theorem 111. 33( i.e. to show that the group Grf+± is nilpotent. 
The ideas for the proof are already given in the t = 2 case, whose proof is a demonstration of 
the general argument. That's the reason we leave hidden some of the details of the general proof, 
already discussed in the previous section. 

Assume the system (|11.1|) is fixed, with n > t+1. Assume further, using an inductive argument, 
that the groups G)_^i are nilpotent for all i = 1, . . . , t — 1. Thus we can perform all the reductions 
described in Section Hl.l[ until we reach the group in question, i.e., the group &fli- As the last 



H+V 

step in the reductions depends on the parity of t, we first assume that t = 2k is even. (As expected, 
we will see that it is enough to prove Theorem 111.331 in the even case.) In addition, we assume 
fixed the subsystem 

1 < Gi < G 2 < • • • < G t+ i < G, (11.106a) 
{ Xi E Irr(G i )}*+J, (11.106b) 
{Qli-l, P2r\/32i-l, a2r-}i=i )r . =05 (11.106c) 

where, in our case (that of an even t), k = t/2 and I = t/2 + 1. (Note that k and I are related to 
t + 1 via 1)5. 7|) .) Along with that system we pick and fix the groups Q and P so as to satisfy the 
conditions in Theorems 18.131 and 18.151 This way the groups T and U are also fixed. After t steps 
of reductions the above system reduces to (see ()11.63|) with m = t + 1) 

1 < pf ) < G^ < (11 .107a) 

ljaf^e^! (11.107b) 
{Qfl^PlPlii,*?} (11.107c) 

In addition note that the group Q2I-1 an< l an ^ ne g rou P s with indices smaller than t = 2k, have 
become trivial. (To be precise, all the g-groups Q 2 i-i> w hh indices 2i — 1 smaller than 2k have 
been dropped by repeated shifts of the original series, as they are normal subgroups of that are 
contained in Q^+i anc l are centralized by P 2 ^, while their characters /3 2 f_i are G^-invariant. The 
same holds for the p-groups P 2 *- with indices 2j smaller than 2k = t. They are normal subgroups of 
G^ that are contained in IP^ and centralized by Q^fc+i; while their characters are -invariant. 
This is the reason we drop them on the way.) So r^t* = = • Furthermore the last 
group that is been dropped is the (/-group Q^fc-l- Note that Q^k-l * s centralized by P 2 * fe . In 
addition, the irreducible character (jok—l ls G^ _1 ^-invariant. After the last set of reductions is 
been performed, the group Q 2 1 ^ niaps isomorphically to a normal subgroup Q 2 fc-i °1 l ne hmit 
group GW that centralizes P 2 2> by Remark 110.71 In addition, the irreducible character P^k—i °1 
Q 2 1 1 ma P s > under the above isomorphism, to an irreducible character P^l-X °^ QSfc-r Note that 



Pol 1 is G^-invariant, as fl^k-i * s ^* ^-invariant and G^ is a section of G^ Even more, 
the centralizer Q 2 fc-i 2k °^ ^2fc m ^2*2-1 ec l ua l s Q2I-V Thus the character P^k-i 2k coincides with 
/9a*-i- So ^?fc-i 2fc is G^-invariant. This implies that Q^^l-i 2*) = Hence th e image ][(*) 
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of Q (i) (/32fc-i 2k) in Aut ( p 2fc'*) is reduced to 



= Image of Q W in Aut(P^). (11.108) 
This, along with Theorem 111.691 and in particular ()11.70bj) . implies 

Image of in Aut(P^) = Image of Q{(3 2 k-i,2k) in Aut(P^)- (11.109a) 



If TW = P^'* x l (t) = P 2 2 x I (t) , then Theorem 110)81 implies 

Any faithful linear limit of (T^ , , tj® , P 2 ^ , «2fe ) is also a 

faithful linear limit of (T, R, r], P$ k , a* 2k ). (11.109b) 

Observe also that a^l'* = a 2k 1S -invariant, by Remark 111.281 as 2k = t. Hence the fact that 
is a g-Sylow subgroup of (a^l'*) implies 



€ Syl 9 (G (t) ). (11.109c) 
(Note that (jll.l09j) is the analogue of (|11.87j) and (jll.88j) for the general case.) 



According to Corollary 17.291 we get a new character tower 

l = Xo,Xi,---,Xt (11.110a) 

for the series 

1 = G <Gi< ■■■<G t <G n = G, (11.110b) 

along with a triangular set 

m^pzMi-i,^^ (li-iioc) 

and a g-Sylow subgroup Q u of G(oQ k ), so that (j7.30j) holds. In particular, we have 

P 2k = Kk and a *2k = «2fc > (11.111a) 
02k-i,2k extends to Q = Q v . (11.111b) 

We proceed with the reductions described in Section 111 .11 for the new system (|11.110[l . We follow 
the same notation as that of Sections 111.11 and 111.21 with the addition of a supescript v on anything 
that refers to the new system (jll.llOjl . So, we reduce the above new system, using first reductions 
that are A v (/^-invariant, then BW' y (a!2 y )-invariant that are followed by A( 2 )' y (/3g y )-invariant 
and so on. Hence all the conclusions of Section Til. 21 are valid for the system (Jll.llOjl . In particular, 
after t steps of reductions, what is left of the system (Jll.llOjl is (see (Jll.fi3j) with m = t = 2k) 

1 <^2k" ^& (t) ' U , (11.112a) 
litta*" (11.112b) 

{^ti v \4l ,v } (ii-ii2c) 
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According to Remark 111.281 the character c^fc' 1 ''* = a 2k' U * s G^'^-invariant. Thus 

G®> v (a$j>> v '*) = G®>"(a$' v ) = G^ u . (11.113) 

Note that the last group dropped after t — 1 steps of reductions is the g-group Qf_±^' u , as according 
to the inductive hypothesis the last group proved to be nilpotent is 

(see It is clear that the centralizer Q^-l^k of = Pj* -15 '" in Q^" 1 ^ = Q^'" 

equals Q^As-i'"' Furthermore, the irreducible character /S^fc-i 2fc OI " ^2fc-i 2fc com cides with /3 2 fc-i • 
In addition, repeated applications (at every step of reductions) of Theorems I1U.77I and I1U.951 imply 
that the character fl^k-i" extends to Q^^O^fe-i )> (where (Q)^" 1 )'" is a g-Sylow subgroup of 
G^'^ajr 1 ^)), as the character /? 2fc _ li2fc extends to Q^W^i^k) = Q V = Q (see (111.1111) ). But 

the character /3 2 fc-i = &t-i is G^-^'^-invariant, according to the inductive hypothesis (see 
tliMd ). Hence 

Mfc-l'" G ^(Qffe- 1 !^) extends to Q^ 1 ^. (11.114) 

Each reduction in the t-th set of reductions is B^ 1 )'" (otf 1 ^' i/ )-invariant (see the comments fol- 
lowing l|11.24|) ). After this set of reductions is performed, the normal subgroup Q^. ~ x r of g^-V'" 
that centralizes P 2 * fc , maps isomorphically to a normal subgroup Q 2 fc-i OI " the limit group 
by Remark I1U. 71 Under this isomorphism the character /S^l-i'^ OI " 0.2k— l'" ma P s to the character 

AieMQ^). So 

Q^l' V = Q^i<^' v , and 

MU'-Mtr (11-115) 

(Observe this is the analogue of (tTTHHU Clearly is G^ '"-invariant as P^k-Y is G^^- 

invariant, and G^' u is a section of G^ 1 ^ ,u . According to Theorem llU.l(J5| (see its first part), under 
this last set of T$( t ~ 1 ^ u (af 1 ^'^)-invariant reductions, the g-Sylow subgroup QW'" of G^ ,u (oii^ '*) 

Sett lsflGS 

We conclude that 



(11.116) 

as ^2fc-l 2fc = 02k-i' 1 ' an< l 02k-i 2k = @2k-i are G^ -1 )'"- and G(*) '"-invariant respectively. Note 
also that (|11.113j) implies 



^(/fc^) = e Syl 9 (G^"). (11.117) 

We can know easily prove 

Step 1. The character G Irr(Q^) is G^'" -invariant and extends to Q®> v G Syl 9 (G W '"). 

Proo/. Follows immediately from (|11.114|l - l|11.117|) . □ 

Of course the last set of reductions send P 2 ' fc to P^fc'". Thus the group M := Pgfc'" x Qslfc-i 
is a normal subgroup ofGW-". (The group M is the image of G? < G^" 1 )'" in G^'" under the 
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last set of reductions.) 

Completing the list of the general properties about the new system 1)11.112(1 . we remark that 

if I®> v denotes the image of Q W '"(/3a2-l,3fc) = Q^'" in Aut ( F 2k U '*) = Aut ( P 2fc'")' then Theorem 
111.691 implies 

j{t),v = Image of Q(t),u in Aut(P^ ),iy ) = Im age of Q u in Aut^'"). (11.118) 
Furthermore, Theorem II 1 . 681 implies 

Any faithful linear limit of (tW'", R {t) ' v , v (t) ' u , P^'", a 2fe ") is also a 

faithful linear limit of (T 17 , R" , V U , P^* , a 2k *). (11.119) 

(We remind the reader the definition of as the product T^'" = P®'" x I**)'".) Of course 

R" = 1 = R and = 1 = rj. In addition, P^* = P* k and a£j* = « 2 fc> b y CIIIIIJ> - Note 
also that the image / of Q(/?2fc-i,2fc) m Aut(P 2A ,) is a subgroup of the image I u of Q v {fi2k-\2k> 
in Aut(P 2 ^*) = Aut(P 2 * fc ), as {@2k-i,2k) = Q v = Q- Hence T = P 2 * fc x I is a subgroup of 
T 1 ' = P%* xif = P* fe x This, along with Remark MM Definition MM and (jTT3j) . implies 

If {T v ,M v ,r ] v X 2k ,a v 2k ) is a faithful linear limit of (T^, R®> u , rj^' u , F^"'* , a^'"'*) 
then (T" n T, IR 1 ", ?f , P^, a y is a faithful linear limit of (T, R, rj, P 2k , a* 2k ). (11.120) 

The next two steps will complete the proof of the theorem, and are identical to those proved in 
the case t = 2. 

Step 2. There exists a monomial character Q^^ u G Irr(G^ ,iy ) Zyin<? a&ove a^^ x pik-i anc ^ 
satisfying &V>»(l) q = /^-iW- 

Proof. As P 2k ^ extends to a g-Sylow subgroup of G^)'^, while ck^'" * s G^'^-invariant, and M = 
F 2k u x Qo/c— l is a normal subgroup of G^ ,u , Lemma 111 .821 implies the existence of an irreducible 
character 6^ G Itt(G®>") that lies above a^'" x 0^ and satisfies 0W'*'(l) g = ^^(l). It 
suffices to show that @^' u is monomial. The character f3 2 k-i nes above ^C -1 )'^ by l|11.24b|) . 
Hence its faithful linear limit P 2k "i lies above the faithful linear limit (^> ,v of <^('^ 1 )' I/ ) (for the 
definition of (^' v see (|11.3U)0 . In addition, ct 2k ' u lies above ?y( t )' 1 ' (see Proposition 111.3]! with 
t = 2k even). Hence e®'" G Irr(G^) lies above r/*)'" x C [t),v G Irr(RW> v x S^'"). Therefore, 
Pr op osition 1 1 1 . 32*1 implies that 6^'" is monomial. □ 

Step 3. 

Image of Q n G t+ i m Aut(P^ ),ly ) = 1. 

Proof. Let iV be any normal subgroup of G®>" with M = P^'" x Q 2 fc-i ^ ^ ^ g(<) '"> and N/M 
a g-group. Then iV = Po^ x Q for some g-group Q, with Q^fe-i — Q- Furthermore, as we have 
seen in Remark lll.281 Z(¥ 2k ' v ) = M.^' 11 is maximal among the abelian G^ '^-invariant subgroups of 
P 2fc '■ Furthermore, OL 2k ,u G Irr(P 2 £ ) lies above the G^'^-invariant faithful irreducible character 
g Irr(Rw> I ') ) by Prop osition 1 1 1 . 3T1 This, along with Steps""] and [""J implies that we can apply 
Theorem 111.761 with the groups G^ ,u , P^'" , Q2A-I' Q here, in the place of the groups G,P,S,Q 
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there, and the characters @^ , a^' u , P^l-i an< ^ r}^ ,u here, in the place of X: a ifi and C there. We 
conclude that any such normal subgroup N of G^ 2 )'^ is nilpotent, i.e., 

Q G Syl g (iV) centralizes F®'" G Sy\ p (N), whenever (11.121) 
M < N < G ( ' ),!/ with N/M a g-group. 

The group Gt+i is a normal subgroup of G that contains Gj = G\ for alii = 1, . . . , rj. Hence, 
by Remark 111). 51 the normal series l|11.110b ) reduces to (|11.112b ). the group Gt+\ reduces to a 
normal subgroup &f+± of G^' u . Furthermore, G^'^/M is a (/-group as Gt+i/Gt is a g-group, and 
M is the limit of Gf~ 1 * > ' u and thus of Gt- As Q^'" is a g-Sylow subgroup of G^'", we get that 



v H is a g-Sylow subgroup of G^^. Hence (f 1 1 . 121 f) implies 

Q (t) >" DG$f centralizes P^'" 6 SyyGgf). 
This, along with <|11 . 1 18|) implies 

Image of n G t+ i in Aut(P^) = Image of Q^' u n G^f in Aut(P^) = 1. 
As Q = Q", Step El follows. □ 



We continue as in the case t = 2. So assume that (T, R, 77, P 2 fc, a 2/ t) and (T", R y , 77", P^, a 2fc ) are 
faithful linear limits of the quintuples (T^, RW, 77 W, P^, ol^) and (TW'^RW'", i/*)'", P^'", a^'"), 
respectively. Then (T, R, r/, P 2fc , c* 2fc ) and (TT n T, W, 77", P^, a£ fc ) are both faithful linear limits of 
(T, i?, 77, -P 2 *fc' a 2fc)- Hence, by Theorem 110. 191 

P 2fc /R P^/R", 

as anisotropic symplectic Z p (T(a2 fc )/-P 2fc )-modules. But T = x I fixes a* 2k , as I is the image of 
Q(f32k-i,2k) in Aut(-P 2 * fc ) and the group Q G G(a* 2k ) fixes a^. So Tipc^/P^ is naturally isomorphic 
to /. We conclude that 

P 2fc /R ^ P^/M" as anisotropic symplectic Z p (J)-modules. (11.122) 

In view of StepEJ the group Q n G^+i centralizes P^fe'^ anc ^ thus a l so centralizes its section P 2fc . 
This, along with (|11.122|) and the definition of I, implies that QC\Gt+i centralizes P 2 ^/R. Let G^+i 
denote the limit group to which Gt+i reduces, as G reduces to G^ . Then ()11.109a|) implies 

I t+l := Image of Q{(3 2 k-i,2k) n G t+1 in Aut(pg) = Image of n G^ in Aut(P^). 

(11.123) 

The fact that Q(P 2 k-i,2k) H G^+i centralizes P 2 fc/R, while P 2 & is a section of P 2 ^, implies 

I f+ 1 centralizes P 2fc /R. (11.124) 

This time we define V := P^/R^. So V is an anisotropic Z p (GO)-module. Thus V, when 
written additively, is the direct sum 

V = V 1 + V 2 , (11.125a) 
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of the perpendicular Z p (G^)-modules, 



Vy = C(Ggi in V) = C(Qg+i in *0 (11.125b) 

^ = [v,g£ 1 ] = [v;qW + i]» ( 1L125c ) 

where Q^fc+i = ^ ^2*2+1 * s a 9"Sylow subgroup of G^l +l = G^, as is a g-Sylow subgroup 
ofGW. 

As (T,M,77,P2fc,Q:2fc) is a faithful linear limit of (T^, R®, r/W, P^, af]), we have that CJ := 
P2&/R is isomorphic to a section of V. Furthermore, £7 is isomorphic as a symplectic Z p (/)-module, 
to the orthogonal direct sum U = U\ + U 2 , where is a limit module for V$, for each i = 1, 2. In 
view of ()11.125b|) we have 

C/i = C(/ m in C/) and C/ 2 = [U, I t+1 ], (11.126) 
where Ij+i is the image of Q^+i in Aut(pg) (see CH23»- In 

view of (|11.124|) we get U 2 = 0. 
According to B,emark lll.28l the center R(*) of Pa9 is a cyclic central subgroup of G^, maximal 
among the characteristic abelian subgroups of pi9. So R^ is also a central subgroup of = 
x iC*), as iW is the image of < G^ in Aut(P^). Thus Proposition 110.471 applies to the 
faithful linear limit (T, R, rj, P2&, c*2fc)- So {/ is isomorphic to W^/W for some maximal /-invariant 
totally isotropic subspace of V. Then W = W\ + where W» is a maximal totally isotropic 
/-invariant subspace of Vi, for i = 1,2. But C/2 = 0. Hence Wg- must equal W2- Thus V 2 contains 
a self perpendicular /-invariant subspace. We conclude that V 2 is hyperbolic as both a Z p (I)- and 
a Z p (Q(*))-module. The group has p-power index in G^, since it is a g-Sylow subgroup of the 
latter group. Since V 2 is an anisotropic symplectic Z p (G^)-module, Theorem (3.2) in pQ, implies 

that V% is both hyperbolic and anisotropic. Therefore V2 is 0. So V = V\ = CXQ^+i in Thus 
Q^+i centralizes P^+i/R^- We conclude that the g-Sylow subgroup Q^+l of G 2fc+i = G i+i 
centralizes the p-Sylow subgroup P^ of the same group. Hence G^ is nilpotent. So Theorem 
II 1.331 follows in the case of an even t. 

The proof for an odd t follows immediately from the already proved case of an even t. Indeed, 
assume that t is odd. Then we can adjoin a trivial group and character at the bottom of (|ll.l(J6j) 
so that t becomes even. We now interchange p and q, and apply the already proved result. (Note 
that the normal series ()ll.lU6h ) becomes 1 < 1 = Hi < Gy = H 2 < G 2 = H 3 < • • • < G t+1 = H t+2 < G, 
so that 1 = Hi is assumed to be the first p- group of order p° = 1, while G±/l = H 2 /H\ is a q- group 
and i/j+i/i/j is either a g-group if i is odd, or a p-group if i is even, for all % = 1, . . . , t + 1.) 

Hence Theorem II 1.331 follows. 



11.6 Corollaries 

Below we list a series of corollaries following Theorem 111.331 

Corollary 11.127. Let G be a finite p a q b -monomial group, for some odd primes p and q. Assume 
that N is a normal subgroup of G and that if) is an irreducible character of N . Consider the linear 
quintuple (G,l,l,N,ip). Then there exists a faithful linear limit (G, A, <&, N, 1 J r ) of (G, 1, 1, N, ip) 
such that N is a nilpotent group. 

Observe that this is Theorem ^ of the introduction. 
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Proof. As G is a solvable group and N is normal subgroup of G, we can form a series 

1 = G < Gi < G 2 < ■ ■ ■ < G t < G t+ i = N< G t+2 <---<G n = G, (11.128) 

such that Gi is a normal subgroup of G, while the order of Gi+i/Gi is a power of a prime, for all 
% = 0, 1, . . . ,t. Furthermore, without any loss of generality we can assume that Gj+i/Gj is p-group 
if i is odd and a g-group if i is even, for all i = 0, 1, . . . , t. We also form recursively a character 
tower 

toeIrr(G,)}*+i, (11.129) 

for (j!1.128j) . so that xt+i = ip and Xi 1S an Y irreducible character of Gi that lies under Xi+l € 
Irr(Gj + i), for alH = 0, 1, . . . , t. In addition, we fix a representative of the unique conjugacy class 
of triangular sets that corresponds to the above character tower, along with a Sylow system for G 
so that holds. 

We proceed with the series of reductions described in Section fl 1.1 1 So after t steps, we reach the 
limit groups = G^ , ^f+x an d , along with their limit characters 6^ , ©t+i and t/W and 
According to Theorem II 1 . 331 the group G-f\ is nilpotent. Furthermore, Remark II 1 .291 implies 

that any faithful linear limit (G,A,*,N,¥) of (G^ 5 R^, rj^, G^, 0^ 1 ) is also a faithful linear 
limit of 1, G t+ i,Xt+l) = {G,l,l, N,t()). Hence if we take (G,A,*,N,*) to be any faithful 

linear limit of (G^,R^, 77^,6^^,0^^), then N is nilpotent as a section of G^. So Corollary 

unza follows. 1 □ 

As any nilpotent group is monomial, Proposition 110,181 along Corollary 111.1271 applied to any 
irreducible character ip of N, easily implies 

Corollary 11.130. Let G be a finite p a q b -monomial group, for some odd primes p and q. Assume 
that N is a normal subgroup of G. Then N is a monomial group. 

Observe that this is Theorem |^1 of the Introduction. 

If, in addition, we take N = G and x € Irr(G), then Corollary 111.1271 implies the existence of a 
faithful linear limit (G, A, 3>, G, \I/) of (G, 1, 1, G, x) so that G is nilpotent. In view of Corollarv ll0.9l 
the group A = Z(G) is maximal among the abelian G-invariant subgroups of G. As G is nilpotent 
this forces Z(G) = A = G. Hence \1/ = $ £ Irr(A) is linear. We conclude 

Corollary 11.131. Let G be an odd order monomial p a q b -group and let x £ Irr(G). Then there 
exists a faithful linear limit ^ of x such that \l/(l) = 1, i.e., ^ is a linear character. 

Hence Theorem |3 follows. 
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